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One-loopamplitudes

* The classical paradigm for the calculation of
one-loop diagrams was established in 1979

G. 't Hooft, M. Veltman Calculation of

Scalar one-loop integrals one-loop scalar
Nucl. Phys. B153 (1979) 365-401 integrals

G. Passarino, M. Veltman

One-loop corrections for e+e- annihilation
into p+p- in the Weinberg model
Nucl. Phys. B160 (1979) 151-207
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Reduction of
tensor one-loop
integrals to scalar
integrals
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One-loop amplitudes

* The classical paradigm for the calculation of
one-loop diagrams was established in 1979

G. 't Hooft, M. Veltman Calculation of
Scalar one-loop integrals one-loop scalar
Nucl. Phys. B153 (1979) 365-401 integrals

G. Passarino, M. Veltman Reduction of
One-loop corrections for e+e- annihilation tensor one-loop
into p+p- in the Weinberg model integrals to scalar
Nucl. Phys. B160 (1979) 151-207 integrals

e Not adequate for
processes beyond 2—2
(Gramm determinants+large number of Feynman diagrams)
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Recursion‘relations anarunitarity methods

Properties of the S-Matrix

P  Analyticity: scattering amplitudes
are determined by their singularities
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Properties of the S-Matrix

P  Analyticity: scattering amplitudes
are determined by their singularities

» Unitarity: the residues at singular points
are products of scattering amplitudes with
lower number of legs and/or less loops
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Recursion‘relations anarunitarity methods
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Properties of the S-Matrix

P Analyticity: scattering amplitudes
are determined by their singularities

» Unitarity: the residues at singular points
are products of scattering amplitudes with
lower number of legs and/or less loops

9y
o

P recycling: using scattering
amplitudes to calculate other
scattering amplitudes

TAE 2019



ALV L)

Fundamentals 2;1d Applications Pro pertles Of the S—Matrlx
Complex-Analysis

‘ /(: ){/: :.T/\.r.‘ /\’L'.\l;(/'t'lt'

Here are the words of some enthusiast: “One of the most remarkable
discoveries in elementary particle physics has been that of the
existence of the complex plane”, “... the theory of functions of
complex variables plays the role not of a mathematical tool, but of a
fundamental description of nature inseparable from physics ... .”

J. Schwinger, Particles, Sources, and Fields, Vol.1, p.36
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P Analyticity: scattering amplitudes

are determined by their singularities

» Unitarity: the residues at singular points
are products of scattering amplitudes with
lower number of legs and/or less loops

» recycling: using scattering
amplitudes to calculate other
scattering amplitudes
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Helicity basis + colour decomposition

iy hi, a; Expressions simplify by using “right variables”
for N-gluons at tree level

M Ny by a;}) = 2 Tr(t“t®---t) of y({p; 1 })
P(,...,N)
sum over permutations

color ordered factor

colour ordered subamplitude:

e Depends on the momenta and helicities
® gauge-invariant

¢ fixed cyclic order of external legs

O

-_5 n # diagrams # colour-ord diagrams

'g_s_ 4 4 3 [Cvitanovic, Lauwers, Scharbach,
= S 25 10 Berends, Giele, Mangano, Parke,
© 6 220 36 Xu,Bern,Kosower, Lee, Nair]

c 7 2485 133

© 8 34300 501

o) 9 559405 1991

Z‘ 10 10525900 7225
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SPINOYS

[Xu,Zhang,Chang,
Berends, Kleiss, De Causmaeker,

Gastmans, Wu,Gunion, Kunzst]

Di, hi, a;

German Rodrigo - QCD

Four-dimensional spinors of definite helicity
1
i) = 5(1 £ v5)u(pi) = vx(pi) (i*] =t (p;) = v (ps)

2 aa __ 1M __aa __ ya\a
pi =0, p; _kiau = AN A

e spinor inner products and other useful identities
(ij) = (i~ |j%) = Z-Zab)\?)\? = Mew” = —(ji) holomorphic
[if] = [it]57] = e, A“A0 = —(i5)* = —[ji]  antiholomorphic
[l7v*17) = ("]
sij = (pi+p;)* = (i) 7]
pi = |)[i] + |] (4| sum over polarizations

#ilit) =0  equation of motion  (ij] = 0 = (i)
e polarization vector =0, e =0, k-cc(k)=0

Tk, &) = M e cquivalent to axialgauge § = n

€
a V2(€k) e aclever choice of the gauge
L momentum can simplify
e;(k,f) = M calculations

- V2[k¢]
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[Xu,Zhang,Chang,

S p | n O rS Berends, Kleiss, De Causmaeker,

Gastmans, Wu,Gunion, Kunzst]
i, hi, a; e SpiNor identities
1y 14y Qg

(17*[2][3[yul4) = 2(14)[32]  Fierz
(12)(34) = (14)(32) 4 (13)(24)  Shouten

Exercise: proof the Fierz and Shouten identities

Hint: divide and multiply by {23) and apply the
Dirac identity

VYN Y = 49"
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Exercises:

Calculate the scattering amplitudes and square amplitude for
ete™ — qq by using the helicity method, and compare with the
traditional calculation

How many independent helicity amplitudes there are ?

Mete=—qq ~ [u(pr)y"v(p2)] [0(p3)y" u(pa)] dpw (P12, 1)

IM|? ~ Tr(pr1v" P2 ) Te(Psv" $ay”) dpuo (P12, 1) dop (P12, 1)
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MHVamplitudes

Multi-gluonic amplitudes at tree level: Amplitude for all gluons of
positive helicity or one single gluon of negative helicity vanishes

» two negative helicities (Maximal Helicity Violating Amplitude )
rather simple [Parke-Taylor, 1986]

A, (1%, ... iF, .. n) =0

MHV 1+ i | nt) =i <U>4
A (AT, i, g, ee,nT) (12)(23) - - ((n — 1)n)(nl)

proven via recursion relations [Berends-Giele, Mangano-Parke-Xu,1988]

next-to-MHV ANMBV i+ e T kT, )

does contain both (ij) and [ij]  [Kosower,1990]
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Ofif-shell recursion relations

[Berends, Giele]

e Define Off-shell current: amplitude with one off-shell leg, building block for
the off-shell current with higher multiplicity 3’

1

¢ the gluonic current particularly simple for some helicity configurations

_ elrB19
V2(ENG + 1) (jE)

¢ on-shell amplitude by setting on-shell the off-shell leg

JHGT, )
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On-shell recursion relations at'tree-level; BCFW

[Britto, Cachazo, Feng, Witten]

How to reconstruct scattering amplitude from its singularities

Add z n* (z complex) to the four-momentum of one external particle and subtract it on
another such that the shift leaves them on-shell

0 — 1 B Res,. (A,(2))

271 Catoo

has the correct
residue at any
multi-particle pole

k k+1

An(1,2,...n) =) Ap(1,2,...,—prx) EAR(pl,k,k—l— 1,...,7)

= Diagrammatic proof [Draggiotis, Kleiss, Lazopoulos, Papadopoulos]
= Compact analytical results, although colour dressed Berends-Giele (off-shell recursion)
might be more efficient numerically [Duh; Hche, Maltoni]
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N practice

holomorphic shift ( (-,+) is not a safe shift)
Py =p; + 3 [ Yy ) =16+ 2l5) i) =]

A

P = — 5[i|7“|j> 7) = 17) 7] = 14] — 2l1]
anti-holomorphic shift (i < j)

z determined setting on-shell the intermediate momenta
S1,k
i|p1,x|7)

ﬁ/f,k—p1k+ [ v*19) ﬁ%,kzo ; Z= —

use only on-shell amplitudes @
rather compact expressions
generates spurious poles at  [i|py k|J)

while physical IR divergences at Si,j = (i + Pig1 + ...+ p;)°
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Exercises:

Proof by induction that the Maximal Helicity Violating (MHV)
amplitude for gluons is given by the expression

A, (1T . iF . n) =0

MHV [+ i | nt) =i (i7)”
AV (AT i, e, (12)(23) - - - {(n — 1)n)(nl)

Calculate by using BCFW the six-gluon amplitude

Ag(11,27,37,47.57,67) =

i < (6[1+23° ,  (45+6[1° )
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A dimensionally regulated n-point one-loop integral (scattering amplitude) is a linear
combination of boxes, triangles, bubbles and tadpoles with rational coefficients

= Pentagons and higher n-point functions can be reduced to lower point integrals
and higher dimensional polygons that only contribute at O(g) [Bern, Dixon, Kosower]

= The task is reduced to determining the coefficients: by applying multiple cuts at
both sides of the equation [Brito, Cachazo, Feng]

= R is a finite piece that is entirely rational: can not be detected by four-dimensional
cuts
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Generalized Unitarity.

Quadruple cut The discontinuity across the leading

x, Singularity is unique
CV =dxdyx A, x4, @

Four on-shell constrains
K, ® freeze the loop momenta
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Generalized Unitarity.

Quadruple cut The discontinuity across the leading

singularity is unique
C =dxdyx A, x4, @

Four on-shell constrains
®» freeze the loop momenta

Only three on-shell
constrains  ® one free
component of the loop
momentum

And so on for double and single cuts
= OPP [Ossola, Pittau, Papadopoulos]: @ systematic way to extract the coefficients
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Generalized Unitarity.

Quadruple cut The discontinuity across the leading

singularity is unique
C =dxdyx A, x4, @

Four on-shell constrains
®» freeze the loop momenta

Only three on-shell
constrains  ® one free
component of the loop
momentum

And so on for double and single cuts
= OPP [Ossola, Pittau, Papadopoulos]: @ systematic way to extract the coefficients

Rational terms

d-dimensional cuts, recursion relations (BCFW), Feynman rules ...
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Relevance of the collinear limit in QCD

® evaluate IR finite cross-sections

® |R properties of amplitudes exploited to compute
logarithmic enhanced perturbative terms

® improve physics content of Monte Carlo event generators

© Evolution of and functions

® beyond QCD: hints on the structure of highly symmetric
gauge theories (e.g. N=4 super-Yang-Mills)

© pQCD for hard processes
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Factorisation in hadronic collisions

beam remnant

4 Q * Factorise physics into long
P .. distance (hadronic ~ M,,,4)
j and short distance
colliding ets artonic Q > M
protons ® ¢ had
~~~~~~ : e factorisation violation is
5 Hard S%atterlng_\ = power suppressed
~~ 0 ~ O(Myy/ Q)"

PDF f,

Parton densities »\l Hard scattering

PDF V/— Ccross-section ) >

0= 3 | i oo ) i s ) + 0 (5

a,b _/'t‘

Factorization and renormalization scales _
Higher

. A twist
Partonic cms energy § = X1 Xy S
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Collinear factorisation
theorem proven for

observables in the final
state of the scattering of

colorless hadrons
[Collins, Soper, Sterman]

Offen assumed that partonic
scattering amplitudes
factorize: fixed order and
resummations

Monte Carlo event

enerators are based on
actorization

In neither of these cases
factorization is guaranteed.

German Rodrigo — QCD

pPQCD for hard-scattering
processes based on
universality:

the sole uncancelled IR
divergences are due to
partonic states whose
momenta are collinear to the
collider partons

removed by redefinition of
bare parton densities
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Collinear factorisation at tree-level

e Momenta py, ..., p,, of m partons become collinear

» Sub-energies s; = (p; + pj)2 of the same order and vanish simultaneously
« leading singular behaviour (, /Sl,m)l_m withpy ,, =p;+ ... + p,

time - like
fragmentation

space - like
parton densities

|M(O)(p19 . 9pn)>

=Sp(py, .p,: P) | MOWP;p, .|,

German Rodrigo — QCD
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Collinear limit

e Most singular behaviour
captured by universal
(process independent)
splitting amplitudes: the
same for e+e-, DIS and
hadron collisions

* The splitting amplitude
depends on the collinear
partons only

e Space-like and time-like
related by crossing

* Process dependence in the
reduced matrix element

e P) + O /S,
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Collinear factorisation at tree-level

e Momenta py, ..., p,, of m partons become collinear

» Sub-energies s; = (p; + pj)2 of the same order and vanish simultaneously
« leading singular behaviour (, /Sl,m)l_m withpy ,, =p;+ ... + p,

time - like
fragmentation

space - like
parton densities

IMO(py,....p))
= Sp" (D, . D P) IMOP; py 1

German Rodrigo — QCD

Collinear limit

e Most singular behaviour
captured by universal
(process independent)
splitting amplitudes: the
same for e+e-, DIS and
hadron collisions

* The splitting amplitude
depends on the collinear
partons only

e Space-like and time-like
related by crossing

* Process dependence in the
reduced matrix element

e P) + O /S,
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At two loops

(M3 (py,...,pn))

—(2)
ZSP(O)(plw"vpm? )|M (P Pm+1,---

1
+Sp(1)(p17°°'7pm7 )’M( )(P Pm+1, - - -

0
‘|‘Sp(2)<p17"'7pm7 )|M( )(P Pm+1,---

-‘4m+1

German Rodrigo — QCD
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,Pn))
,Pn))
,Pn))

—
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AmH +
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At two loops

M (py,...,pn))

~SPO (p1,- .o, pons P) 1 (B prns -« p))
+Sp D (pr. - ps P) [ (B 1w))
+Sp® (p1, ..+, P )|M(O)(P Pmtls--+Pn))

Anh‘—l +
.‘1]
A Al”-"HAm ~ =
A(P) .
= S
Am
+
-'4m+l
A(P) .
A,
TAE 2019

German Rodrigo — QCD



Qualitative interpretation: two collinear partons

o Tree level:

* two-scale problem: collinear sub-energy s, <K< any other sub-energy
(large- vs short-distance interactions)
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Qualitative interpretation: two collinear partons

o Tree level:

* two-scale problem: collinear sub-energy s, <K< any other sub-energy
(large- vs short-distance interactions)

o Loops:

® gauge interactions are long-range
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Qualitative interpretation: two collinear partons

o Tree level:

* two-scale problem: collinear sub-energy s, <K< any other sub-energy
(large- vs short-distance interactions)

o Loops:
® gauge interactions are long-range

« Interactions separately spoil factorisation, but (9 (92 ~ (9]P and
I,- (T, + 7T, =T, Tp colour coherence restores factorisation,

the parton J sees the two collinear partons as a single one.
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Qualitative interpretation: two collinear partons

o Tree level:

* two-scale problem: collinear sub-energy s, <K< any other sub-energy
(large- vs short-distance interactions)

o Loops:
® gauge interactions are long-range
» Interactions separately spoil factorisation, but 0, ~ 0, ~ ;5 and

(T}, +T,) =T, - Tj: colour coherence restores factorisation,

the parton J sees the two collinear partons as a single one.

e Both collinear partons in the final- or initial-state, otherwise colour
coherence is limited by causality

German Rodrigo — QCD TAE 2019



The collinear projection

* The projection over the collinear limit is obtained by setting the
parent parton at on-shell momenta

P*: collinear direction

n*: describes how the collinear limit is approached P> = 0, n* = 0
n-p; Y ,

;= — : longitudinal momentu fraction Z z;=1
n- P

e Factorisation holds in any arbitrary gauge, however, it is more evident in
the axial gauge (physical polarisations): only diagrams where the parent
parton emitted and absorbed collinear radiation

o4, = (1?+ e d) L PPy +
= P =— — ~—1U u
P Sp 512 2n-P 12

d,(k,n) = d (P,n)+ ... = e,(P)e(P) + ...

German Rodrigo — QCD
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Splitting functions

The square of the splitting amplitude, summed over final-state colours and
spins, and averaged over colours and spins of the parent parton, defines

the m-parton (unpolarised) splitting function

P i \ " Sp |
<>_<M%> |Sp|

which is a generalisation of the customary (i.e. with m = 2)
Altarelli-Parisi splitting function
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Splitting functions

The square of the splitting amplitude, summed over final-state colours and
spins, and averaged over colours and spins of the parent parton, defines

the m-parton (unpolarised) splitting function

P i \ " Sp |
<>_<M%> |Sp|

which is a generalisation of the customary (i.e. with m = 2)
Altarelli-Parisi splitting function

» Perturbarive expansion P = PO + p 4 p@ 4
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Splitting functions

The square of the splitting amplitude, summed over final-state colours and
spins, and averaged over colours and spins of the parent parton, defines

the m-parton (unpolarised) splitting function

P i \ " Sp |
<>_<M%> |Sp|

which is a generalisation of the customary (i.e. with m = 2)
Altarelli-Parisi splitting function

» Perturbarive expansion P = PO + p 4 p@ 4

* Probability to emit futher radiation with a given longitudinal momenta,
from the leading singular behaviour
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Splitting functions

The square of the splitting amplitude, summed over final-state colours and
spins, and averaged over colours and spins of the parent parton, defines

the m-parton (unpolarised) splitting function

P i \ " Sp |2
<>_<M%> |Sp|

which is a generalisation of the customary (i.e. with m = 2)
Altarelli-Parisi splitting function
» Perturbarive expansion P = PO + p 4 p@ 4

* Probability to emit futher radiation with a given longitudinal momenta,
from the leading singular behaviour

e Universal (process independent): the same fro e+e-, DIS or hadron
collisions
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Exercise:

o Proofthat T, - (T, +T;) =T, - T,, and test other flavour
combinations

e Calculate the splitting functions for the collinear processes
q — qg, g = gq and g — gg by using the helicity method

Hint:
Spl” . =T= L i(p)é(p)v(P)
9—~>018 sp,
1 + z? n-p
0) — R — 1 — 1 —

e Compare with

a - p —
/MO) ~ (—1ey) (1g5) T il(p) r" v(po) < 2 >
P k P2 k
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