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Phases of matter

* Same phase<>continuously connect
* 1937: Landau theory
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Phases of matter

Same phase<«>continuously connect
1937: Landau theory AKLT model

1972: Topological order

More recent: SPT (symmetry- @_@_@_@_@_@.

protected topological) phases

— continuously connect without
breaking symmetry
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MPUs (Matrix-Product Unitaries)

Each MPU has a standard form with unitaries u,v

[ 1 1 1 |
L ] iR
—ULULH U U UKF =
U U

unique up to blocking & gauge transformations.

ren B

J Ignacio Cirac et al, J. Stat. Mech. (2017) 083105
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Connecting MPUs without symmetries

L1 1 /Definition index\

MPUs continuously connectable

< same indices

1
ind = = log L

N

J Ignacio Cirac et al, J. Stat. Mech. (2017) 083105




Connecting MPUs without symmetries

L1 1 /Definition index\

MPUs continuously connectable

< same indices
— L.

=2, 1=1: — .
=2, =1 ind = = log

2 [
Bonus: u, v continuous along path \ /

J Ignacio Cirac et al, J. Stat. Mech. (2017) 083105
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Acts on MPU as a linear
representation Py

PgPh = Pgn Tor g,h € G




MPUs with symmetry G

Acts on MPU as a linear L 1 1 1 |

representation Py _ i _ i _
U U
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MPUs with symmetry G

Acts on MPU as a linear | 1 1 1 |

representation Pg —.—l _ v - Y _ - Y - ¢

PgPh = pgn for g,h € G +—— —14 @@@@@




MPUs with symmetry G

Acts on MPU as a linear
representation Py

PgPh = Pgh for g,h € G

S
.e..
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MPUs with symmetry G

Acts on MPU as a linear
representation Py

PgPh = Pgn Tor g,h € G

Acts on standard form with a
linear representation

Ty QYg = Pg @ Py



Equivalence & cohomology class

MPUs are equivalent

can continuously connect them

without breaking symmetry, after

e blocking

- adding ancillas with arbitrary rep. of our choosing



Equivalence & cohomology class

MPUs equivalent
< same indices & same
cohomology classes

@finition cohomology CIQ

Ty P Yg = pg @ pg  linear rep.
— T4 IS a projective rep.:
10(g,h
T, = € (g )scgh

Each set of [ 6(g,h) ]

(up to absorption into x)
\ is a cohomology class /




Example: nontrivial cohomology class

“topological time crystal”




Example: nontrivial cohomology class

“topological time crystal” G = Zy X Zs ind 0, no SPIs
Pmn) =2 Z" o
T BT B © nontrivial

- [ov] Tmn) = —X"Z™ @ 2"

cohomolo
Yimm) = AR, CAL 8y
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Strong equivalence & SPI

MPUs are strongly equivalent

<~

can continuously connect them

without breaking the symmetry, after

e blocking

. adding ancillas with same rep. as original MPU



Strong equivalence & SPI

Definition SPI \

(symm. protected index)

MPUs strongly equivalent
= same SPls & same
cohomology classes 2U®




Strong equivalence & SPI

Definition SPI \
(symm. protected index)
MPUs strongly equivalent

— same SPls & same @ @

h | |
cohomology classes _
Can measure the relative SPI ] @

ind, — ind,
with a Lohschmidt echo

experiment \indg — %log




Example: trivial ind, nontrivial SPI

bilayer SWAP circuit

|1 rA--1-

SWAP |'|SWAP

I [, | I
SWAP

T =f--F-




Example: trivial ind, nontrivial SPI

G = Z3 =10,1,2} has three irreducible reps: wg — Jt/31m

A for t=0,1,2 and geG
TgDYg = Pg & Py
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Example: trivial ind, nontrivial SPI

G = Z3 =10,1,2} has three irreducible reps: wg — Jt/31m
for t=0,1,2 and g€G

g g
~ 0
Ty = 4wg
~ .0 1 2

pg®pg%’4w8@8w;@4w3§x9®yg
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Example: trivial ind, nontrivial SPI

G = Z3 =10,1,2} has three irreducible reps: wg — Jt/31m

A for t=0,1,2 and geG
Tg & Yg = Pg D Pg

~ 0 1 1
Pg = ng D 2‘“9 ind, = = log

2

Iry,

Trx
g
Ty = 4w2

yg = wy @ 2w, B w; indg = 0, but ind; = log |cos7/3| # 0

v v

equivalent not strongly equivalent
to identity to identity
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Applications beyond MPUs

 Quantum cellular automata
* Inhomogeneous locality-preserving unitaries

* Finite time dynamics of 1D local Hamiltonians



Applications beyond MPUs

Quantum cellular automata
Inhomogeneous locality-preserving unitaries
Finite time dynamics of 1D local Hamiltonians

Edge dynamics of many-body localised Floquet systems

— find new class of 2D SPT .Dz?‘z"ig.g‘
phases characterised by SPI O A

fractional symmetry charge OO0

pump picture




Summary arXiv:1812.09183

MPU standard form

UHUHU L HULF = | . | . |




Summary arXiv:1812.09183

MPU standard form

— U HULHULHU L = | . | . |

Symmetry action
C9) €9 L
(V) — U
T 08

Tg @ Yg = Pg & Pg




Summary arXiv:1812.09183

MPU standard form

U U HURUEE =

Symmetry action
(9 €3) L
(V) — U
T 0O

Tg @ Yg = Pg & Pg

Symmetry protected index (SPI)

1T
ind, = - log Ti zg
g

2




Summary arXiv:1812.09183

MPU standard form

UtHUFHUURUE = |

Symmetry action
C9) €9 L
(V) — U
T 08

Tg @ Yg = Pg & Pg

Symmetry protected index (SPI)

1 Ly

ind, = -1
H =98 T g,

Equivalence of MPUs
< same indices & same cohomology

Strong equivalence of MPUs
= same SPls & same cohomology



C Further non-trivial SPI

For G=Z7,, we can construct a non-trivial factorisation of Equation 1:
(6po®2p1)®° = (5p,®301)®(8po).

The corresponding MPU with local Hilbert space dimension 8 has trivial
ind and cohomology, but non-trivial SPI: ind,, = log(8/(5-3))/2 = log(2).



B Bilayer SWAP circuit L el el
SWAP [||SWAP|!
*'G =7Z,=1{eh, ..., "}, nz23 L
. . * Ph = 1®W  two qubits per site, [ o
Details bilayer — -x-1s1  w=joyo/+ ey :
. . S Y= WO W LT L 11
* ind = 0, SPI: ind, = log |cos i/n| = 0
SWAP CerU|t e trivial cohomology T T T e T T
u

This MPU is equivalent to the identity (Theorem 1).
But it is not strongly equivalent to the identity (Theorem 2).

Z, has nirreducible linear reps py, ..., Pn1 With p;®p; = piyj.

In terms of these:

Pg = 2pe®2p;, implemented on two qubits as = (2p)®(pe@p;)
Xq = 4y, implemented as = (2p,)®(2p0,)

Y= Pe®2p1®pP,, iImplemented as = (py®@pP1)®(Pe®P;)

This gives a non-trivial factorisation of the Equation 1:
(2p0®2p1)%* = (4po)®(Po®2p1®p,)

For n=2, this non-trivial factorisation is not stable under blocking:
(Pg®Pg)®% = (X,®Pg)®(Y®P,) trivially as x,®py = Y ®py = P®@py.

In fact, the SPI is not defined as Tr(p,)=0. Further, we can show the
n=2 MPU is strongly equivalent to the identity.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	page11 (1)
	page11 (2)
	page11 (3)
	page12 (1)
	page12 (2)
	page12 (3)
	page13 (1)
	page13 (2)
	page13 (3)
	page13 (4)
	Slide 21
	Slide 22
	Slide 23
	page17 (1)
	page17 (2)
	Slide 26
	page19 (1)
	page19 (2)
	Slide 29
	page21 (1)
	page21 (2)
	page21 (3)
	page21 (4)
	page21 (5)
	page22 (1)
	page22 (2)
	page22 (3)
	page22 (4)
	page23 (1)
	page23 (2)
	page23 (3)
	page23 (4)
	Slide 43
	Slide 44

