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Introduction to non-Hermitian systems

Non-Hermiticity as a simple model for dissipation

To represent dissipation, typically use master equations

Lindblad master equation assumes the bath to be Markovian

dρ

dt
= −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

Lindblad master equation relies on the density matrix formalism:

hard both analytically and numerically

Lindblad mechanism + postselection of no events trajectories
dρ
dt = −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

dρ
dt = −i(Heffρ− ρH†eff), Heff = H− i∑

n
L†nLn

Many-body Green function

G(ω) =
(
ω −H− iΣ(0)− iΣ′(ω)

)−1
, Heff = H− iΣ(0)

Lindblad, Commun. Math. Phys. 48 (1976)

Loïc Herviou Bulk-boundary and non-Hermiticity 3 / 21



Introduction to non-Hermitian systems

Non-Hermiticity as a simple model for dissipation

To represent dissipation, typically use master equations

Lindblad master equation assumes the bath to be Markovian

dρ

dt
= −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

Lindblad master equation relies on the density matrix formalism:

hard both analytically and numerically

Lindblad mechanism + postselection of no events trajectories
dρ
dt = −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

dρ
dt = −i(Heffρ− ρH†eff), Heff = H− i∑

n
L†nLn

Many-body Green function

G(ω) =
(
ω −H− iΣ(0)− iΣ′(ω)

)−1
, Heff = H− iΣ(0)

Lindblad, Commun. Math. Phys. 48 (1976)

Loïc Herviou Bulk-boundary and non-Hermiticity 3 / 21



Introduction to non-Hermitian systems

Non-Hermiticity as a simple model for dissipation

To represent dissipation, typically use master equations

Lindblad master equation assumes the bath to be Markovian

dρ

dt
= −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

Lindblad master equation relies on the density matrix formalism:

hard both analytically and numerically

Lindblad mechanism + postselection of no events trajectories
dρ
dt = −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

dρ
dt = −i(Heffρ− ρH†eff), Heff = H− i∑

n
L†nLn

Many-body Green function

G(ω) =
(
ω −H− iΣ(0)− iΣ′(ω)

)−1
, Heff = H− iΣ(0)

Lindblad, Commun. Math. Phys. 48 (1976)

Loïc Herviou Bulk-boundary and non-Hermiticity 3 / 21



Introduction to non-Hermitian systems

Non-Hermiticity as a simple model for dissipation

To represent dissipation, typically use master equations

Lindblad master equation assumes the bath to be Markovian

dρ

dt
= −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

Lindblad master equation relies on the density matrix formalism:

hard both analytically and numerically

Lindblad mechanism + postselection of no events trajectories
dρ
dt = −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

dρ
dt = −i(Heffρ− ρH†eff), Heff = H− i∑

n
L†nLn

Many-body Green function

G(ω) =
(
ω −H− iΣ(0)− iΣ′(ω)

)−1
, Heff = H− iΣ(0)

Lindblad, Commun. Math. Phys. 48 (1976), Dalibard et al, PRL (1992), Dum
et al, PRA (1992), Lieu, arXiv:1908.08834

Loïc Herviou Bulk-boundary and non-Hermiticity 3 / 21



Introduction to non-Hermitian systems

Non-Hermiticity as a simple model for dissipation

To represent dissipation, typically use master equations

Lindblad master equation assumes the bath to be Markovian

dρ

dt
= −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

Lindblad master equation relies on the density matrix formalism:

hard both analytically and numerically

Lindblad mechanism + postselection of no events trajectories
dρ
dt = −i[H, ρ] +

∑
n

2LnρL
†
n − L†nLnρ− ρL†nLn

dρ
dt = −i(Heffρ− ρH†eff), Heff = H− i∑

n
L†nLn

Many-body Green function

G(ω) =
(
ω −H− iΣ(0)− iΣ′(ω)
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Introduction to non-Hermitian systems

Flashing some experimentals results

Topological lasers

St Jean et al, Nat. Phot. 11 (2017)

Unidirectional invisibility

Regensburger et al, Nature 488 (2012)

Unidirectional lasing

Peng et al, Nat Phys 10 (2014)

Non-Hermitian skin e�ect

Brandenbourger et al, Nat. Comm. 10 (2019)
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Introduction to non-Hermitian systems

Some basic mathematical properties

Matrices are not all diagonalizable but only admit Jordan blocks(
λ 1
0 λ

)
Non-diagonalizable blocks are called exceptional points

Eigenvalues can be complex and the basis not orthogonal(
1 + i i

√
2

0 1− i

)
=

(
1 −1

0
√

2

)(
1 + i 0

0 1− i

)(
1
√

2
2

0
√

2
2

)
Leading to di�erent left and right eigenvectors.

E+ = 1 + i,
∣∣ψR+〉 = (1, 0),

∣∣ψL+〉 = (1,

√
2

2
)

E− = 1− i,
∣∣ψR−〉 = (−1,

√
2),

∣∣ψL−〉 = (0, 1)

with H
∣∣ψR±〉 = E±

∣∣ψR±〉, 〈ψL±∣∣H = E±
〈
ψL±
∣∣ and 〈ψLα |ψRβ 〉 = δα,β
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Topology in nH systems

New topological properties

Hatano-Nelson model with periodic boundary conditions

HHN = −
∑
j

JLc
†
jcj+1 + JRc

†
j+1cj

Ek = −(JL + JR) cos k − i(JL − JR) sin k

The eigenenergies are winding

around the origin

ν =
1

2π

∫
BZ

dk∂k lnEk 6= 0 i�. JL 6= JR

Hatano and Nelson, PRL 77 (1996), Gong et al, PRX 8 (2017), Kawabata et al

PRX 9 (2019), Okuma et al, arXiv:1910.02878
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Topology in nH systems

And the old ones are also valid

Starting from the Hermitian Chern insulator model

h~k = ∆x sin kxσ
x + ∆y sin kyσ

y + (µ− 2t cos kx − 2t cos ky)σ
z

One can add small non-Hermitian

perturbations:

δh~k = iκxσ
x + iκyσ

y + iδσz

Four equivalent Chern invariants

Cαβ =
1

2π

∫∫
BZ

εijB
αβ
ij d

~k

Bαβ
ij = i〈∂iψα|∂jψβ〉, α, β = L/R is the generalized Berry connection

Picture from Shen et al, PRL 120 (2018)
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Topology in nH systems

Chiral non-Hermitian SSH model

Chiral non-Hermitian Su-Schrie�er-Heeger model

−(t1 + γ)c†j,Acj,B − (t1 − γ)c†j,Bcj,A − t2(c†j+1,Bcj,A + c†j+1,Acj,B)

Momentum space formulation

hk =

(
0 q1 = −(t1 + γ)− t2e−ik

q2 = −(t1 − γ)− t2eik 0

)

γ = 0: q1 = q∗2. 1 topological invariant: winding of q1.

ν− =
1

2π

∫
dk∂k ln q1 − ∂k ln q2

γ 6= 0: q1 6= q∗2. 2 topological invariants: windings of q1 and q2.

ν+ =
1

2π

∫
dk∂k ln q1+∂k ln q2, equivalent to winding of the energies

Su PRB 92 (1980), Yao et al PRL 121 (2018), Kunst et al PRL 121 (2018), Yin
et al PRA 97 (2018)
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Topology in nH systems

Breakdown of the bulk-boundary correspondence

Phase diagram actually strongly depends on boundary conditions.

0 1 2 3
t1/t2

0

1

2

γ
/t

2

H-Top. H-Triv.

nH-Triv

nH-Top.

0 1 2 3
t1/t2

0

1

2

|E
|/t

2

PBC

OBC

Su PRB 92 (1980), Yao et al PRL 121 (2018), Kunst et al PRL 121 (2018), Yin
et al PRA 97 (2018)
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Topology in nH systems

Exponentially small perturbations change the complete

spectrum

0 1 2 3
t1/t2

0

1

2

|E
|/t

2

OBC

weak link 10−12

Non-unitary gauge change: HOBC(t1, t2, γ)⇒ HOBC(teff
1 , t2, 0)

c†1cL + c†Lc1 ⇒ eaLc†1cL + e−aLc†Lc1

Boundary conditions are not the only factor of instability.

Xiong et al, JoP Comm 2 (2018), Kunst et al, PRL 121 (2018), Lee et al, PRB
99 (2014), Herviou et al, PRA 99 (2019)
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Topology in nH systems

Singular value decomposition is stable and veri�es

bulk-boundary correspondence

Solution: singular value decomposition ⇔ eigenvalues of H†H or HH†.

H = USV †

U, V are unitary matrices. S is real positive diagonal.

For Hermitian matrices, SVD and eigenvalue decomposition coincide.

How to go to many-body physics as singular values do not sum?

Gong et al PRX 8 (2018), Herviou et al, PRA 99 (2019), Kawabata et al PRX 9
(2019) Zhou et al, PRB 99 (2019)
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Entanglement spectrum in nH systems

Entanglement spectrum ≈ edge of a topological model

Another form of bulk-boundary correspondence

Density matrix ρ = |Ψ〉 〈Ψ|
Reduced density matrix ρA = TrAρ

Entanglement Hamiltonian ρA = e−HE ⇔ HE = − log ρA

In topological systems, HE has similar physics than the edge theory of

the model: e.g. existence of (chiral) zero modes (with some caveats)
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Entanglement spectrum in nH systems

Gaps and eigenstate selection

Two types of gap: separable vs non-separable bands

−2 0 2
Re(E)

−0.2

−0.1

0.0

0.1

0.2
(a)

−1 0 1

Re(E)

−0.2

−0.1

0.0

0.1

0.2

Im
(E

)

(b)

−1 0 1
Re(E)

−1.0

−0.5

0.0

0.5

1.0
(c)

Choice of many-body eigenstate: either bands, or symmetries

Kawabata et al arXiv:1812.09133
Loïc Herviou Bulk-boundary and non-Hermiticity 15 / 21



Entanglement spectrum in nH systems

Two possible density matrices in non-Hermitian systems

Non-Hermitian Hamiltonians have di�erent left and right eigenstates

Biorthogonal DM

ρRL =
∣∣ψR〉 〈ψL∣∣

Non-Hermitian

Standard Heisenberg time

evolution

〈O〉 =
〈
ψL|O|ψR

〉
Natural in Green function

approaches

Right DM

ρR =
∣∣ψR〉 〈ψR∣∣

Hermitian

Modi�ed non-linear

Heisenberg time evolution

〈O〉 =
〈
ψR|O|ψR

〉
Natural in Lindblad with

post-selection

Sergi et al, JoMP B 27 (2013)
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Entanglement spectrum in nH systems

Wick theorem and Peschel trick

In both cases, Wick theorem is still valid

A modi�ed version of the Peschel trick to compute the ES.

Entanglement spectrum HαE = ~c †Hα
E~c

Hα
E = ln

[
(CαA)−1 − 1

]

H =
∑
n

En |Rn〉 〈Ln|

Biorthogonal correlation matrix: CRLi,j = 〈ψL|c†jci|ψR〉 =
∑
n
sn |Rn〉 〈Ln|

Right correlation matrix CRi,j = 〈ψR|c†jci|ψR〉 =
∑
n
|Qn〉 〈Qn| for |Qn〉 an

orthogonal basis of the occupied subspace Span(|Ri1〉 , ... |Rim〉).

Peschel, JoP A 36 (2003), Herviou et al, SciPost Phys. 7 (2019)
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Entanglement spectrum in nH systems

Symmetries in non-Hermitian systems

Four types of symmetries to classify non-Hermitian Hamiltonians

through the Bernard-LeClair symmetry classes

Ch : H = −ucHu†c, with ucu†c = I, u2
c = I

Tεt : H = εtutH
∗u†t , with utu

†
t = I, utu

∗
t = ηtI

Pεp : H = εpupH
Tu†p, with upu

†
p = I, upu

∗
p = ηpI

PHεph : H = εphuphH
†u†ph, with uphu

†
ph = I, u2

ph = I

Ch is a chiral symmetry, T and P are two �avors of particle-hole

(ε = −1) or time-reversal (ε = 1) symmetries and PH is

pseudo-hermiticity.

Lieu PRB 98 (2018)
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Entanglement spectrum in nH systems

Biorthogonal entanglement spectrum

Captures the physics of separable bands, but fails for pure

non-Hermitian topology
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Entanglement spectrum in nH systems

Right entanglement spectrum

Some topological phases of the biorthogonal Hamiltonian do not lead to

topological properties of the right density matrix.

And conversely.

Loïc Herviou Bulk-boundary and non-Hermiticity 20 / 21



Entanglement spectrum in nH systems

Discussions

Bulk-boundary correspondence from SVD

Entanglement spectrum

More results on PRA 99 (2019) and SciPost Phys. 7, 069 (2019).
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