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© MOTIVATIONS

e VARIATIONAL WAVE FUNCTIONS FOR SPIN MODELS
@ "“Old" approach for the ground state
@ “New" approach for excited states

© REsULTS
@ One-dimensional J; — J>» model
@ Two-dimensional J; — J>, Heisenberg model
@ The Heisenberg model on the kagome lattice (very preliminary)

© ConcLusioNs
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FROM THE GROUND STATE TO EXCITATIONS

Feynman construction for sound-waves and rotons in liquid Helium
single-mode approximation (SMA)

1 kR
V) =n|T n = — E e’'n
| k> k| 0> k \/Z ~ R

R.P. Feynman, Statistical Mechanics

A low-energy state is approximated by acting on the ground state with a simple operatorJ

e Here, we focus on spin (Heisenberg) models on frustrated 1D and 2D lattices

e We want to do more than the SMA and assess the dynamical structure factor

§7(q,w) = Y [(TEIS3|To)*6(w — EL + Eo),
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RECENT INVESTIGATIONS OF THE UNFRUSTRATED HEISENBERG MODEL

e 2D Heisenberg model on the square lattice and Cu(DCOO),-4D,0

B. Dalla Piazza et al., Nat. Phys. 11, 62, (2015)

Energy (meV)

0
@/2.7/2) x.0)

w/2.22)

e QMC: Coexistence of magnons (low energy) and spinons (high energy)?
H.S., Y.Q. Qin, S. Capponi, S. Chesi, Z.Y. Meng, and A.W. Sandvik, Phys. Rev. X 7, 041072 (2017)

e CST: attractive interaction between the spin waves
M. Powalski, K.P. Schmidt, and G.S. Uhrig, SciPost 4, 001 (2018)

e iPEPS: proof-of-principle for the magnon dispesion

L. Vanderstraeten, J. Haegeman, and F. Verstraete, arXiv:1809.06747
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THE FRUSTRATED HEISENBERG MODEL IN ONE DIMENSION

e The simplest model with spin frustration in one dimension
2 @
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@ Gapless phase for )/ < 0.241167(5)
@ Gapped (dimerized) phase for J,/J; > 0.241167(5)
@ Incommensurate spin-spin correlations for J,/J; 2 0.5

~
H. Bethe, Z. Phys. 71, 205 (1931)
C.K. Majumdar and D.K. Ghosh, J. Math. Phys. 10, 1388 (1969)
S.R. White and |. Affleck, Phys. Rev. B 54, 9862 (1996)

S. Eggert, Phys. Rev. B 54, 9612 (1996)
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THE FRUSTRATED HEISENBERG MODEL IN TWO DIMENSIONS

e The simplest model on the square lattice

H=uh Z Sr-Sr + b Z Sk Sk
(R,R") ((R.R")) 42 )

e Infinitely many papers with partially contradictory results
S.-S. Gong et al., Phys. Rev. Lett. 113, 027201 (2014)
L. Wang et al., Phys. Rev. B 94, 075143 (2016)
D. Poilblanc and M. Mambrini, Phys. Rev. B 96, 014414 (2017)
R. Haghshenas and D.N. Sheng, Phys. Rev. B 97, 174408 (2018)

L. Wang and A.W. Sandvik, Phys. Rev. Lett. 121, 107202 (2018)

e Possibly, a gapless spin liquid (SL) emerges between two AF phases

7

N
2
N

SL
0.0 ~0.48 ~0.60 s
W.-J. Hu et al., Phys. Rev. B 88, 060402 (2013)
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LOW-ENERGY SINGLETS AND TRIPLETS

e In 1D, the transition is located by looking at the singlet-triplet crossing
K. Okamoto and K. Nomura, Phys. Lett. A 169, 443 (1992)

G. Castilla, S. Chakravarty, and V.J. Emery, Phys. Rev. Lett. 75, 1823 (1995)

¢

In the gapless region, the lowest-energy state is a triplet

¢

In the gapped region, the lowest-energy state is a singlet

@ A the transition, the umklapp scattering vanishes and they are degenerate

The transition can be precisely located by
exact calculations on small sizes (L ~ 20).
Here, o = J2/J1 02420 ,.’
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FIG. 1. _a(N) vs 1/N® The linear fit gives the intercept
@, = 02412,

e The best calculation gives J,/J; = 0.241167(5)

S. Eggert, Phys. Rev. B 54, 9612 (1996)
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LOW-ENERGY SINGLETS AND TRIPLETS

e In 2D, recent DMRG calculations highlighted a couple of level crossings
(on a cylinder geometry 2L x L with L =6, 8, and 10. Here g = )/ )

L. Wang and A.W. Sandvik, Phys. Rev. Lett. 121, 107202 (2018)
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@ The singlet-quintuplet crossing corresponds to Néel to SL transition (?)

@ The singlet-triplet crossing corresponds to the SL to valence-bond solid (?)
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FROM SPINS TO ELECTRONS...

e Consider the spin-1/2 Heisenberg model on a generic lattice
H= Z Jr,r'SR - Sk
R,R

e A faithful representation of spin-1/2 is given by

i SU(2) gauge riegdundancy
R = 2°Ra%a,B R,BJ eg., gy € fcgy

e The spin model is transformed into a purely interacting electronic system

- S (o0 i L i t
H= JR»R/ (UJ CR,UCR,UCR’,U’CR’,U’ + 56‘7,’5CR,JCR,0’CR’,U’CR’,U

R,R’ o,0’

e One spin per site — we must impose the constraint

i f e -
GG te6y =1
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... AND BACK TO SPINS

e The SU(2) symmetric mean-field approximation gives a BCS-like form

Ho = Z 1.‘,?7,;/c,T;,ygcR,’(7 + Z Ag e c;gﬁc;(‘,’i + h.c.

R,R o R,R

{tr,r’} and {Ag g/} define the mean-field Ansatz — BCS spectrum {e, }

The constraint is no longer satisfied locally (only on average)J

e The constraint can be inserted by the Gutzwiller projector - RVB

[Wo) = Pc|®o)

Pe = [[(nrs — nr.s)?
R

e The exact projection can be treated within the variational Monte Carlo approach

F. Becca and S. Sorella, Quantum Monte Carlo Approaches for Correlated Systems
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THE PROJECTED WAVE FUNCTION

e The mean-field wave function has a BCS-like form

2
|®o) = exp {Zi,j ﬂ,jcf%eh} 10) = {1 + i fucle 4 (Zi,j fi,jcifmcﬁi) e } |0>J

It is a linear superposition of all singlet configurations (that may overlap)

Y

e After projection, only non-overlapping singlets survive:

the resonating valence-bond (RVB) wave function P.W. Anderson, Science 235, 1196 (1987)
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DYNAMICAL VARIATIONAL MONTE CARLO

e For each momentum g a set of (two-spinon) states is defined

R’
lg, R, trip) = Z e (CR+R’ N C;+R/ g )| Po)

~ 1 iR’ ( i
lq, R, sing) = PGW D e (Chirr g Criy T Chirr i,y )| P0)
R/

e The spin Hamiltonian is diagonalized within this (non-orthogonal) basis set

Z HR R’Al;?’q =E/ Z OR R/A??’/q

H;R, = (q, R, trip|H|q, R, trip) OZ,’R, = (g, R, trip|q, R',trip)

or
Hg,R’ = <q7 R7 Sinng‘Qa R/a Sing> OgyR’ = <q) Ra Sing|qa Rl? Sing>
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DYNAMICAL VARIATIONAL MONTE CARLO

e The Matrix elements are computed within standard variational Monte Carlo
T. Li and F. Yang, Phys. Rev. B 81, 214509 (2010)

(Slightly different because states have S = 0)

e The generic “eigenstate” of the Hamiltonian is

Vi) =Y Az%q,R)
R

e By using triplet states, the dynamical structure factor is approximated by

AR Og.

S*(q,w) Z

5((4) — E,,q + Eg)

At most L states for each momentum q |
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ONE-DIMENSIONAL

J MODEL: A BENCHMARK ON 30 SITES

The dynamical structure factor

12/ = 0.20 (VMC) ‘ : Jaf Iy = 02

JofJy = 045 (VMC)

Jo/Jy = 0.70 (VMC)
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ONE-DIMENSIONAL J; — J, MODEL: RESULTS ON 198 SITES

Do/ Jy = 0.00
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ONE-DIMENSIONAL J; — J, MODEL: LEVEL CROSSING

} -

triplet e
4 e »
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e For small J,/ ),
The triplet is lower than the singlet

0.1251

0.1004

0.075

triplet
singlet

Both excitations are gapless in the thermodynamic limit

e For large ),/

The singlet is lower than the triplet

The triplet is gapped, the singlet is degenerate with the ground state

Federico Becca
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ONE-DIMENSIONAL J; — J, MODEL: LEVEL CROSSING

014 0.045 1
0.131 0.040
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0.117 —4— triplet —4— triplet

—4— singlet —4— singlet
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The level crossing comes out to be quite accurate

Federico Becca Dynamical VMC Benasque 17 /31



TWO-DIMENSIONAL J; — J» HEISENBERG MODEL

e For a non-magnetic (spin liquid or valence-bond solid) state

[Wo) = Pc|®o)

HO = Z thR,CII’,UCR/,a =+ Z AR,R’ C"T?‘TC;/J =+ h.C.
R,R',c R,R’

e For an antiferromagnetic state

[ [Wo) = Ps, T P|®o) |

iQR
Ho = Z tr, R/ C;,UCRI,U + Aar Z e (CIT?,TCR,¢ + CfTe,icR,r)

R,R" o R
The magnetic moment in the x — y plane (because of Ps,)

J = exp (% > R R YRR S,Z?S,Z?/) is the spin-spin Jastrow factor

E. Manousakis, Rev. Mod. Phys. 63, 1 (1991)
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TWO-DIMENSIONAL J; — J» MODEL: FROM NEEL TO SPIN LIQUID

m’ = lim (S, - So)

r—oo

e Magnetization computed for finite clusters from 10 x 10 to 22 x 22

Magnetization
0.35

0301 *
exact °

0.251 .

0.151 ¢
0.104 {

0.05 h

0.00

0.00 0.10 0.20 0.30 040 0.8
Jof Iy

e NN hopping t (staggered flux phase), no pairing

e A finite staggered magnetization is related to a finite Aar in the wave function
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10°

107!

1072

1072
(0,7)

A 7, gapless spin liquid

O Dirac points

(£3#3)
272

e NN hopping t (staggered flux phase) and A(k) = A,y sin(2kx) sin(2ky)

e Gapless excitations at g = (0,0), (m, 7), (m,0), and (0, 7).
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THE VESTIGES OF THE GAPLESS SPIN LIQUID ON LADDERS

e On finite sizes the gapless points can be avoided by suitable boundary conditions
e Let us fix L, = 6 and perform L, — oo

With PBC along y, Dirac points are always avoided (gapped spectrum)
Ey/ 1 = —0.48655(1)

With APBC along y, Dirac points are avoided for
1) Ly = 4n and APBC along x
2) Ly = 4n+ 2 and PBC along x

Dirac points are reached for L, — oo (gapless spectrum)

Eo/h = —0.47543(1)

The gapped wave function has a lower energy than the gapless one!
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e The gapped state gives a gapped spectrum (stable)

e The gapless state gives “antivariational” excited states (unstable)

(still much higher in energy than the gapped wave function)
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TWO-DIMENSIONAL J; — J, MODEL: LEVEL CROSSING

e On 6 x 6 for /) =0.5:
Ground-state accuracy 0.005% (Eex/J = —0.50381 vs E,,r/J1 = —0.50116)
Triplet-state accuracy 0.007% (Eex/J = —0.49072 vs E,.,/Ji = —0.48706)
Singlet-state accuracy 0.014% (Eex/Jh = —0.49054 vs E,.r/J = —0.48375)
Triplet gap Acx/h = 0.471 vs Ayar/h = 0.508
Singlet gap Acx/h = 0.477 vs Avar/J = 0.627

e On larger clusters:
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0.350 —4— triplet ¢ = (m,7)
095 —4— singlet ¢ = (7,0) 012
0500 0.10
0.275
0081 16 5
0.250 16 x 16
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—4— triplet ¢ = (m,7)
0-200 0.04] —+ singlet ¢ = (m,0)
048 050 052 054 056 058 048 050 052 054 056 058
Jof Ty Jof Ty
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THE HEISENBERG MODEL ON THE KAGOME LATTICE

H=J> Sk Sw

(R.R")

e A variational ansatz with only hopping but non-trivial fluxes has been proposed

— E : T
HO = tRxR/CR,aCR/,o-

R,R",o

-~ vV
P

Y Y AL A A

Y. Ran, M. Hermele, P.A. Lee, and X.-G. Wen, Phys. Rev. Lett. 98, 117205 (2007)
e Recently, DMRG calculations suggested the existence of Dirac points

On cylinders, a finite spin gap may exist
By using an adiabatic flux insertion a gapless spectrum may be recovered
Y.-C. He, M.P. Zaletel, M. Oshikawa, and F. Pollmann, Phys. Rev. X 7, 031020 (2017)
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GAPLESS AND GAPPED STATES ON LADDERS

e According to boundary conditions both “gapless” and gapped states are possible

(24 x 4 x 3 cluster)

e The gapped wave function has the lowest variational energy

Gapless: E/J = —0.42674(1)

10°
107!
1072

107°
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Gapped: E/J = —0.43023(1)
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AN OLD RESULT FROM EXACT DIAGONALIZATIONS ON 36 SITES
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P. Lecheminant, B. Bernu, C. Lhuillier, L. Pierre, and P. Sindzingre, Phys. Rev. B 56, 2521 (1997)

e Several (exponentially large) number of singlets below the first triplet excitation
e What is the origin? Nearest-neighbor dimer covering (short-range RVB physics)?

F. Mila, Phys. Rev. Lett. 81, 2356 (1998)
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SINGLETS AND TRIPLETS

Dynamical structure factor (triplets) Density of states (singlets)

10°

1072

r M 1 K' M K r

@ Quite flat triplet dispersion '

@ Several singlets below the triplets “

@ Singlet and triplet gaps overestimated

@ Are we capturing the actual low-energy states?

A. Lauchli and C. Lhuillier, arXiv:0901.1065
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THE 12 X 12 CLUSTER: DYNAMICAL STRUCTURE F.
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THE 12 x 12 CLUSTER: SINGLETS AND TRIPLETS

Density of states (triplets) Density of states (singlets)
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CONCLUSIONS

PROS

@ Monte Carlo sampling with no sign problem
@ No analytic continuation is required (see below)
@ Transparent interpretation in terms of spinon excitations

@ Particularly suited to study the spreading (delocalization) of magnons

Excellent for systems with free (or nearly-free) spinons
CONS
@ No analytic continuation is required (see above)

For each momentum, a set of delta functions are obtained

Difficult to distinguish between real poles (magnons) and continuum

@ For the kagome lattice: is it a quantitative or qualitative problem?

Are low-energy singlet (and triplet) states only due to nearly-free spinons?
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