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Steve White, 2005: Perhaps the holy grail, reliable, 
accurate, and unbiased simulations of large 2D fermion 

clusters, is becoming within reach!  
(Journal Club for Condensed Matter Physics 2005)  

BUT how can we simulate fermions 
with tensor networks in 2D???



Fermions with 2D tensor networks

How to take fermionic 
statistics into account?

fermionic operators anticommute

PC, Evenbly, Verstraete, Vidal (2009)
Kraus, Schuch, Verstraete, Cirac (2009)
Pineda, Barthel, Eisert (2009)
PC & Vidal (2009)
Barthel, Pineda, Eisert (2009)
Shi, Li, Zhao, Zhou (2009)
PC, Orus, Bauer, Vidal (2009)
Pizorn, Verstraete (2010)
Gu, Verstraete, Wen (2010)
...

Different formulations (but same fermionic ansatz):

ĉiĉj = �ĉj ĉi



3x3 PEPS

Crossings in 2D tensor networks
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Crossings appear when 
projecting the 3D 
network onto 2D!
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Example network 
of the 2D MERA



Bosons    vs    Fermions

�B(x1, x2) = �B(x2, x1)

symmetric!

+ --Crossings 
in a tensor 
network

ignore crossings take care!

--=+

operators anticommute
b̂ib̂j = b̂j b̂i

operators commute

ĉiĉj = �ĉj ĉi

�F (x1, x2) = ��F (x2, x1)

antisymmetric!



The swap tensor

RULE:

# Fermions

+

even even

+

evenodd

--
oddodd

+

oddeven Parity

(even parity), even number of particles
Parity    of a state: P

(odd parity), odd number of particles

P = +1

P = �1{
Replace crossing by swap tensor 

i1 i2

j2 j1

B

S(P (i1), P (i2)) =
�
�1
+1

if P (i1) = P (i2) = �1
otherwise

Bi1i2
j2j1

= �i1,j1�i2,j2S(P (i1), P (i2))



Parity symmetry

even odd

• Decomposing local Hilbert 
spaces into even and odd parity 
sectors

• Label state by a composite index i = (p, �p)
parity sector enumerate states in 

parity sector p

➡ tensor with a block structure (similar to a block diagonal matrix)
➡ Easy identification of the parity of a state!
➡ Important for efficiency

• Choose all tensors to be parity preserving!

Ti1i2...iM = 0 if P (i1)P (i2) . . . P (iM ) �= 1
=

P P P

P

• Fermionic systems exhibit parity symmetry! [Ĥ, P̂ ] = 0



Example
Bosonic tensor network Fermionic tensor network



Fermionic “operator networks”

Tensor

State of 4 site system

bosonic 
tensor 
network

{|0⇤, |1⇤}
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Tensor + fermionic ops
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operator 
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+  

operator 
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Fermionic “operator network”

Use anticommutation rules to evaluate 
fermionic operator network:

Solution:  
Map it to a tensor 

network by 
replacing crossings 
by swap tensors



Ô = t ĉ†1ĉ3

|�� = |011�

���| = �110|

0

0

= �tĉ†1I3ĉ†2|0⇥
�tĉ†1ĉ3ĉ

†
3ĉ

†
2|0⇥ ={

�tĉ†1ĉ
†
2I3|0⇥ = (�t)|110⇥

⇥110|(±t)|110⇤ = ± t

➡ All involved anticommutations to evaluate a fermionic operator 
network are represented by a crossing

Example

ĉ†2ĉ
†
3|0�

�ĉ†3ĉ
†
2|0⇥

A simple example:                  , ���|Ô|�⇥ Ô = t ĉ†1ĉ3



Cost of fermionic tensor networks??

w1 w2 w3 w4

uux uy

� (lower half)

� (upper half)

H

First thought:
Many crossings     many more tensors
     larger computational cost??

NO!
Same computational cost



The “jump” move 

• Jumps over tensors leave the tensor network invariant 
• Follows form parity preserving tensors  

=

[T̂ , ĉk] = 0, if k /� sup[T̂ ]

• Allows us to simplify the tensor network 
• Final cost of contraction is the same as in a bosonic tensor network



Example of the “jump” move 



Example of the “jump” move 



Example of the “jump” move 



Example of the “jump” move 



Example of the “jump” move 

absorb

absorb



Example of the “jump” move 

now  
contract as usual!

‣ Possible to automatize: 
add swap whenever legs 
of tensors are permuted



Fermionic (i)PEPS

€ 

Ψ

€ 

Ψ†

‣ No crossings anymore 

‣ Fermionic signs taken into 
account locally!

‣ Only small modification to 
bosonic PEPS

€ 

≡

��
|�

⇥



Fermionic (i)PEPS: expectation values

environment

compute environment approximately 
(e.g. using MPS)

Connect two-body operator

Contract this network!

insert swap tensors



Summary: Fermionic TN
➡Simulate fermionic systems with 2D tensor networks

➡ Replace crossings by swap tensors & use parity preserving tensors  

➡Same leading computational cost in D



The 2D Hubbard model

Ĥ = �t

X

hi,ji,�

ĉ
†
i� ĉj� + h.c.+ U

X

i

n̂i"n̂i#

★ The most basic model of strongly correlated electrons
U

t

★ Is it the relevant model for high-Tc superconductivity (cuprates)? Phase diagram?  

Keimer, et al., Nature 518, 179 (2015)

Physics World, Oct 2018



Hubbard model: Main candidates for U/t~8, δ~1/8
or in the t-J model (effective model)

δ = 0:  Antiferromagnet

δ > 0:  finite density of holes

What do the holes do??



Hubbard model: Main candidates for U/t~8, δ~1/8

Uniform d-wave  
superconducting state  

Stripe state  
modulated spin/charge 
w. or w/o coexisting SC 

or in the t-J model (effective model)

vs

Poilblanc & Rice, PRB 39 (1989)
Zaanen & Gunnarsson, PRB 40 (1989)
Machida, Physica 158C (1989)
Schulz, J. Phys. 50 (1989)
White & Scalapino, PRL 80 (1998)
White & Scalapino, PRB 60 (1999)
Himeda, Kato & Ogata, PRL 88 (2002)
White & Scalapino, PRL 91 (2003)
Hager, Wellein, Jeckelmann, Fehske, PRB 71 (2005)
Raczkowski, et al. PRB 76 (2007) 
Chou, Fukushima & Lee, PRB 78 (2008) 
Chang & Zhang, PRL 104 (2010)
Corboz, White, Vidal & Troyer, PRB 84 (2011)
Corboz, Rice & Troyer, PRL 113 (2014)
Zheng, Chan, PRB 93 (2016)
Zhao, Ido, Morita & Imada, PRB 96 (2017)
... and many more ...

Yokoyama & Shiba, JPSJ 57 (1988)
Gros, PRB 38 (1988)
Dagotto et al, PRB 49 (1994)
S. Sorella, et al., PRL 88 (2002)
Maier et al., PRL 95 (2005)
Senechal et al. PRL 94 (2005)
Capone & Kotliar, PRB 74 (2006)
Aichhorn et al., PRB 74 (2006) 
Lugas, et al. PRB 74 (2006)
Aimi & Imada, JPSJ 76 (2007)
Yokoyama, Ogata & Tanaka: JPSJ 75 (2006)
Yokoyama, et al. JPSJ 73 (2004)
Eichenberger & Baeriswyl, PRB 76 (2007)
Macridin, Jarrell, Maier, PRB 74 (2006)
Hu, Becca & Sorella, PRB 85 (2012)
Gull, Parcollet, Millis, PRL 110 (2013)
Misawa & Imada, PRB 90 (2014)
... and many more ...

Zaanen & Gunnarsson, PRB 40 (1989)
Poilblanc & Rice, PRB 39 (1989)
Machida, Physica 158C (1989)
Schulz, J. Phys. 50 (1989)
Emery, Kivelson & Tranquada PNAS 96 (1999)
White & Scalapino, PRL 80 (1998)
White & Scalapino, PRB 60 (1999)
Himeda, Kato & Ogata, PRL 88 (2002)
Kivelson, Bindloss, Fradkin, Oganesyan,  
   Tranquada, Kapitulnik & Howald, RMP 75 (’03)
Berg, Fradkin, Kim, Kivelson, Oganesyan,  
   Tranquada & Zhang PRL 99 (2007)
Chou, Fukushima & Lee, PRB 78 (2008) 
Yang, Chen, Rice, Sigrist & Zhang, NJP 11 (2009) 
Berg, Fradkin, Kivelson & Tranquada, NJP 11 (‘09)
Berg, Fradkin & Kivelson, PRB 79 (2009)
Vojta, Adv. Phys. 58 (2009) 
Fradkin & Kivelson, Nature Physics 8 (2012)
... and many more ...

Theory:



Poilblanc & Rice, PRB 39 (1989)
Zaanen & Gunnarsson, PRB 40 (1989)
Machida, Physica 158C (1989)
Schulz, J. Phys. 50 (1989)
White & Scalapino, PRL 80 (1998)
White & Scalapino, PRB 60 (1999)
Himeda, Kato & Ogata, PRL 88 (2002)
White & Scalapino, PRL 91 (2003)
Hager, Wellein, Jeckelmann, Fehske, PRB 71 (2005)
Raczkowski, et al. PRB 76 (2007) 
Chou, Fukushima & Lee, PRB 78 (2008) 
Chang & Zhang, PRL 104 (2010)
Corboz, White, Vidal & Troyer, PRB 84 (2011)
Corboz, Rice & Troyer, PRL 113 (2014)
Zheng, Chan, PRB 93 (2016)
Zhao, Ido, Morita & Imada, PRB 96 (2017)
... and many more ...

Yokoyama & Shiba: JPSJ 57 (1988)
Gros, PRB 38 (1988)
Dagotto et al, PRB 49 (1994)
S. Sorella, et al., PRL 88 (2002)
Maier et al., PRL 95 (2005)
Senechal et al. PRL 94 (2005)
Capone & Kotliar, PRB 74 (2006)
Aichhorn et al., PRB 74 (2006) 
Lugas, et al. PRB 74 (2006)
Aimi & Imada, JPSJ 76 (2007)
Yokoyama, Ogata & Tanaka: JPSJ 75 (2006)
Yokoyama, et al. JPSJ 73 (2004)
Eichenberger & Baeriswyl, PRB 76 (2007)
Macridin, Jarrell, Maier, PRB 74 (2006)
Hu, Becca & Sorella, PRB 85 (2012)
Gull, Parcollet, Millis, PRL 110 (2013)
Misawa & Imada, PRB 90 (2014)
... and many more ...

 
Which is the true ground state ??

 Goal: get conclusive answer  
for U/t=8, δ=1/8 using 

iPEPS, DMRG, AFQMC, DMET
Zheng, Chung, PC, Ehlers, Qin, Noack, Shi,  

White, Zhang, Chan, Science 358, 1155 (2017)

Hubbard model: Main candidates for U/t~8, δ~1/8
or in the t-J model (effective model)

 Ground state: stripe state

Uniform d-wave  
superconducting state  

Stripe state  
modulated spin/charge 
w. or w/o coexisting SC 

vs



iPEPS: main competing states (U/t=8, δ=1/8)

B A B AB A

A AA

A AA

A AA

B A B A BA

A AA

B BB

B B B

B BB

B B B

magnetic moment

hole density

nearest-neighbor singlet  
pairing amplitude  

�ij

mi

Uniform d-wave SC state (+ AF order)

Period λ=5 (W5 stripe)
★ Modulation in the charge, AF, and SC order

★ “Site-centered” stripe 

★ π-phase shift in the AF order 

Period λ=8 (W8 stripe) ★ Superconductivity suppressed (1 hole per unit length)

�i



magnetic moment

nearest-neighbor singlet  
pairing amplitude  

�ij

mi

Uniform d-wave SC state (+ AF order)

Period λ=5 (W5 stripe)
★ Modulation in the charge, AF, and SC order

★ “Site-centered” stripe 

★ π-phase shift in the AF order 

Period λ=8 (W8 stripe) ★ Superconductivity suppressed (1 hole per unit length)

Diagonal stripe (16x16 cell)

hole density�i

iPEPS: main competing states (U/t=8, δ=1/8)



iPEPS: previous benchmarks (here: U/t=10)

‣ Relative error in the TL: O(0.05%)  
(D=14 without extrapolation!)

‣ QMC estimate by S. Sorella (unpublished)  

Half-filled case (n=1):

0 0.05 0.1 0.15 0.2

−0.434

−0.432

−0.43

−0.428

1/D or 1/sqrt(N)

E s

 

 

iPEPS
QMC
QMC estimate TL

Doped case (n=0.88): 

‣ Lower variational energy than  
best data from VMC+FN+2L  
[Tocchio, Becca, Sorella, unpublished]  

VMC+FN+2L,  
N=242 
Tocchio, et al.  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Uniform
Stripe � = 0.12

Extrapolate?



Improving energy extrapolations

Motivation: Need accurate energy extrapolation to determine the true ground state

PC, PRB 93 (2016)
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−1.37

−1.36

−1.35

−1.34

−1.33

−1.32

−1.31

−1.3

1/D

E

 

 

E(1/D)
exact result

 Bad estimate based 
on 1/D data!

 Extrapolate in 
truncation error 

instead!
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E(1/D)
E(w)
exact result
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Truncation error in the full update algorithm
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g
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Environment

| ̃i = g| i

Environment

€ 

A'

€ 

B'

⇡

| 0i⇡

w(D) = C(D,� ! 1)/⌧

C = || | ̃i � | 0i ||• Cost function:  

• Truncation error:  



Example: vertical vs diagonal stripe, U/t=8, δ=1/8

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

−0.77

−0.76

−0.75

−0.74

−0.73

−0.72

−0.71

−0.7

−0.69

E

1/D or w

 

 
E(1/D): vertical stripe
E(w): vertical stripe
E(1/D): diagonal stripe
E(w): diagonal stripe
FNMC 20x20
FNMC 16x16
DMRG W=6 extr.
AFQMC extr.
DMET 5x2 cell

[data from LeBlanc,  
et al., PRX 5 (2015)]

Vertical λ=5 stripe

Diagonal stripe

 Vertical λ=5 stripe  
is lower than 
diagonal stripe



iPEPS: extrapolated energies
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E(1/D): uniform
E(w): uniform
E(1/D): W5 stripe
E(w): W5 stripe
E(1/D): diagonal stripe
E(w): diagonal stripe
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E
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E(1/D): W5 stripe
E(w): W5 stripe
E(1/D): W7 stripe
E(w): W7 stripe
E(1/D): W8
E(w): W8

 λ=8 stripe has  
lowest energy

 Stripe is lower than 
uniform state!

Vertical λ=5 stripe

Uniform d-wave



Comparison with other methods

★ Uniform state: higher energy

★ λ=5...8: close in energy

★ λ=8 stripe: slightly lower

★ also compatible with 
fluctuating stripes



Energy of λ=8 stripe

0.767t± 0.004t

★Close agreement between methods!



Comparison with other methods

★ Experiments: λ~4, but here higher in energy!

★ Uniform state: higher energy

★ λ=5...8: close in energy

★ λ=8 stripe: slightly lower

★ also compatible with 
fluctuating stripes



UW8W7W6W5W4W3

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2

t / t

-0.7

-0.69

-0.68

-0.67

-0.66

-0.65

Energy U

W3 stripe

W4 stripe

W5 stripe

W6 stripe

W7 stripe

W8 stripe

Extended 2D Hubbard model (+ next-nearest neighbor hopping)

★ Period-4 stripes are stabilized by including a realistic t’/t ~ -0.15…-0.3  
[see also: Ido, Ohgoe & Imada, PRB 97 (2018), Jiang & Devereaux, Science 365 (2019)]

★ Competition is weaker in this region than for t’/t=0

★ Superconductivity is suppressed in the period-4 stripe

Sangwoo Chung

Boris Ponsioen

U/t=10, δ=1/8, D=12
Ponsioen, Chung,  
PC, PRB 100 (2019)



Summary: 2D Hubbard model, δ=1/8, U/t=8 (U/t=10)

• Doped 2D Hubbard model exhibits many competing low energy states

• Stripe has lower energy than uniform d-wave state (δ=1/8)

• λ=8 stripe lowest energy (U/t=8), with λ=5-7 stripes very close in energy 

• Realistic t’/t = -0.2…-0.3: period 4 stripe (with suppressed SC)

★ Next step: more realistic models of the cuprates (multi-band models)

★ Systematic study will help to get a better understanding of the 
various competing phases in the cuprates!



SU(N) Hubbard models
‣ Generalization to N species (“colors”) of fermions

sum over all colors: ...

Ĥ = �t

X

hi,ji,↵

ĉ
†
i↵ĉj↵ +H.c.+ U

X

i,↵<�

n̂i↵n̂i�

U

t

‣ Realizable in quantum simulators using alkaline-earth atoms in optical lattices

87Sr I = 9/2:
Nuclear spin

Nmax = 2I + 1 = 10

| o i
| o i
| o i
| o i

|Iz = 1/2i
|Iz = 3/2i

|Iz = �1/2i
|Iz = �3/2i

... ... ...

Cazalilla, Ho & Ueda, NJP 11(2009)
Gorshkov, et al, Nat. Phys. 6, 289 (2010).
Taie, Yamazaki, Sugawa & Takahashi, Nat. Phys. 8 (2012).
Scazza, et al., Nat. Phys. 10, 779 (2014).
Zhang, et al, Science 345 (2014).
Cazalilla & Rey, Rep. Prog. Phys. 77 (2014).
Hofrichter, et al, PRX 6 (2016).
Ozawa, Taie, Takasu & Takahashi, PRL 121 (2018).

...<latexit sha1_base64="wUGYXKuP3C6bJqq88k3KVLm9mzk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ65+73t1FrX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH0yOjSQ=</latexit>
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sum over all colors: ...

Ĥ = �t

X

hi,ji,↵

ĉ
†
i↵ĉj↵ +H.c.+ U

X

i,↵<�

n̂i↵n̂i�

U

t

‣ Strong coupling limit (U>>t), integer filling: SU(N) Heisenberg model

H =
X

hi,ji

Pij

i j i j

Pij
permutation  
operator

‣ In general very challenging to study!

SU(N) Hubbard models
‣ Generalization to N species (“colors”) of fermions



SU(N) Heisenberg models
SU(3) honeycomb: Plaquette state

Zhao, Xu, Chen, Wei, Qin, Zhang, Xiang, 
PRB 85 (2012);  

PC, Läuchli, Penc, Mila, PRB 87 (2013)

 

SU(3) kagome:  
Simplex solid state

PC, Penc, Mila, Läuchli, PRB 86 (2012)

 

SU(3) square/triangular:  
3-sublattice Néel order

(a)

(b)

Bauer, PC, et al., PRB 85 (2012)

 

PC, Lajkó, Läuchli, Penc, Mila, PRX 2 (‘12)

SU(4) honeycomb:  
spin-orbital (4-color) liquid

PC, Läuchli, Penc, Troyer,  
Mila, PRL 107 (2011) 

SU(4) square:  
Dimer-Néel order

SU(5) square:  
color order

PC, Mila, unpublished

How about SU(N) Hubbard models with iPEPS?



SU(3) honeycomb Hubbard model (n=1/3)
S. S. Chung, PC, PRB 100, 035134 (2019)
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Consistent with Heisenberg case!
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Transition between the two states: U/t = 7.2(2)
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0

SU(N) Hubbard models: rich physics!
Challenging, but within reach of iPEPS simulations 

SU(3) honeycomb Hubbard model (n=1/3): summary
S. S. Chung, PC, PRB 100, 035134 (2019)



Finite temperature simulations with iPEPS
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‣ Wave-function:

‣ Density-operator: ⇢̂ = e��Ĥ ⇡
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‣ Methodological developments:
Li et al. PRL 106 (2011); Czarnik et al. PRB 86 (2012); Czarnik & Dziarmaga PRB 90 (2014);  
Czarnik & Dziarmaga PRB 92 (2015); Czarnik et al. PRB 94 (2016); Dai et al PRB 95 (2017);  
Kshetrimayum, Rizzi, Eisert, Orus, PRL 122 (2019), P. Czarnik, J. Dziarmaga, PC, PRB 99 (2019), …

‣ Symmetric form: e��Ĥ/2 ⇡
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⇢̂(�) = ⇢̂†(�)
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by construction



Finite temperature simulations with iPEPS
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trace

same structure as 
for wave functions h ̃| ̃i
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equivalent:

physical site
ancilla site

⇢̂(�) = Tra| ̃ih ̃|
<latexit sha1_base64="iqpQNG1rCdx+3uQtpq1Ony5TwkY="></latexit>

Recycle algorithms for wave functions! 
(CTM + imaginary time evolution)

join legs



Imaginary time evolution

• Start at infinite temperature:  

exp(�⌧Ĥb)
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Trotter-Suzuki 
decomposition: 

• 1D: 

• Initial state: exact!

⇢̂(� = 0) = I
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• Evolve in imaginary time: ⇢̂(�) = e��Ĥ/2⇢̂(0)e��Ĥ/2
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• Evolve up to target        using e.g. simple / full update �/2
<latexit sha1_base64="nbvrPzE0yE0Z8tqP0YgnMGbezq4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU02qoCcpePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCjvSi1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbRqVe+yWnu4qtRv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wek/I8Z</latexit>

P. Czarnik, J. Dziarmaga,  
PC, PRB 99 (2019)



Finite temperature simulations example

‣ Application to the Shastry-Sutherland model (SrCu2(BO3)2)

Miyahara and Ueda, arxiv:cond-mat/0004260
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<latexit sha1_base64="DKEMP+mreY/WvJcij6i/oVvelXA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvoKSZV1ItQ9CI9VbAf0oay2W7apbubsLsRSuiv8OJBEa/+HG/+G7dtDtr6YODx3gwz84KYUaVd99vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcskq0AKcKoIHVNNSOtWBLEA0aawfB24jefiFQ0Eg96FBOfo76gIcVIG+mxenxavXadi3K3WHIddwp7kXgZKUGGWrf41elFOOFEaMyQUm3PjbWfIqkpZmRc6CSKxAgPUZ+0DRWIE+Wn04PH9pFRenYYSVNC21P190SKuFIjHphOjvRAzXsT8T+vnejwyk+piBNNBJ4tChNm68iefG/3qCRYs5EhCEtqbrXxAEmEtcmoYELw5l9eJI2y45057v15qXKTxZGHAziEE/DgEipwBzWoAwYOz/AKb5a0Xqx362PWmrOymX34A+vzB0vOjsM=</latexit>

J = 77K
<latexit sha1_base64="i6ixXxmYK1rY3snJHvQlC+dW2EA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVoV6EohfRSwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQz9VtPVGkmxaMZJzSI8UCwiBFsrOTfXdVq971yxa26M6Bl4uWkAjkavfJXty9JGlNhCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbHTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGMiSQ0VZL4oSjkyEk0/R32mKDF8bAkmitlbERlihYmx+ZRsCN7iy8ukeVb1zqvuw0Wlfp3HUYQjOIZT8KAGdbiFBvhAgMEzvMKbI5wX5935mLcWnHzmEP7A+fwBrEGN7g==</latexit>
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Wietek, PC, Wessel, Normand, Mila, and Honecker, PRR 1 (2019)



iPEPS excitation ansatz

| i ⇡
<latexit sha1_base64="3ogdKbCNwjYVKtXUUFZf2LMsJgg=">AAAB/nicbVBNSwMxEM36WevXqnjyEiyCp7JbBT0WvXisYD+gu5RsOm1Ds9mQZMWyFvwrXjwo4tXf4c1/Y9ruQVsfDDzem2FmXiQ508bzvp2l5ZXVtfXCRnFza3tn193bb+gkVRTqNOGJakVEA2cC6oYZDi2pgMQRh2Y0vJ74zXtQmiXizowkhDHpC9ZjlBgrddzDx6CmGQ4UEX0OOCBSquSh45a8sjcFXiR+TkooR63jfgXdhKYxCEM50brte9KEGVGGUQ7jYpBqkIQOSR/algoSgw6z6fljfGKVLu4lypYweKr+nshIrPUojmxnTMxAz3sT8T+vnZreZZgxIVMDgs4W9VKOTYInWeAuU0ANH1lCqGL2VkwHRBFqbGJFG4I///IiaVTK/lm5cnteql7lcRTQETpGp8hHF6iKblAN1RFFGXpGr+jNeXJenHfnY9a65OQzB+gPnM8fE6eVkA==</latexit>

‣ Ground state:

‣ Excitation on top  
of ground state  
with momentum k

Tensor B at position ~x<latexit sha1_base64="PszTIGcFT/D10TvlDeTeHnoZO7E=">AAAB7nicbZDPTgIxEMZn8R/iP9Sjl0Zi4onswkFPSuLFIyYCJrAh3TJAQ7e7abtEsuEhvHjQGK++h2/gzbexLBwU/JImv3zfTDozQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU0eJYthgkYjUQ0A1Ci6xYbgR+BArpGEgsBWMbmZ5a4xK80jem0mMfkgHkvc5o8Zarc4YWfo47RZLbtnNRFbBW0Dp+rOaqd4tfnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbVHSELWfZuNOyZl1eqQfKfukIZn7uyOlodaTMLCVITVDvZzNzP+ydmL6l37KZZwYlGz+UT8RxERktjvpcYXMiIkFyhS3sxI2pIoyYy9UsEfwlldehWal7FXLlTu3VLuCufJwAqdwDh5cQA1uoQ4NYDCCJ3iBVyd2np03531emnMWPcfwR87HD6l2kfo=</latexit>

Haegeman, Pirvu, Weir, Cirac, Osborne, Verschelde, and Verstraete, PRB 85, 100408(R) (2012).
Haegeman, Michalakis, Nachtergaele, Osborne, Schuch, and Verstraete, PRL 111, 080401 (2013).
Haegeman, Osborne, and Verstraete, PRB 88, 075133 (2013).
Zauner, Draxler, Vanderstraeten, Degroote, Haegeman, Rams, Stojevic, Schuch, and Verstraete, 
New J. Phys. 17, 053002 (2015).
Vanderstraeten, Marien, Verstraete, and Haegeman, PRB 92, 201111 (2015)
Vanderstraeten, Haegeman, and Verstraete, PRB 99, 165121 (2019)
Ponsioen and PC, ArXiv:2001.02645 (2020)
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<latexit sha1_base64="Im6IdCGbwgNFybMPLKLln/4o42g=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqBTSya904YmM0OSKZZhPsCNv+LGhSJu/QB3/o3pdARtPRA4Oedcknu8iDOlbfvLWlpeWV1bL2wUN7e2d3ZLe/tNFcaSQoOGPJRtjyjgLICGZppDO5JAhMeh5Y2upn5rDFKxMLjVkwi6ggwC5jNKtJF6pbKrYtFL3DHQ5D5NMdwlLLuMUvwjmpRdsTPgReLkpIxy1HulT7cf0lhAoCknSnUcO9LdhEjNKIe06MYKIkJHZAAdQwMiQHWTbJkUHxulj/1QmhNonKm/JxIilJoIzyQF0UM1703F/7xOrP2LbsKCKNYQ0NlDfsyxDvG0GdxnEqjmE0MIlcz8FdMhkYRq01/RlODMr7xImtWKc1qp3pyVa5d5HQV0iI7QCXLQOaqha1RHDUTRA3pCL+jVerSerTfrfRZdsvKZA/QH1sc3grGcig==</latexit>

|�~k(B)i ⇡
<latexit sha1_base64="iZZzvmc0WRzwaa7TTYrYpIcs8lU=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGITdiNgpYhNpYRzAOyyzI7uUmGzM4uM7PBsKa38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv994TxJwpbdvfVmZtfWNzK7ud29nd2z/IHx41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC8nvqtEUjFInGnxzF4IekL1mOUaCP5+cKDWx8wP3VHQNPhZFKqnWFXEtHngF0SxzK69/NFu2zPgFeJsyBFtEDdz3+53YgmIQhNOVGq49ix9lIiNaMcJjk3URATOiR96BgqSAjKS2e/TPCpUbq4F0lTQuOZ+nsiJaFS4zAwnSHRA7XsTcX/vE6ie1deykScaBB0vqiXcKwjPA0Gd5kEqvnYEEIlM7diOiCSUG3iy5kQnOWXV0mzUnbOy5Xbi2K1togji05QAZWQgy5RFd2gOmogih7RM3pFb9aT9WK9Wx/z1oy1mDlGf2B9/gDdEZru</latexit>



iPEPS excitation ansatz: the challenge

‣ Excitation on top  
of ground state  
with momentum k

Ansatz consists of an infinite sum!

‣ Minimizing: Triple infinit sum!

Translational invariance  
→ Double infinite sum

‣ Use systematic summation:

Channel environments Vanderstraeten, Marien, Verstraete, and Haegeman, PRB 92 (2015)
Vanderstraeten, Haegeman, and Verstraete, PRB 99(2019)

CTM approach Ponsioen and PC, ArXiv:2001.02645 (2020)
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ei
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<latexit sha1_base64="Im6IdCGbwgNFybMPLKLln/4o42g=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqBTSya904YmM0OSKZZhPsCNv+LGhSJu/QB3/o3pdARtPRA4Oedcknu8iDOlbfvLWlpeWV1bL2wUN7e2d3ZLe/tNFcaSQoOGPJRtjyjgLICGZppDO5JAhMeh5Y2upn5rDFKxMLjVkwi6ggwC5jNKtJF6pbKrYtFL3DHQ5D5NMdwlLLuMUvwjmpRdsTPgReLkpIxy1HulT7cf0lhAoCknSnUcO9LdhEjNKIe06MYKIkJHZAAdQwMiQHWTbJkUHxulj/1QmhNonKm/JxIilJoIzyQF0UM1703F/7xOrP2LbsKCKNYQ0NlDfsyxDvG0GdxnEqjmE0MIlcz8FdMhkYRq01/RlODMr7xImtWKc1qp3pyVa5d5HQV0iI7QCXLQOaqha1RHDUTRA3pCL+jVerSerTfrfRZdsvKZA/QH1sc3grGcig==</latexit>

|�~k(B)i ⇡
<latexit sha1_base64="iZZzvmc0WRzwaa7TTYrYpIcs8lU=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGITdiNgpYhNpYRzAOyyzI7uUmGzM4uM7PBsKa38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv994TxJwpbdvfVmZtfWNzK7ud29nd2z/IHx41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC8nvqtEUjFInGnxzF4IekL1mOUaCP5+cKDWx8wP3VHQNPhZFKqnWFXEtHngF0SxzK69/NFu2zPgFeJsyBFtEDdz3+53YgmIQhNOVGq49ix9lIiNaMcJjk3URATOiR96BgqSAjKS2e/TPCpUbq4F0lTQuOZ+nsiJaFS4zAwnSHRA7XsTcX/vE6ie1deykScaBB0vqiXcKwjPA0Gd5kEqvnYEEIlM7diOiCSUG3iy5kQnOWXV0mzUnbOy5Xbi2K1togji05QAZWQgy5RFd2gOmogih7RM3pFb9aT9WK9Wx/z1oy1mDlGf2B9/gDdEZru</latexit>

h�~k(B)|Ĥ|�~k(B)i
<latexit sha1_base64="ePzWkv37n94nj1rmdHkGrREajwU=">AAACJXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi5Eim66rGAf0Cklk97phGYyQ5IplLE/48ZfcePCIoIrf8X0sdDWAyGHc+4huceLOVPatr+szNr6xuZWdju3s7u3f5A/PGqoKJEU6jTikWx5RAFnAuqaaQ6tWAIJPQ5Nb3A/9ZtDkIpF4lGPYuiEpC+YzyjRRurmb1xORJ+DWwtYN3WHQNPBeFy8O8dPbkA0rpp7xXLlLIO7+YJdsmfAq8RZkAJaoNbNT9xeRJMQhKacKNV27Fh3UiI1oxzGOTdREBM6IH1oGypICKqTzrYc4zOj9LAfSXOExjP1dyIloVKj0DOTIdGBWvam4n9eO9H+dSdlIk40CDp/yE841hGeVoZ7TALVfGQIoZKZv2IaEEmoNsXmTAnO8sqrpFEuORel8sNloXK7qCOLTtApKiIHXaEKqqIaqiOKntErekcT68V6sz6sz/loxlpkjtEfWN8/BD+k6A==</latexit>



Systematic summation using CTM
Left move examples:

… it’s just bookkeeping

h�~k(B)|Ĥ|�~k(B)i
<latexit sha1_base64="ePzWkv37n94nj1rmdHkGrREajwU=">AAACJXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi5Eim66rGAf0Cklk97phGYyQ5IplLE/48ZfcePCIoIrf8X0sdDWAyGHc+4huceLOVPatr+szNr6xuZWdju3s7u3f5A/PGqoKJEU6jTikWx5RAFnAuqaaQ6tWAIJPQ5Nb3A/9ZtDkIpF4lGPYuiEpC+YzyjRRurmb1xORJ+DWwtYN3WHQNPBeFy8O8dPbkA0rpp7xXLlLIO7+YJdsmfAq8RZkAJaoNbNT9xeRJMQhKacKNV27Fh3UiI1oxzGOTdREBM6IH1oGypICKqTzrYc4zOj9LAfSXOExjP1dyIloVKj0DOTIdGBWvam4n9eO9H+dSdlIk40CDp/yE841hGeVoZ7TALVfGQIoZKZv2IaEEmoNsXmTAnO8sqrpFEuORel8sNloXK7qCOLTtApKiIHXaEKqqIaqiOKntErekcT68V6sz6sz/loxlpkjtEfWN8/BD+k6A==</latexit>



Benchmark: Heisenberg model
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similar results in: 
Vanderstraeten, Haegeman, Verstraete, PRB 99, 165121 (2019)
 



Summary

✓ 1D tensor networks: State-of-the-art (MPS, DMRG) 

✓ 2D tensor networks: A lot of progress in recent years!

★ iPEPS has become a powerful tool to study challenging problems:  
Frustrated spin systems, fermionic systems, SU(N) systems, …

★ New approaches for finite temperature, excitations, time evolution, open 
systems, critical phenomena, classification of topologically ordered systems, …

✓ Still big room for improvement & many possible extensions!

Thank you for your attention!


