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Why do we need Lattice Gauge Theories?
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Image adapted from Alexandre Deur, Stanley J. Brodsky, and Guy F. de Téramond, 2016, Progress in Particle and Nuclear Physics
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Path integral formalism in QFT

pure QED

SoeplAyl = =3 [ dxF,, (xg)FHV(x9) = [ dx%d,A, (xF)dVAH (x9)

vacuum expectation value Problems

I DAO[Ay]eiSQED[A"] % Numerator oscillating

(QIO[A,]IQ) = £
Aul fDAeSQED[A“] X Integration measure ill-defined
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Wick rotation

Shift to imaginary time

t > —ir

Change of metric from Minkowski to Euclidean

eiSm = ol UML) _, o= JOELOE) = o—Se

" Numerator converging
X Integration measure ill-defined
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Discretization: Lattice Gauge Theory

__iaA
Ay Y, =e"¥
Find the lattice action éE that agrees with Sg in the continuum limit of vanishing a

Se[U] - SelAl(a - 0)

Kenneth G. Wilson, 1974, Physical Review D
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Vacuum expectation value in the action formalism

Vacuum expectation value

[ puofule eV
[ pUe—elYl

(O[UD =

with DU = [, dU,(x%)

+ Numerator converging
+ Integration with the Haar measure
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Lattice Systems

()
[
[

3 > ) > 3 Hilbert space

HC Hgauge fields ® errmions

A general state

¥) = [ DGIG) |WE (D))
with DG = Hx,k dg(x, k)

Erez Zohar and J. Ignacio Cirac, 2018, Physical Review D
Patrick Emonts and Erez Zohar, 2020, SciPost Physics Lecture Notes
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Gauss law

Gauss law

Yok (Ex(x) —Ex(x—e€j))Iphys) =0 Vx E,(x)

Ei(x—eq)

Classical analogue in (cont.) E,(x—e,)

electrodynamics

E;(x)
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Expectation value of an Observable

Assume that O acts only on the gauge field and is diagonal in the group element basis:
_ (HIo1¥)
©r ="y
_ I DG(GI0I1G) (Ye(DIWE(D))
I DG (We(G)|¥We(9))
= [ DGF0(9)p(G)

(Ye(DIYE (D) _ (YEDIYE(D)
I DG (Wr(G)|We(G)) z

with p(G) =
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The rest of this talk

Expectation value

(0) = [ DGFo(9)p(9)
with p(g) = LEOIEG)

TODO List

® How do we construct |¥g(G))?
® How do we efficiently calculate p(G)?
® Are those states useful?
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Creation of the fermionic state

Desirable properties
= |W) fulfills the Gauss law Definition of ¥

« |WEe(G)) allows efficient calculations of W) = [DGIG) |We(G))
- the norm
- expectation values

Choice for |¥£(G))

We construct |#£(G) ) with a tensor network.

Patrick Emonts and Erez Zohar, 2020, SciPost Physics Lecture Notes
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Definition of Modes

Gauss law in terms of our modes

G0=E —E/+E _Ed

=riry—rtr_ -1t 4+t +ulu, —utu_ —did, +dtd_
@ Definition of positive and negative
. = modes
= a: {l,,r_,u_,d,} (neg. modes)
iﬁ b: {l_,ry,u,,d_} (pos. modes)

Erez Zohar et al., 2015, Annals of Physics
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Creating a fermionic state

The state

o) = (Qv| 1Q)
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Creating a fermionic state

The state

o) = (Qul [TAx) 12)

A(x) = exp (E T,]-a;r (x)bjf (x))
ij
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Creating a fermionic state

The state

wo) = (Qul [ Jwox k) [ [AM) 12)
x,k X

A(x) = exp (E T,]-a;r (x)b}‘ (x))
ij

wW(x, k) =Wy (x) Q2 ()] (%)
wo(x) =exp(l}(x + e)rl (x))
exp(IL(x + ep)ri(x))
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Moving towards local symmetry

Lattice Gauge theory

We demand a local symmetry
LGPy =0-Gx)|¥)=0

Erez Zohar et al., 2015, Annals of Physics
Erez Zohar and Michele Burrello, 2016, New Journal of Physics
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Local symmetry — The state

Substitution

ri(x) - e*P0rf (x)
ul () — e*®0y (x)
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Fermionic state

Fermionic state

W) = ([ [w®) [ [Usw [[A)12)

+ Gauge invariance of |%) by constructing ¥ (G)
+ Obeys all demanded symmetries
? Efficient to calculate with
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Is |¥:(G)) special?

The fermionic state |¥¢(G))

We(@) = ([ Jo) [ [Uon []AX) 1Q)

A(x) = exp( T,-,aj(x)b;(x))
7

W(X) = Wo (X)W1 (X)Q(X)w] (X)wf(x)
wWo(x) = exp(li (x+e)rt (x)) exp(li(x + el)ri (x))
w1 (x) = exp(di(x + e2)u1(x)) exp(di(x + e2)u1 (x))
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Gaussian States

Fermionic Gaussian states are represented by density operators that are exponentials of a
guadratic form in Majorana operators.

p =Kexp(—4yTGy)

Covariance matrix

Covariance matrix for a state @:

i {PI[YVa:YpllP)
Fab = 5 ([Var 1) = 4 2ae]®)

Sergey Bravyi, 2005, Quantum Inf. and Comp.
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Calculating the Norm and the Observables

W) = (| [ [0 [ [Uop [[AX) 1)

~Ti,(9) ~Ty
A B A Physical-Physical correlations
I-M —
ij = (_BT D) B Physical-Virtual correlations

C Virtual-Virtual correlations

Norm

1—-T M
<WQW@»=Jm(__%ng)
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The whole framework

Draw new gauge field configuration |g’)

Y

Build the state [¥/(G"))

Y

Y

Accept or decline -
the new configuration G’ |

A

[Measure observables]

Calculate the acceptance probability
by computing (¥ (G")|¥(G"))
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Results for Z;

Wilson loop

Polyakov loop

Transfer matrix Calculation
Erez Zohar et al., 2015, Annals of Physics

z (=0

Confining

[¢
Deconfining

D
Deconfining

Different phases

We can model different phases with our variational Ansatz for the state.
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Conclusion and Outlook

= We need Lattice Gauge Theories

= Formulation of a variational minimization procedure for the energy
= Optimization of the Monte Carlo procedure for the sampling
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