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The Shastry-Sutherland model and SrCu2(BO3)2
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Spin-gap system (~35K)
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FIG. 1. (color online) A part of the 11B-NMR spectra covering
the most negative range of internal field obtained at T =
0.43 K in various magnetic fields. The values of magnetic
fields correspond to the position of the spectral base line on
the vertical axis. The purple, red, blue, and green spectra
belong to the 1/8, 2/15, 1/6 and 1/4 plateaus, respectively.

1), and therefore they directly give the distribution of
Hint with typical accuracy of 2 mT.
The spectrum at 27.9 T (purple) belongs to the 1/8

plateau and exhibits sharp peaks that do not move in the
entire field range of the plateau, features that are char-
acteristic of a commensurate superstructure. The peak
positions agree with previous reports [8–10]. Among the
spectra displayed in Fig. 1, we clearly identify two other
ranges of field, 28.7 - 29.2 T (red) and 31.5 - 32.2 T
(blue), in which the spectra present the same features,
suggesting the existence of two additional plateau phases
between the 1/8 and 1/4 plateaus. Outside these field
ranges, the peaks are rather broad and their positions
change continuously with the external field.
The existence of new plateaus is also supported by

the magnetization curve shown in Fig. 2 obtained by
torque measurement using a cantilever technique. The
non-coplanar structure of the CuBO3 layers allows an in-
tradimer Dzyaloshinski-Moriya (DM) interaction, which
has been shown to produce a transverse magnetization
perpendicular to the magnetic field [16]. The torque
(τ) acting on the cantilever then consists of two terms:
τ = aM × H + bM · ∇H , the first one proportional to
the transverse magnetization and the second one to the
longitudinal magnetization. Their relative size depends
on the precise location and orientation of the sample and
of the field profile inside the magnet, which are difficult
to know. In the gapped phase of SrCu2(BO3)2 below
15 T, where the longitudinal magnetization is strictly
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FIG. 2. (color online) Inset: The magnetic-field dependence
of the torque divided by field at T = 60 mK for the sam-
ple positioned at ±10 mm off the nominal field center. Main
panel: The thick black line represents the longitudinal mag-
netization(see the text) with the vertical scale appropriately
adjusted. The magnetization values at 1/8, 2/15, 1/6, and
1/4 of the saturation are shown by the dashed lines. The
horizontal bars indicate the field range of the plateaus de-
termined by NMR. The open circles show the magnetization
determined from the Cu-NMR shift data from Ref. [8].

zero, τ/H shown in the inset of Fig. 2 varies linearly
with H due to the transverse magnetization. To elimi-
nate this contribution and isolate that of the longitudi-
nal magnetization, we took a linear combination of two
measurements of τ/H taken at different sample positions
shown in the inset of Fig. 2, choosing their relative coef-
ficients so that the resulting curve stays zero below 15 T.
The result is shown as a black line in the main panel of
Fig. 2. It agrees very well with the magnetization deter-
mined from the Cu-NMR shift data below 26 T reported
in Ref. [8] (open circles).

The magnetization curve shows a series of plateaus. In
addition to the 1/8 plateau and the approach to the 1/4
plateau just outside the available field range, two other
plateaus can be clearly recognized: one is adjacent to the
1/8 plateau and the other is approximately half way up
to the 1/4 plateau. These field ranges agree perfectly
with what we proposed from the field variation of the
NMR spectra (the horizontal bars in Fig. 2). The mag-
netizations of the first three plateaus scale as 1/8 : 2/15
: 1/6, which is partially consistent with the theoretical
predictions in Refs. [13] and [14] but does not agree with
the values reported in Ref. [12].

Having established the sequence of plateaus, we now
discuss the spin structure. The distribution of Hint

was obtained by an iterative method to deconvolute the
quadrupole structure from the NMR spectra [17]. The re-
sulting spectra are displayed in Fig. 3(A) for all plateaus
and two intermediate phases above and below the 1/6
plateau. Let us recall that the spin density of one triplet
is expected to be distributed primarily over three dimers

Magnetization plateaus in SrCu2(BO3)2

Takigawa, et al., PRL 110 (2013)

★Crystals of triplet-bound states
PC, F. Mila, PRL 112 (2014)
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pressure

Drive system across the phase transitions!

equivalent plaquette patterns, PS order can appear at T > 0
already in an isolated layer.
Following indications from nuclear magnetic resonance

(NMR) of an intermediate phase with broken spatial
symmetry [22,23], inelastic neutron scattering revealed
an excitation attributed to a PS state [11]. The mode was
only detected at P ¼ 2.15 GPa, and recently an alternative
scenario with no PS phase was proposed [12]. Here we
argue that the PS phase exists adjacent to a previously not
observed AF phase below 4 K and P ¼ 3–4 GPa.
Experiments.—We have performed high-pressure heat

capacity (C) measurements on SrCu2ðBO3Þ2 single crys-
tals. With support of simulations of quantum spin models,
we have for the first time extracted a ðP; TÞ phase diagram,
Fig. 2(a), in the range of P and T where the SS model
should be relevant. Six different samples were studied, and
CðTÞ was measured from room temperature down to 1.5 or
0.4 K at several pressures (using two different types
of cryostats and pressure cells; see the Supplemental
Material [24]). Consistent results were obtained among
all these measurements. In Figs. 2(b)–2(e) we show typical
results for CðTÞ=T in the different pressure regions. In the
Supplemental Material [24] we discuss data for P > 4 GPa,
where the SS description is no longer valid.
We identify two main low-T features in CðTÞ=T: there is

always a broad maximum that we will refer to as the hump.
Starting at P ≈ 1.7 GPa, a smaller peak emerges at lower T
and prevails up to 2.4 GPa. We will argue that this peak
signals the PS transition. Upon further increasing P, the
small peak is no longer detected at temperatures accessible
in the experiments. A broader hump appears between 3 and
4 GPa, below which there is a peak at T ≈ 2–3.5 K that we
interpret as an AF transition. AF order was previously
detected only at P > 4 GPa up to T ≈ 120 K [11]. This
high-T phase is different from the new low-T AF phase—
see the Supplemental Material [24], where we also discuss
a new transition at T ≈ 8 K for P > 4 GPa.
The C=T hump is known from studies at ambient

pressure [37], where it arises from the correlations leading
to the dimer singlets as T → 0. As shown in Fig. 2(a),
the hump temperature ThðPÞ, including the minimum at
P ≈ 2.5 GPa, agrees remarkably well with exact diago-
nalization (ED) results for the SS Hamiltonian on a
20-site lattice (see the Supplemental Material [24]) with
P converted to α by linear forms JðPÞ, J0ðPÞ [11].
The hump width also agrees well with the SS model
[see Fig. S5].
In the 2D Heisenberg model the hump appears at T ≈

J=2 [38] where strong AF correlations build up. In general,
the hump indicates a temperature scale where correlations
set in that remove significant entropy from the system. The
ThðPÞ minimum can be regarded as the point of highest
frustration, with the energy scale being lowered due to
the two competing couplings (see also Refs. [39,40]).
The peak that we associate with PS ordering appears in

this pressure region, suggesting singlet formation driven
by strong frustration.
If the putative AF ordering below T ¼ 4 K for P ≈

3–4 GPa is the result of weak inter-layer couplings J⊥, the
observed hump-peak separation is expected, as the hump

FIG. 2. (a) Phase diagram of SrCu2ðBO3Þ2 (crystal structure in
the inset) from high pressure CðTÞ measurements. Examples of
CðTÞ=T curves are given in (b)–(e), where the orange arrows
indicate the hump locationTh. The green symbols in (a)markTh in
several samples and the purple curve shows results for the 20-spin
SS model with couplings close to those of Ref. [11]; J0ðPÞ¼
½75−8.3P=GPa%K and JðPÞ ¼ ½46.7 − 3.7 P=GPa%K. For P ≈
1.7–2.4 GPa a second peak at lower T, marked with a red arrow in
(c); it indicates the transition into the PS phase. Upon further
compression, the system first enters a regime where the experi-
ments cannot reach sufficiently low T to observe the second peak.
The peak is again detectable around 3 GPa and is marked with blue
arrows in (d),(e). It becomes more prominent with increasing P,
suggesting [38] AF order due to weak interlayer couplings. The
phase boundaries extracted from the second peak are indicated by
half-filled red squares and diamonds (PS phase) and blue filled
squares and half-filled circles (AF phase). The low-T data in (b),(c)
are fitted (black curves) tothe form C=T ¼ a0 þ a1T2 þ
ða2=T3Þe−Δ=T [37], giving gaps Δ shown in Fig. 3(a). In (d),(e)
fits are shown (red curves) without gap term; C=T ¼ a0 þ a1T2.

PHYSICAL REVIEW LETTERS 124, 206602 (2020)
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Guo, et al., PRL 124, 206602 (2020)
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Specific heat data (group of H. M. Rønnow)
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Inspiration: fully frustrated Heisenberg bilayer model
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<latexit sha1_base64="xrPoLoT+KJFbV1ADq4zUGqtZNcY=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hq68et6EU8VTC20Iay2W7apZtN3N0IJfRPePGg4tXf481/47aNoKIPBh7vzTAzL0g4U9pxPqzCwuLS8kpxtbS2vrG5Vd7euVVxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC6mfuueSsVicaPHCfUjPBAsZARrI7Wvel3NIqp65Ypj1x2neuygOanVc1I/Qq7tzFCBHM1e+b3bj0kaUaEJx0p1XCfRfoalZoTTSambKppgMsID2jFUYLPEz2b3TtCBUfoojKUpodFM/T6R4UipcRSYzgjrofrtTcW/vE6qw1M/YyJJNRVkvihMOdIxmj6P+kxSovnYEEwkM7ciMsQSE20iKpkQvj5F/xOvap/Z7nWt0jjP0yjCHuzDIbhwAg24hCZ4QIDDAzzBs3VnPVov1uu8tWDlM7vwA9bbJ6+Uj/E=</latexit><latexit sha1_base64="xrPoLoT+KJFbV1ADq4zUGqtZNcY=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hq68et6EU8VTC20Iay2W7apZtN3N0IJfRPePGg4tXf481/47aNoKIPBh7vzTAzL0g4U9pxPqzCwuLS8kpxtbS2vrG5Vd7euVVxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC6mfuueSsVicaPHCfUjPBAsZARrI7Wvel3NIqp65Ypj1x2neuygOanVc1I/Qq7tzFCBHM1e+b3bj0kaUaEJx0p1XCfRfoalZoTTSambKppgMsID2jFUYLPEz2b3TtCBUfoojKUpodFM/T6R4UipcRSYzgjrofrtTcW/vE6qw1M/YyJJNRVkvihMOdIxmj6P+kxSovnYEEwkM7ciMsQSE20iKpkQvj5F/xOvap/Z7nWt0jjP0yjCHuzDIbhwAg24hCZ4QIDDAzzBs3VnPVov1uu8tWDlM7vwA9bbJ6+Uj/E=</latexit><latexit sha1_base64="xrPoLoT+KJFbV1ADq4zUGqtZNcY=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hq68et6EU8VTC20Iay2W7apZtN3N0IJfRPePGg4tXf481/47aNoKIPBh7vzTAzL0g4U9pxPqzCwuLS8kpxtbS2vrG5Vd7euVVxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC6mfuueSsVicaPHCfUjPBAsZARrI7Wvel3NIqp65Ypj1x2neuygOanVc1I/Qq7tzFCBHM1e+b3bj0kaUaEJx0p1XCfRfoalZoTTSambKppgMsID2jFUYLPEz2b3TtCBUfoojKUpodFM/T6R4UipcRSYzgjrofrtTcW/vE6qw1M/YyJJNRVkvihMOdIxmj6P+kxSovnYEEwkM7ciMsQSE20iKpkQvj5F/xOvap/Z7nWt0jjP0yjCHuzDIbhwAg24hCZ4QIDDAzzBs3VnPVov1uu8tWDlM7vwA9bbJ6+Uj/E=</latexit><latexit sha1_base64="xrPoLoT+KJFbV1ADq4zUGqtZNcY=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hq68et6EU8VTC20Iay2W7apZtN3N0IJfRPePGg4tXf481/47aNoKIPBh7vzTAzL0g4U9pxPqzCwuLS8kpxtbS2vrG5Vd7euVVxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC6mfuueSsVicaPHCfUjPBAsZARrI7Wvel3NIqp65Ypj1x2neuygOanVc1I/Qq7tzFCBHM1e+b3bj0kaUaEJx0p1XCfRfoalZoTTSambKppgMsID2jFUYLPEz2b3TtCBUfoojKUpodFM/T6R4UipcRSYzgjrofrtTcW/vE6qw1M/YyJJNRVkvihMOdIxmj6P+kxSovnYEEwkM7ciMsQSE20iKpkQvj5F/xOvap/Z7nWt0jjP0yjCHuzDIbhwAg24hCZ4QIDDAzzBs3VnPVov1uu8tWDlM7vwA9bbJ6+Uj/E=</latexit>

Dimer singletsDimer triplets

first order line

Jump in           on a 
dimer at the phase 

transition

<latexit sha1_base64="dHRZc6UC6K3Ow9M2Oy+1BeTO/R8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURRRcuCm5cVrQPaEKZTCbt0MlMmJkIJRQ3/oobF4q49Svc+TdO0iy09cDlHs65l5l7goRRpR3n26osLa+srlXXaxubW9s79u5eR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDcYX+d+94FIRQW/15OE+DEachpRjLSRBvaBxxAfMgLvoIdDofMuC2Vg152GUwAuErckdVCiNbC/vFDgNCZcY4aU6rtOov0MSU0xI9OalyqSIDxGQ9I3lKOYKD8rTpjCY6OEMBLSFNewUH9vZChWahIHZjJGeqTmvVz8z+unOrr0M8qTVBOOZw9FKYNawDwPGFJJsGYTQxCW1PwV4hGSCGuTWs2E4M6fvEg6pw33vOHcntWbV2UcVXAIjsAJcMEFaIIb0AJtgMEjeAav4M16sl6sd+tjNlqxyp198AfW5w/lp5Zz</latexit>

hS · Si



MPS & PEPS

1 2 3 4 5 6 7 8

MPS
Matrix-product state 

1D

S. R. White, PRL 69, 2863 (1992)

Östlund, Rommer, PRL 75, 3537 (1995) 

Physical indices (lattices sites)

Fannes et al., CMP 144, 443 (1992)

Bond dimension D

2D

F. Verstraete, J. I. Cirac, cond-mat/0407066
Nishio, Maeshima, Gendiar, Nishino, cond-mat/0401115 

 

DBond dimension 

PEPS (TPS)
projected entangled-pair state

(tensor product state)
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1D 2D
iPEPS

with arbitrary unit cell of tensors

Jordan, Orus, Vidal, Verstraete, Cirac, PRL (2008)
PC, White, Vidal, Troyer, PRB 84 (2011) 

here: 4x2 unit cell

infinite PEPS (iPEPS)

iMPS
infinite matrix-product state 
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Finite temperature simulations with iPEPS

B

BA

A

B

BA

A

| i ⇡
<latexit sha1_base64="3ogdKbCNwjYVKtXUUFZf2LMsJgg=">AAAB/nicbVBNSwMxEM36WevXqnjyEiyCp7JbBT0WvXisYD+gu5RsOm1Ds9mQZMWyFvwrXjwo4tXf4c1/Y9ruQVsfDDzem2FmXiQ508bzvp2l5ZXVtfXCRnFza3tn193bb+gkVRTqNOGJakVEA2cC6oYZDi2pgMQRh2Y0vJ74zXtQmiXizowkhDHpC9ZjlBgrddzDx6CmGQ4UEX0OOCBSquSh45a8sjcFXiR+TkooR63jfgXdhKYxCEM50brte9KEGVGGUQ7jYpBqkIQOSR/algoSgw6z6fljfGKVLu4lypYweKr+nshIrPUojmxnTMxAz3sT8T+vnZreZZgxIVMDgs4W9VKOTYInWeAuU0ANH1lCqGL2VkwHRBFqbGJFG4I///IiaVTK/lm5cnteql7lcRTQETpGp8hHF6iKblAN1RFFGXpGr+jNeXJenHfnY9a65OQzB+gPnM8fE6eVkA==</latexit>

‣ Wave-function:

‣ Density-operator: ⇢̂ = e��Ĥ ⇡
<latexit sha1_base64="euJtCkwCgd61qRMjUvsxc09wJi0=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIqN4S4K2giiTcoIRoVcDHObiVncuz1258Rw5B/Y+FdsLBSxtbXz37iJKfx6MPB4b4aZeVGqpCXf//DGxicmp6ZnZgtz8wuLS8XllTOrMyOwLrTS5iICi0omWCdJCi9SgxBHCs+j6+OBf36DxkqdnFIvxWYMV4nsSAHkpFZxM+wC8dB0NecHHC/z7TBCAj6Uq30eQpoafdsqlvyyPwT/S4IRKbERaq3ie9jWIosxIaHA2kbgp9TMwZAUCvuFMLOYgriGK2w4mkCMtpkP/+nzDae0eUcbVwnxofp9IofY2l4cuc4YqGt/ewPxP6+RUWe/mcskzQgT8bWokylOmg/C4W1pUJDqOQLCSHcrF10wIMhFWHAhBL9f/kvOKuVgp1w52S0dHo3imGFrbJ1tsYDtsUNWZTVWZ4LdsQf2xJ69e+/Re/Fev1rHvNHMKvsB7+0TwE6bPQ==</latexit>

‣ Methodological developments (2D):
Li et al. PRL 106 (2011); Czarnik et al. PRB 86 (2012); Czarnik & Dziarmaga PRB 90 (2014);  
Czarnik & Dziarmaga PRB 92 (2015); Czarnik et al. PRB 94 (2016); Dai et al PRB 95 (2017);  
Kshetrimayum, Rizzi, Eisert, Orus, PRL 122 (2019), P. Czarnik, J. Dziarmaga, PC, PRB 99 (2019), …

‣ Symmetric form: e��Ĥ/2 ⇡
<latexit sha1_base64="EKN00LEZd3nl4H25im+VORJLvRA=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDYGO+ioGXQJmUEo0IuhrnNxCzufbA7J4YjhY1/xcZCEVt/hJ3/xk1MoYkPBh7vzTAzL0iUNOS6X87M7Nz8wmJuKb+8srq2XtjYvDBxqgU2RKxifRWAQSUjbJAkhVeJRggDhZfB7enQv7xDbWQcnVM/wVYIN5HsSgFkpXahiNfZnh8gAfd7QLy2XxlwH5JEx/ftQsktuyPwaeKNSYmNUW8XPv1OLNIQIxIKjGl6bkKtDDRJoXCQ91ODCYhbuMGmpRGEaFrZ6IkB37FKh3djbSsiPlJ/T2QQGtMPA9sZAvXMpDcU//OaKXWPW5mMkpQwEj+LuqniFPNhIrwjNQpSfUtAaGlv5aIHGgTZ3PI2BG/y5WlyUSl7B+XK2WGpejKOI8eKbJvtMo8dsSqrsTprMMEe2BN7Ya/Oo/PsvDnvP60zznhmi/2B8/ENQFiXNQ==</latexit> B

BA

A
⇢̂(�) ⇡

<latexit sha1_base64="Piaed43L3faxw/M50oIQDZWDTwk=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDEJtxFQcugjWUE8wG5EOY2m2TJ3u2xOyeGkMLGv2JjoYitP8LOf+MmuUITHww83pthZl4QS2HQdb+dldW19Y3NzFZ2e2d3bz93cFg3KtGM15iSSjcDMFyKiNdQoOTNWHMIA8kbwfB66jfuuTZCRXc4ink7hH4keoIBWqmTy/sDQOrrgaJFP+AIp5RSH+JYq4dOruCW3BnoMvFSUiApqp3cl99VLAl5hEyCMS3PjbE9Bo2CST7J+onhMbAh9HnL0ghCbtrj2RMTemKVLu0pbStCOlN/T4whNGYUBrYzBByYRW8q/ue1EuxdtsciihPkEZsv6iWSoqLTRGhXaM5QjiwBpoW9lbIBaGBoc8vaELzFl5dJvVzyzkrl2/NC5SqNI0Py5JgUiUcuSIXckCqpEUYeyTN5JW/Ok/PivDsf89YVJ505In/gfP4AsmiW2g==</latexit>

⇢̂(�) = ⇢̂†(�)
<latexit sha1_base64="xnbBQ00c3kxLCs5n8B6zk5tKXbg=">AAACGHicbVDLSgNBEJyN7/ha9ehlMAh6ibtR0IsgevEYwaiQjaF30kmGzD6Y6RVCyGd48Ve8eFDEa27+jZMYRBMLGoqqbrq7wlRJQ5736eRmZufmFxaX8ssrq2vr7sbmjUkyLbAiEpXouxAMKhljhSQpvEs1QhQqvA07F0P/9gG1kUl8Td0UaxG0YtmUAshKdfcgaAPxQLcTvheESLDP+Sn/Ee+DBrRaqH/Mulvwit4IfJr4Y1JgY5Tr7iBoJCKLMCahwJiq76VU64EmKRT280FmMAXRgRZWLY0hQlPrjR7r812rNHgz0bZi4iP190QPImO6UWg7I6C2mfSG4n9eNaPmSa0n4zQjjMX3omamOCV8mBJvSI2CVNcSEFraW7logwZBNsu8DcGffHma3JSK/mGxdHVUODsfx7HIttkO22M+O2Zn7JKVWYUJ9sie2St7c56cF+fd+fhuzTnjmS32B87gCyF4nfQ=</latexit>

by construction



Finite temperature simulations with iPEPS

⇢̂(�) ⇡
<latexit sha1_base64="Piaed43L3faxw/M50oIQDZWDTwk=">AAACBHicbVA9SwNBEN3zM8avqGWaxSDEJtxFQcugjWUE8wG5EOY2m2TJ3u2xOyeGkMLGv2JjoYitP8LOf+MmuUITHww83pthZl4QS2HQdb+dldW19Y3NzFZ2e2d3bz93cFg3KtGM15iSSjcDMFyKiNdQoOTNWHMIA8kbwfB66jfuuTZCRXc4ink7hH4keoIBWqmTy/sDQOrrgaJFP+AIp5RSH+JYq4dOruCW3BnoMvFSUiApqp3cl99VLAl5hEyCMS3PjbE9Bo2CST7J+onhMbAh9HnL0ghCbtrj2RMTemKVLu0pbStCOlN/T4whNGYUBrYzBByYRW8q/ue1EuxdtsciihPkEZsv6iWSoqLTRGhXaM5QjiwBpoW9lbIBaGBoc8vaELzFl5dJvVzyzkrl2/NC5SqNI0Py5JgUiUcuSIXckCqpEUYeyTN5JW/Ok/PivDsf89YVJ505In/gfP4AsmiW2g==</latexit>

trace

same structure as 
for wave functions

h ̃| ̃i
<latexit sha1_base64="VL5JFqO79EPArngkOZ5NpAKZvXE=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoKEowVLIxFog+piSrHdVurjhPZN0hV6Dew8CssDCDEysTG3+CmGUrLkSwfn3uuru8JYsE1OM6PVVhZXVvfKG6WtrZ3dvfs/YOmjhJFWYNGIlLtgGgmuGQN4CBYO1aMhIFgrWB0M623HpjSPJL3MI6ZH5KB5H1OCRipa595gsiBYNgDLnrmqmuOH/H801OZo2uXnYqTAS8TNydllKPetb+9XkSTkEmggmjdcZ0Y/JQo4FSwSclLNIsJHZEB6xgqSci0n2YrTfCJUXq4HylzJOBMne9ISaj1OAyMMyQw1Iu1qfhfrZNA/8pPuYwTYJLOBvUTgSHC03xwjytGQYwNIVRx81dMh0QRCibFkgnBXVx5mTSrFfe8Ur27KNeu8ziK6Agdo1PkoktUQ7eojhqIoif0gt7Qu/VsvVof1ufMWrDynkP0B9bXLwqunRU=</latexit>Recycle algorithms for wave functions! 

(CTM + imaginary time evolution)

join legs

| ̃i ⇡
<latexit sha1_base64="NnGn5P3HTCrNnXCfHIdcRis/xvw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFVmqqDLohuXFewFOkPJZNI2NJOEJCOWsRs3voobF4q49R3c+Tam7Sy09YfAx3/O4eT8kWRUG8/7dgpLyyura8X10sbm1vaOu7vX1CJVmDSwYEK1I6QJo5w0DDWMtKUiKIkYaUXDq0m9dUeUpoLfmpEkYYL6nPYoRsZaXffwAQaGspjAoK5poBDvM8tISiXuu27Zq3hTwUXwcyiDXPWu+xXEAqcJ4QYzpHXH96QJM6QMxYyMS0GqiUR4iPqkY5GjhOgwm14xhsfWiWFPKPu4gVP390SGEq1HSWQ7E2QGer42Mf+rdVLTuwgzymVqCMezRb2UQSPgJBIYU0WwYSMLCCtq/wrxACmEjQ2uZEPw509ehGa14p9Wqjdn5dplHkcRHIAjcAJ8cA5q4BrUQQNg8AiewSt4c56cF+fd+Zi1Fpx8Zh/8kfP5AzPImGQ=</latexit> B

BA

A

physical site ancilla site

⇢̂(�) = Tra| ̃ih ̃|
<latexit sha1_base64="iqpQNG1rCdx+3uQtpq1Ony5TwkY="></latexit>

Other (equivalent) formulation using purification:



Imaginary time evolution
• Start at infinite temperature:  

exp(�⌧Ĥb)

...

...

⌧ = �/n

exp(��Ĥ) = exp(��

X

b

Ĥb) =

 
exp(�⌧

X

b

Ĥb)

!n

⇡
 
Y

b

exp(�⌧Ĥb)

!n

Trotter-Suzuki 
decomposition: 

• Initial state: exact!

⇢̂(� = 0) = I
<latexit sha1_base64="UW4K801rt01b37lG7yarJWOWcpY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JUQTeFohvdVbAPaEKZTCft0MmDmRuhhG7d+CtuXCji1j9w5984abPQ1gMXDufcy733eLHgCizr2yisrK6tbxQ3S1vbO7t75v5BW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vfJ35nQcmFY/Ce5jEzA3IMOQ+pwS01DexMyKAHTmKcMXxGJC6dYrr2AkIjDwvvZ32zbJVtWbAy8TOSRnlaPbNL2cQ0SRgIVBBlOrZVgxuSiRwKti05CSKxYSOyZD1NA1JwJSbzj6Z4hOtDLAfSV0h4Jn6eyIlgVKTwNOd2YVq0cvE/7xeAv6lm/IwToCFdL7ITwSGCGex4AGXjIKYaEKo5PpWTEdEEgo6vJIOwV58eZm0a1X7rFq7Oy83rvI4iugIHaMKstEFaqAb1EQtRNEjekav6M14Ml6Md+Nj3low8plD9AfG5w8Qcpir</latexit>

• Evolve in imaginary time: ⇢̂(�) = e��Ĥ/2⇢̂(0)e��Ĥ/2
<latexit sha1_base64="SiapGV1tmBQ+KOGmX1/4q/4xSns=">AAACMXicbVDLSgMxFM3Ud31VXboJFqEurDNV0I0guumygtVCZyyZ9NaGZh4kd4Qy9Jfc+CfipgtF3PoTZsYutPVA4OScc0nu8WMpNNr22CrMzS8sLi2vFFfX1jc2S1vbtzpKFIcmj2SkWj7TIEUITRQooRUrYIEv4c4fXGX+3SMoLaLwBocxeAF7CEVPcIZG6pTqbp8hdVU/ohXXB2QH9JzCfXqYX3KzTo9qI/orZx9MBTK/UyrbVTsHnSXOhJTJBI1O6cXtRjwJIEQumdZtx47RS5lCwSWMim6iIWZ8wB6gbWjIAtBemm88ovtG6dJepMwJkebq74mUBVoPA98kA4Z9Pe1l4n9eO8HemZeKME4QQv7zUC+RFCOa1Ue7QgFHOTSEcSXMXynvM8U4mpKLpgRneuVZclurOsfV2vVJ+eJyUscy2SV7pEIcckouSJ00SJNw8kReyRt5t56tsfVhff5EC9ZkZof8gfX1DVovpqY=</latexit>

• Evolve up to target       �/2
<latexit sha1_base64="nbvrPzE0yE0Z8tqP0YgnMGbezq4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU02qoCcpePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWavcCjvSi1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbRqVe+yWnu4qtRv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wek/I8Z</latexit>

• Truncate after each step using e.g. simple / full update



Finite temperature simulations examples

‣ Benchmarks in the dimer phase of the Shastry-Sutherland model

‣ Comparison between ED, TPQ, QMC, iPEPS  
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Miyahara and Ueda, arxiv:cond-mat/0004260
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high T:  
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J 0/J = 0.62
<latexit sha1_base64="DKEMP+mreY/WvJcij6i/oVvelXA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvoKSZV1ItQ9CI9VbAf0oay2W7apbubsLsRSuiv8OJBEa/+HG/+G7dtDtr6YODx3gwz84KYUaVd99vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcskq0AKcKoIHVNNSOtWBLEA0aawfB24jefiFQ0Eg96FBOfo76gIcVIG+mxenxavXadi3K3WHIddwp7kXgZKUGGWrf41elFOOFEaMyQUm3PjbWfIqkpZmRc6CSKxAgPUZ+0DRWIE+Wn04PH9pFRenYYSVNC21P190SKuFIjHphOjvRAzXsT8T+vnejwyk+piBNNBJ4tChNm68iefG/3qCRYs5EhCEtqbrXxAEmEtcmoYELw5l9eJI2y45057v15qXKTxZGHAziEE/DgEipwBzWoAwYOz/AKb5a0Xqx362PWmrOymX34A+vzB0vOjsM=</latexit>

J = 77K
<latexit sha1_base64="i6ixXxmYK1rY3snJHvQlC+dW2EA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVoV6EohfRSwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQz9VtPVGkmxaMZJzSI8UCwiBFsrOTfXdVq971yxa26M6Bl4uWkAjkavfJXty9JGlNhCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbHTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGMiSQ0VZL4oSjkyEk0/R32mKDF8bAkmitlbERlihYmx+ZRsCN7iy8ukeVb1zqvuw0Wlfp3HUYQjOIZT8KAGdbiFBvhAgMEzvMKbI5wX5935mLcWnHzmEP7A+fwBrEGN7g==</latexit>
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Wietek, PC, Wessel, Normand, Mila, and Honecker, PRR 1 (2019)



Specific heat: experiments vs iPEPS
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Correlation length

iPEPS, D=20

Diverging correlation length 
compatible with a critical point

0.64 0.66 0.68 0.70 0.72 0.74
0

20

40

60

0.692 0.693 0.694 0.695 0.696
0

20

40

60

0.6960 0.6962 0.6964 0.6966 0.6968 0.6970
0

20

40

60

Zooming-in (D=8)

<latexit sha1_base64="um5ylvBO7aMGzdsRqgl+5xvEArQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU90VRY9FL9JTBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47vMbz9RpVkkH80kpr7AQ8lCRrDJpPrpeb1frrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxIQ3fspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ66LqXVXdh8tK7TaPowhHcAxn4ME11OAeGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/BH6NkA==</latexit>

J 0/J



Jump in <S S> on dimer

0.66 0.68 0.7 0.72

-0.6

-0.4

-0.2

0

J 0/J

iPEPS D=10 (with DM)
<latexit sha1_base64="ISrABLte7P6eccfsRnS4LU5I3PU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBeFOMrQ==</latexit>

1

<latexit sha1_base64="TBIj0suJt2s6CiNWxt5KiKtbdHQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2der1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMb/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyvepdV9/6iUrvK4yjCERzDKXhwDTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+GYjOQ=</latexit>�1

<latexit sha1_base64="YAR4yiI8h5JeOlOTWaWgo3AtE+c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBds+MrA==</latexit>

0

<latexit sha1_base64="spkopbuQI7Vqb5Ky/4Zoi59B2bo=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XBjcsK9gFNLDfTSTp0MgkzE6GGuvFX3LhQxK1/4c6/cZp2oa0HLhzOuZd77wlSzpR2nG9rYXFpeWW1tFZe39jc2rZ3dpsqySShDZLwRLYDUJQzQRuaaU7bqaQQB5y2gsHV2G/dU6lYIm71MKV+DJFgISOgjdS19z0OIuIUe4pFMdw9YE8WQteuOFWnAJ4n7pRU0BT1rv3l9RKSxVRowkGpjuuk2s9BakY4HZW9TNEUyAAi2jFUQEyVnxcfjPCRUXo4TKQpoXGh/p7IIVZqGAemMwbdV7PeWPzP62Q6vPRzJtJMU0Emi8KMY53gcRy4xyQlmg8NASKZuRWTPkgg2oRWNiG4sy/Pk+ZJ1T2rOjenldr5NI4SOkCH6Bi56ALV0DWqowYi6BE9o1f0Zj1ZL9a79TFpXbCmM3voD6zPH0VGlrw=</latexit>

h�zi

2D classical Ising model in a field

0.66 0.68 0.7 0.72

0

0.04

0.08

0.12

0

10

20

30

40

50

dimer plaquette

Clear evidence of a first order line 
with a critical point compatible with 

the 2D Ising universality class

0.2

0.4

0.6

0.8

1

1.2

0 kbar

7 kbar

15 kbar

16.5 kbar

18.2 kbara

0 2 4 6 8 10 12 14 16 18

Temperature [K]

0

0.2

0.4

0.6

0.8

1

1.2

1.4 20 kbar

22 kbar

22.8 kbar 26.5 kbar

b
0

20

40

60

c

0.04 0.08 0.12
0

20

40

60

d

0.66

0.67

0.68

0.69

0.7

e

0 0.025 0.05 0.075 0.1
0.03

0.035

0.04

0.045

0.05 f

-5 -4 -3 -2
-0.7

-0.6

-0.5

-0.4

-0.3

g
D = 20

Linear fit

<latexit sha1_base64="3MhuiJj4wO5mLzXwnbW0nEvbyP0=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgacm23daLUPTisYL9gLaUbJq2odnNkswKpfRnePGgiFd/jTf/jdm2goo+GHi8N8PMvCCWwgAhH05mbX1jcyu7ndvZ3ds/yB8eNY1KNOMNpqTS7YAaLkXEGyBA8nasOQ0DyVvB5Dr1W/dcG6GiO5jGvBfSUSSGglGwUqcbcKCXxPWKfj9fIC6pVIplH6ekVCIlS6q+75Ei9lyyQAGtUO/n37sDxZKQR8AkNabjkRh6M6pBMMnnuW5ieEzZhI54x9KIhtz0ZouT5/jMKgM8VNpWBHihfp+Y0dCYaRjYzpDC2Pz2UvEvr5PA8KI3E1GcAI/YctEwkRgUTv/HA6E5Azm1hDIt7K2YjammDGxKORvC16f4f9Isul7FJbflQu1qFUcWnaBTdI48VEU1dIPqqIEYUugBPaFnB5xH58V5XbZmnNXMMfoB5+0T15aQUg==</latexit>

� = 0.125
exact value:



Effect of a finite magnetic field
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Open challenges

J
JD

too low T to obtain 
reliable data with 
iPEPS (currently)

full plaquette 
phase (FPP)

‣ Inelastic neutron scattering: 
full plaquette phase (FPP), not 
empty plaquette phase (EPP)
Zayed, et al., Nat. Phys. 13, 962 (2017)



SrCu2(BO3)2  under pressure 

‣ Distorted Shastry-Sutherland model: competition between EPP and FPP phase

Boos, Crone, Niesen, PC, Schmidt & Mila, PRB 100 (2019)~ex
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‣ Small deformation leads to FPP phase! But precise model still unclear…

vs FPP



Finite T study of the m=1/2 plateau in SrCu2(BO3)2
P. Czarnik, M. M. Rams, PC, and J. Dziarmaga, PRB 103, 075113 (2021)
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Tc = 0.043(2)J ⇡ 3.5(2)K

T=2.1K

Critical exponents compatible  
with 2D Ising universality class



Conclusion

✓ iPEPS has become a useful tool to study systems at finite T

✓ Confirmed the presence of a finite temperature Ising critical point in 

SrCu2(BO3)2, analogous to the critical point of water 

✓ Similar physics expected in related models / materials

Thank you for your attention!

• Open challenges:

‣ Improving finite-T iPEPS at low T to study transition into plaquette phase

‣ For a quantitative comparison with experiments at low T modified  

Shastry-Sutherland model may be required 


