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"Tensor networks as a data structure in probabilistic 
modelling and for learning dynamical laws from data”
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Last Time...

Introduced machine learning: system which given 
more data performs increasingly well at a task



Last Time...

Introduced tensor networks: factorization of N-
index tensor into contraction of many small tensors

=



Last Time...

Introduced tensor network machine learning models 
with weights as tensor network (entering linearly)
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Last Time...

Discussed applications to both real-world and 
physics-specific machine learning tasks

Anomaly 
Detection with 
Tensor Networks
arxiv:2006.02516

Quantum process 
tomography with ... 
tensor networks
arxiv:2006.02424



Outline of Today's Talk

Review of tensor network machine learning

Direct learning algorithm for training MPS tensor 
network (for generative modeling)

Theoretical prediction of generalization 
performance

Architectures beyond MPS



Typical Ingredients of Machine Learning

Dataset represented as vectors {xj}

Labels are numbers or vectors {yj}

Model function fW(x)
with adjustable weight parameters W

Choose weights to minimize cost function

C = ∑
j

Ξ( fW(xj), yj)
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Typical Ingredients of Machine Learning

Dataset represented as vectors {xj}

Labels are numbers  (or vectors) {yj}

y = +1

{ 0.0, 0.0, 0.1, 0.1, 0.1, 0.0, 0.1, 0.7, 0.7, 0.7, 0.2, ... x =

Task: distinguish 7's from 8's



Typical Ingredients of Machine Learning

Dataset represented as vectors {xj}

Labels are numbers  (or vectors) {yj}

y = -1

{ 0.0, 0.0, 0.1, 0.1, 0.1, 0.0, 0.1, 0.7, 0.7, 0.7, 0.2, ... x =

Task: distinguish 7's from 8's



Typical Ingredients of Machine Learning

Model function fW(x)
with adjustable weight parameters W

For example, linear classifier model

fW(x) = W ⋅ x + W0

just a dot product of weights with input

Works suprisingly well!



Choose weights to minimize cost function, 
for example squared error cost function:

C = 1
N

N

∑
j=1

( fW(xj) − yj )2

Typical Ingredients of Machine Learning

= 1
N

N

∑
j=1

(W ⋅ xj − yj)2 {+1
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xj ∈
yj = xj ∈

7's
8's



Can optimize weights using gradient descent

Typical Ingredients of Machine Learning

− dC
dWn

= 2
N

N

∑
j=1

(yj − W ⋅ xj) xn
j = Δn

C = 1
N

N

∑
j=1

(W ⋅ xj − yj)2

Wn → Wn + αΔn α = learning rate

Project: program this in Julia or Python



Adding Features
What if a linear classifier is not enough?

fW(x) = W ⋅ x + W0

= W0 + W1x1 + W2x2 + W3x3 + …



Adding Features
What if a linear classifier is not enough?

fW(x) = W ⋅ x + W0

= W0 + W1x1 + W2x2 + W3x3 + …

Can make extended linear classifier as follows:

fW,V(x) = W0 + W1x1 + W2x2 + W3x3 + …
+V12x1x2 + V13x1x3 + V23x2x3 + …

Think of               as weight vector of this 'linear' modelW ⊕ V
Manifestly non-linear function of x



Why not keep going, adding third-order 
and fourth-order                terms etc.  ?

Adding Features

x1x2x3
x3x5x7x9

f(x1, x2, . . . , xN ) =
X

n

Wn1n2···nNxn1
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Arrive at model with weight tensor

Non-linear function of x
Weights enter linearly into model

Novikov, Trofimov, Oseledets, arxiv:1605.03795

Stoudenmire, Schwab, arxiv:1605.05775



n1 n2 n3 n4 n5 n6

Wn1n2n3n4n5n6
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By factorizing exponentially big weight tensor

Into a tensor network, model becomes efficiently 
trainable & we will see other advantages



Architectures Beyond 
Matrix Product States



Wn1n2n3n4n5n6
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Matrix product state (MPS)  
weights already a powerful representation

• expressive, especially for one-dimensional correlations 
• multiple optimization algorithms & strategies 
• best understood network theoretically

But worthwhile to explore other tensor networks – 
let's briefly see why...



Since 2016, tensor network machine learning now 
successfully "ported" to other tensor net architectures
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Figure 1. Supervised learning model of PEPS structure. The input
image x would be mapped to a high-dimensional vector�(x) consist-
ing of local feature maps �si

(xi). The label vetor f
`(x) come from

the contraction of �(x) and a PEPS strucure tensor network W.

networks. When compared with the standard classifier, the
Multilayer Perceptron (MLP), we find that they perform sim-
ilarly when the same input features are used, but our PEPS
based method requires much fewer parameters and is more
stable.

The rest of this paper is organized as follows: In Sec. II we
give a detailed description of the PEPS model and the corre-
sponding training algorithm. In Sec. III we evaluate our model
on the MNIST25 and the Fashion-MNIST26 datasets and com-
pared the results with other tensor network models as well as
classic machine learning models. We conclude in Sec. IV and
discuss possible future developments along the direction of
applying tensor networks to machine learning.

II. IMAGE CLASSIFICATION WITH PEPS

A. Feature map of input data

The goal of supervised learning is to learn a complex func-
tion f (x) which maps an input training (grayscale) image
x 2 RL0⇥L0 with pixels defined on a L0 ⇥ L0 grid, to a given
label y 2 {1, 2, ...,T }, where T denotes the number of pos-
sible labels. Usually, such mapping is highly nonlinear in the
original space of input data x, because nonlinearity e↵ectively
increases the dimension of the input space where features of
data are easier to capture. In this work, we consider the clas-
sifier with tensor networks, which is a linear model usually
acting at a space with a very large dimension. The motiva-
tion of working with a very large dimension is that there is not
necessary to consider nonlinearity because all features would
become linear separable as stated in the representer theorem27.
So first one needs to transform the input data x to a feature ten-

sor �(x) in a space of large dimension using a feature map.

We consider two distinct kinds of feature maps in this work.

1. Product state feature map

A simple way to increase the dimension of input space is
creating an Hilbert space for pixels. This is to levarage the
black pixel with xi = 0 and white pixel with xi = 1 as a

black state |0i =
 
1
0

!
and a white state |1i =

 
0
1

!
respectively,

then convert each gray scale pixel xi in the image x as a super
position of |0i and |1i

�(xi) = a

 
1
0

!
+ b

 
0
1

!
, (1)

where a and b are functions of xi, which for example can be
chosen as

a = cos(⇡xi/2), b = sin(⇡xi/2). (2)

For image with N = L0 ⇥ L0 pixels, the feature tensor �(x) is
then defined by the tensor product of �(xi)

�(x) = �(x1) ⌦ �(x2) ⌦ · · · ⌦ �(xN) (3)

This is probably the most straightforward feature map that
transforms every pixel in the original space RN to a product
state in the Hilbert space of dimension 2L0⇥L0 , and has been
widely used in the literatures12. We term it as the product

state feature map.

2. Convolution feature map

The simple product state feature maps introduced in the pre-
vious section are pre-determined before the classifier is ap-
plied, thus is apparently not optimal. Another option is using
an adaptive feature map with parameters learned together with
the classifier. The most famous adaptive feature map is the
convolution layers, which perform non-linear transformations
to transform input images to a feature tensor with multiple
channels 28 using two-dimensional convolutions.

The input of the convolution layer is a raw image x 2
RL0⇥L0 . After the transformation, the convolution layer out-
puts a three-order feature tensor with dimension L ⇥ L ⇥ d,
where the L⇥L refers to the output size of features with L  L0
depending on size kernels and paddings, and d denotes the
number of channels. This is to say that the output of the CNN
feature map is also a product state with components located at
a grid of size L ⇥ L, and each component is of local physical
dimension d. Thus the total space size of the feature tensor is
d

L⇥L.
In the standard convolution neural networks (CNN), the

function of convolution layers (plus pooling layers) is extract-
ing relevant features from input data. Following the con-
volution layers, a classifier, usually a multi-layer perceptron

Infinite MPS

Locally purified states

PEPS



Infinite MPS

• used to generate model langauges with various grammars 

• very few parameters and parallel optimization 

• superior results to LSTM in many cases, equal in most others 

• can generalize from training on shorter sequences to correct 
results on longer sequences (so really learning the grammar)

boundary tensors

Miller, Rabusseau, Terilla, arxiv:2003.01039

Miller, Rabusseau, Terilla, "Tensor Networks for Probabilistic Sequence Modeling", arxiv:2003.01039



Locally purified states

Anomaly 
Detection with 
Tensor Networks
arxiv:2006.02516

Quantum process 
tomography with ... 
tensor networks
arxiv:2006.02424

Novel anomaly detection 
framework Scalable learning of noisy 

quantum "channels" or 
processes from experiments

Results better than neural 
networks for tabular data



PEPS (Projected Entangled Pair States)
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Figure 1. Supervised learning model of PEPS structure. The input
image x would be mapped to a high-dimensional vector�(x) consist-
ing of local feature maps �si

(xi). The label vetor f
`(x) come from

the contraction of �(x) and a PEPS strucure tensor network W.

networks. When compared with the standard classifier, the
Multilayer Perceptron (MLP), we find that they perform sim-
ilarly when the same input features are used, but our PEPS
based method requires much fewer parameters and is more
stable.

The rest of this paper is organized as follows: In Sec. II we
give a detailed description of the PEPS model and the corre-
sponding training algorithm. In Sec. III we evaluate our model
on the MNIST25 and the Fashion-MNIST26 datasets and com-
pared the results with other tensor network models as well as
classic machine learning models. We conclude in Sec. IV and
discuss possible future developments along the direction of
applying tensor networks to machine learning.

II. IMAGE CLASSIFICATION WITH PEPS

A. Feature map of input data

The goal of supervised learning is to learn a complex func-
tion f (x) which maps an input training (grayscale) image
x 2 RL0⇥L0 with pixels defined on a L0 ⇥ L0 grid, to a given
label y 2 {1, 2, ...,T }, where T denotes the number of pos-
sible labels. Usually, such mapping is highly nonlinear in the
original space of input data x, because nonlinearity e↵ectively
increases the dimension of the input space where features of
data are easier to capture. In this work, we consider the clas-
sifier with tensor networks, which is a linear model usually
acting at a space with a very large dimension. The motiva-
tion of working with a very large dimension is that there is not
necessary to consider nonlinearity because all features would
become linear separable as stated in the representer theorem27.
So first one needs to transform the input data x to a feature ten-

sor �(x) in a space of large dimension using a feature map.

We consider two distinct kinds of feature maps in this work.

1. Product state feature map

A simple way to increase the dimension of input space is
creating an Hilbert space for pixels. This is to levarage the
black pixel with xi = 0 and white pixel with xi = 1 as a

black state |0i =
 
1
0

!
and a white state |1i =

 
0
1
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respectively,

then convert each gray scale pixel xi in the image x as a super
position of |0i and |1i

�(xi) = a

 
1
0

!
+ b

 
0
1

!
, (1)

where a and b are functions of xi, which for example can be
chosen as

a = cos(⇡xi/2), b = sin(⇡xi/2). (2)

For image with N = L0 ⇥ L0 pixels, the feature tensor �(x) is
then defined by the tensor product of �(xi)

�(x) = �(x1) ⌦ �(x2) ⌦ · · · ⌦ �(xN) (3)

This is probably the most straightforward feature map that
transforms every pixel in the original space RN to a product
state in the Hilbert space of dimension 2L0⇥L0 , and has been
widely used in the literatures12. We term it as the product

state feature map.

2. Convolution feature map

The simple product state feature maps introduced in the pre-
vious section are pre-determined before the classifier is ap-
plied, thus is apparently not optimal. Another option is using
an adaptive feature map with parameters learned together with
the classifier. The most famous adaptive feature map is the
convolution layers, which perform non-linear transformations
to transform input images to a feature tensor with multiple
channels 28 using two-dimensional convolutions.

The input of the convolution layer is a raw image x 2
RL0⇥L0 . After the transformation, the convolution layer out-
puts a three-order feature tensor with dimension L ⇥ L ⇥ d,
where the L⇥L refers to the output size of features with L  L0
depending on size kernels and paddings, and d denotes the
number of channels. This is to say that the output of the CNN
feature map is also a product state with components located at
a grid of size L ⇥ L, and each component is of local physical
dimension d. Thus the total space size of the feature tensor is
d

L⇥L.
In the standard convolution neural networks (CNN), the

function of convolution layers (plus pooling layers) is extract-
ing relevant features from input data. Following the con-
volution layers, a classifier, usually a multi-layer perceptron

Cheng, Wang, Zhang, "Supervised Learning with PEPS" arxiv:2009.09932

PEPS = 2D analogue of MPS

Framework for learning

• comparable results to NN with fewer parameters 

• starting to see overfitting at larger D? 

• convolutional layers help (91% test correct on 
FashionMNIST using CNN+PEPS!) 

• cost to train is high

5

in Eq. 3 is used and further transferred to PEPS tensors with
2⇥ 2 blocking. This means that for 28⇥ 28 images, the PEPS
would be 14⇥14 with the dimension of physical indices equal
to 16. Each tensor handles the information of pixels within
a 2 ⇥ 2 square. In practice, we found that constrain the pa-
rameters ✓ of PEPS models to be positive would significantly
improve the stability of optimization. The CNN-PEPS shared
the 2 ⇥ 2 blocking technique and used one layer of CNN as
the feature mapping. The CNN layer has 10 convolution fil-
ters with size 5 ⇥ 5, stride 1, ReLU activation, and 2 ⇥ 2 max
pooling. Under this feature map, the positive constraint of the
parameter has no significant e↵ect on the optimization result.
In both models we set bound dimension of PEPS classifier
� = 10.

To compare with the traditional learning model, we also ex-
perimented with fully connected multilayer perceptrons with
784 input neurons, nh hidden neurons and 10 output neurons.
The activation function is softmax and the cost function is
cross entropy, the same to the PEPS model. The CNN-MLP
has the similar MLP with the same CNN layer of CNN-PEPS
used for feature extractions. In our experiments, the best test
accuracy is achieved with nh = 1000 for both MLPs. For
fair comparisons, the same hyperparameters are shared by the
four models: the learning rate ↵ = 10�4, the batch size is 100,
regularization is set to 0, weight decay is 0, and we train 100
epochs in total. To compare with the one-dimensional ten-
sor networks learning model, we also experimented with the
MPS model, with parameters set to be exactly the same as in
Ref.12. The code of the MPS model is based on the open-
source project36.

A. MNIST dataset

We first test our models using the MNIST dataset25, a sim-
ple and standard dataset widely used by many supervised
learning models. The MNIST dataset consists of 55, 000 train-
ing images, 5, 000 validation images and 10, 000 test images,
each image contains 28 ⇥ 28 pixels, the content of these im-
ages are divided into 10 classes, corresponding to di↵erent
handwritten digits from 0 to 9.

As shown in Fig. 4, under the condition of the same bond
dimension D, the best test accuracy of the PEPS model is sig-
nificantly better than that of MPS, which reflects the superi-
ority of PEPS tensor networks in modeling images over one-
dimensional tensor networks. At the point of D = 5, the PEPS
model achieves its best test set accuracy 97.02%. Specifically,
one obvious that the PEPS model already performs well when
D is small. At the point of D = 2, the training accuracy of
PEPS is already very close to 100% (99.68%). With D = 3,
the training accuracy grows to 99.99%, meaning that only 4
out of 55000 labels are miss predicted. We also note that with
D = 3, PEPS and CNN-PEPS give almost the same best test
accuracy as MLP and CNN-MLP, while the number of pa-
rameters of the PEPS structure is 27.60% and 6.96% of the
corresponding MLP structure, respectively. These facts imply
the potential application of tensor networks in model com-
pression. We also found that the best test accuracy of PEPS
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Figure 4. Best test set accuracy of di↵erent models for MNIST
dataset. The dash lines refer to the best results of multilayer percep-
trons with 784� 1000� 10 neurons. The "CNN" indicates the model
applying the convolution feature map in Sec. II A 2. Due to the struc-
tural prior to images, PEPS models perform significantly better than
the one-dimensional MPS model with the same bond dimension. The
CNN-PEPS archives the state-of-the-art performance of tensor net-
works models. Meanwhile, The performance is comparable to the
MLP but has fewer parameters.

structure is stable in a wide range of learning rate(10�5 to 0.2)
and maximum value of input data(10�2 to 103), while the best
results of MLP easily deteriorated under a smaller perturba-
tions. Moreover, with the bond dimension D = 5, the CNN-
PEPS archives 99.31% test set accuracy of the MNIST dataset,
which is the state-of-the-art performance of tensor networks
models. Compared with MPS, which archive best test accu-
racy 99.03% at D = 120, the good performance at lower D

also verifies the inherent low entanglement locality of the nat-
ural image dataset itself. This inherent nature of images may
be the physical reasons for the success of machine learning
models like CNN. Moreover, the PEPS with a small D is bene-
ficial to the hardware implementation of the quantum machine
learning model.

B. Fashion-MNIST dataset

Another dataset we evaluate is the Fashion MNIST dataset,
which includes grayscale photographs of 10 classes of cloth-
ing, and is considered as a more challenging dataset than the
MNIST dataset. The test accuracy results of di↵erent models
are detailed in Table. I. We can see that with the bond dimen-
sion D = 5, the best test accuracy of PEPS-CNN could reach
91.2%, which is the current state-of-the-art result of the ten-
sor network machine learning model on the Fashion-MNIST
dataset. It’s also competitive with the AlexNet and XGBoost
models, but there is still a clear gap with the most recent ad-
vanced convolutional neural network, such as the GoogleNet
which employs many convolution layers.



Architectures & Applications

Many other applications & architectures could be mentioned: 

• Selvan, Dam, "Tensor Networks for Medical Image Classification" 

• Wall et al. "Generative machine learning with tensor networks: 
benchmarks on near-term quantum computers"

LoTeNet for Medical Imaging

m

Figure 4: The proposed Locally orderless Tensor Network shown as a series of layers. Each
layer consists of several MPS blocks. The squeeze operation is as described in Figure 3.
The final MPS block outputs the predictions for the M classes depicted as the edge with
index m.

The MPS block first embeds these C ·k2 vectors into the joint feature space of dimensionality
dN according to Eq. (2) and Eq. (1), with d = (2 · C · k2). Then, the image patches in the
high dimensional feature space are contracted to output a vector with dimension ⌫. In our
model ⌫ is set to be the same as the bond dimension �. The functionality of the MPS blocks
can be interpreted as summarising the patch with a vector of size ⌫ using a linear model in
the high dimensional feature space.

The output vectors from all the MPS blocks at a given layer are reshaped back into the
2-d image space. However, due to the MPS contractions in the first layer, the intermediate
image map will be of lower resolution as indicated by the smaller image with fewer patches
in Figure 4. This is analogous to obtaining an average pooled version of the intermediate
feature maps in CNN operations. The smaller 2-d patches formed after the first layer of
MPS blocks are further squeezed and contracted in the next layer of the model. This
process is continued for L layers and the final MPS block performs the decision contraction
of Eq. (4).

3.2. Model Optimization

The components of the weight matrix Wm (parameters of the model) are approximated
using the layers of MPS blocks as described in Section 3.1. We view the sequence of MPS
contractions in successive layers of our model as the forward pass and rely on automatic
di↵erentiation in PyTorch (Paszke et al., 2019) to compute the backward computation
graph (Efthymiou et al., 2019). The Torch MPS module (Miller, 2019) is used to learn the
MPS parameters from the training data in an end-to-end fashion.

Similar to Efthymiou et al. (2019) we minimize the cross-entropy loss between the true
label yi 2 [0, . . . ,M � 1] for each image xi and the predicted label f (yi)(xi) in the training
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(a) Convex KL divergences for IBMQ-X2

(b) Convex KL divergences for IBMQ-Vigo

FIG. 12. Convex KL divergence between ideal and measured QAML
outcomes with time. The convex KL divergence Eq. (75) between
the ideal, noiseless measurement probabilities and the measurement
probabilities inferred from 25 experiments of 213 shots is shown as
a function of experimental run day for the (a) IBMQ-X2 and (b)
IBMQ-Vigo devices. Filled symbols use the raw experimental counts
(center blue bars in Fig. 11) and empty symbols use the counts with
measurement noise filter applied (left orange bars in Fig. 11). Lines
indicate the KL divergences computed using all measurements from
all days.

In these figures, the “raw” circuits may include non-native pa-
rameterized gates such as Ŝ and single-qubit rotations with ro-
tation angles near zero, while the “expanded and cleaned” cir-
cuits compile the non-native gates into single-qubit gates and
CNOTs using Eqs. (47) and (48), collect adjacent single-qubit
rotations, and then remove small single-qubit rotations with
additional optimization passes. We note that " = 5 ⇥ 10

�4

translates into roughly
p

" ⇠ 2% error in the elements of the
compiled unitary, which is comparable to the entangling gate
error rates of current cloud-based machines.

To investigate the fidelity of the compiled model, we im-
plemented the sequential preparation procedure in which a
single data qubit is coupled to three ancilla qubits using the
isometries in Figs. 19-67 on the IBM qasm hardware sim-
ulator. As described in Sec. II A, the isometries are applied
from site 48 down to site 0 with data qubit measurement in
the z basis and reinitialization in the |0i state between the ap-

FIG. 13. Example processed MNIST data produced by downsam-
pling through a max filter to 7⇥7 pixels and binarization. Clockwise
from top left, the truth labels are 5,0,4,1,9,4,1,3,1,2.

plication of isometries. The outcomes of these measurements
constitute a data sample of the model. While measurement
and re-initialization in the midst of an experimental run are
not supported on the current IBM quantum hardware, this op-
eration is supported in the hardware simulators. Example data
generated from 2

13 runs on ideal, noiseless hardware is shown
in Fig. 15. Here, the data samples with probability � 1%

are shown together with their probabilities. The training data
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FIG. 14. Convergence of classical TN optimization. The conver-
gence behavior of the negative log-likelihood is shown for � = 8
(red solid lines) and � = 16 (blue dashed lines) in panel (a).
Both results use single-site gradient descent with a learning rate of
⌘ = 10�4. Panel (b) displays sample data drawn from the initial,
random � = 16 MPS model before optimization, panel (c) shows
samples drawn from the � = 8 MPS model after optimization, and
panel (d) shows samples drawn from the � = 16 MPS model after
optimization. Because of the small size of the dataset, the � = 16
model is able to reach the theoretical minimum and so memorize the
full dataset.

2

FIG. 1. Overview of QAML workflow. Classical data in (a) is pre-processed and transformed to quantum states embedded in an exponentially
large Hilbert space in (b). A TN model is learned from a collection of quantum training data in (c), which has the interpretation in (d) of a
sequential preparation scheme involving a small number of readout qubits coupled to ancillary resources. The isometries of the sequential
preparation scheme in (d) are conditioned using inherent freedom in the TN representation in (e), and then converted into native gates for
a target hardware architecture, displayed as the IBMQ-X2 processor for concreteness. Running on cloud-based hardware in (f), we obtain
measurements defining output predictions, as in (g). For interpretation of graphical representations, see text.

thetic data that can be described by an exactly solvable two-
qubit MPS QAML model, as well as on features extracted
from the canonical MNIST handwritten digit dataset [24].

The remainder of this work is organized as follows: Sec. II
discusses QAML with tensor networks (TNs) broadly, includ-
ing embedding of classical data into quantum states, classical
training of a TN model, and the conversion of TN models into
resource-efficient sequential preparation schemes; Sec. III dis-
cusses our approach for compiling TN-based QAML models
for running on quantum hardware, including the utilization of
ambiguity in the TN representation and greedy compilation
heuristics for minimizing model gate depth; Sec. IV presents
an exactly solvable two-qubit QAML model and assesses the
performance of our QAML workflow on quantum hardware;
in Sec. V we give an example application to generative model-
ing of features extracted from the MNIST dataset and analyze
the performance of our models as a function of hardware noise
using a quantum hardware simulator; finally, in Sec. VI we
conclude and give an outlook. Details of the MNIST model
studied in Sec. V are given in Appendix A.

II. QUANTUM-ASSISTED MACHINE LEARNING WITH
TENSOR NETWORKS

Fig. 1 broadly outlines the QAML workflow explored in
the present work. We begin with a collection of classical data
vectors in a training set T = {xj}

NT
j=1, where each element xj

is an N -length vector. The first step in our QAML workflow
is to define a mapping of classical data vectors to vectors in
a quantum Hilbert space. Here, the only restriction we will
place on the encoding of classical data in quantum states is
that each classical data vector is encoded in an unentangled
product state. This is useful for several reasons. For one,
unentangled states are the simplest to prepare experimentally
with high fidelity, and also enable us to use qubit-efficient se-
quential preparation schemes. From a learning perspective,
encoding individual data vectors in product states ensures that
any entanglement that results in a quantum model comes from
correlations in an ensemble of data and not from a priori as-
sumptions about pre-existing correlations for individual data
vectors [25]. For encoding of an N -dimensional classical data
vector x into an ensemble of N qubits, a convenient parame-
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We now calculate a distance between two basis states (↵, j)

and (↵
0
, j

0
) with respective binary representations b and b0 as

D [(↵, j) , (↵
0
, j

0
)] =

⇣P
µ

��bµ � b
0
µ

��
⌘2

. The term in paren-
theses counts the number of individual qubit “flips” required
to convert one of the states into the other, and the square
strongly penalizes multi-qubit coordinated flips. We then use
the cost function

C⇣ = Tr

⇣���L(⇣)
���D

⌘
, (41)

in which D is the matrix with D [•, •] as elements and
��L(⇣)

�� is
the matrix of absolute values of L(⇣), to choose from between
the L

(⇣).

As with the usual transformation of MPS gauge to mixed
canonical form [19], there is a “right-moving” update that per-
mutes the right bond basis of a tensor A[i] and the left bond ba-
sis of A[i+1] and a “left-moving” update that permutes the left
bond basis of A[i] and the right bond basis of A[i�1]. When
applied to all tensors, we say that the MPS is in the diago-
nal gauge, as it is the gauge which enforces the isometries
for state preparation to be as diagonal as possible (according
to our particular cost functions). We stress that the MPS is
still in left-canonical form, and so the sequential preparation
scheme still holds; the diagonal gauge merely uses the uni-
tary freedom remaining in the left-canonical form to further
optimize the state preparation procedure while maintaining
sparsity. There is a single tensor that is not optimized at a
certain location k in the transformation to the diagonal gauge
that we call the diagonality center, analogous to the orthog-
onality center of mixed canonical form. While the location
of the diagonality center can again be used as an optimization
parameter, we have found it convenient to set the diagonality
center to an isometry that is initially an identity matrix. Such
an isometry can always be introduced by padding the classi-
cal data vectors with a zero at location k. The reason for our
choice is that the permutation to diagonal gauge will trans-
form this identity isometry into a permutation matrix, which
is likely to be easier to compile with high fidelity than a gen-
eral, non-sparse isometry. Specific techniques for compilation
will be presented in a later section.

In addition to the permutation ambiguity, there is also a sign
ambiguity on each of the bond states of the isometry. We
again use diagonal dominance in fixing this sign ambiguity
by reversing the sign of a column (row) if the element with
magnitude above a certain threshold closest to the diagonal is
negative during a right-moving (left-moving) update of the di-
agonal gauge, with the sign also being absorbed into the tensor
to the right (left) of the one being optimized. Following trans-
formation to diagonal gauge, we fix the signs of all elements
of the diagonality center (chosen, as above, to be a permuta-
tion operator) to be positive by absorbing any negative signs
into the nearest tensor that has elements of mixed sign in the
chosen bond direction.

B. Greedy compilation heuristics

Following the fixing of gauge outlined in the last subsec-
tion, we are in a position where we now want to transform
the isometries L̂i into operations to be performed on quan-
tum hardware. The target hardware will have a collection of
qubits laid out with a given topology and an allowed gate set
of single-qubit rotations and entangling gates between pairs
of qubits. Generally speaking, two-qubit gates are subject to
higher degrees of noise than the single-qubit gates, and so
higher-fidelity operations will be obtained by using as few
two-qubit gates as possible. As an example, the error map
and qubit/gate topology for the IBMQ-X2 machine is shown
in Fig. 4. For this device, the single-qubit gates are defined
by [4]

Û3 (✓,�,�) =

✓
cos

✓
2 �e

i�
sin

✓
2

e
i�

sin
✓
2 e

i(�+�)
cos

✓
2

◆
, (42)

and the two-qubit gates are controlled-NOT (CNOT) gates,
which are allowed only between qubits designated with a solid
line in Fig. 4. As shown in the figure, the average error of the
CNOT gates at the time of this measurement was ⇠ 2.6%,
while the error of the single-qubit gates was ⇠ 0.15%. Hence,
a goal in compiling our isometries is to use as few gates as
possible, and especially to minimize the number of two-qubit
gates.

In our compilation heuristic, we enumerate possible uni-
taries by constructing a tree of potential circuit structures with
continuous parameters to be optimized. The root node of our
tree is comprised of a single-qubit gate (such as the Û3 gate in
Eq. (42)) for each qubit. Each node in the tree has a child node
corresponding to the placement of an entangling gate in one
of its allowed positions, and then adding single-qubit gates to
the qubits acted on by the entangling gate. Any circuit that can
be constructed using the allowed entangling gates and single-
qubit rotations corresponds to a node in this tree, as proved
in Ref. [61]. In order to select between nodes in this tree, we

FIG. 4. Exemplar NISQ hardware architecture. The qubit layout
(circles), CNOT coupling topology (lines), and error sources of the
5-qubit IBMQ-X2 device [4] as an exemplar NISQ machine. We note
that these error rates are a snapshot, and are subject to fluctuations.
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Theory is Already Being Developed

Next, as detailed in Proposition 2, and summarized in Table 2, we continue by showing that all the
inequalities of Proposition 1 can in fact be strict, and that for all other pairs of representations there
exist probability distributions showing that neither rank can always be lower than the other. This
shows that neither of the two corresponding sets of tensors can be included in the other. The main
new result is the introduction of a matrix with non-negative rank strictly smaller than its complex
Hadamard square-root rank, i.e. TT-rankR�0

< Born-rankC.
Proposition 2. The ranks of all introduced tensor-network representations satisfy the properties

contained in Table 2. Specifically, denoting by rrow (rcolumn) the rank appearing in the row (column),

< indicates that there exists a tensor satisfying rrow < rcolumn and <,> indicates that there exists

both a tensor satisfying rrow < rcolumn and another tensor satisfying rcolumn > rrow.

Table 2: Results of Proposition 2

TT-rankR TT-rankR�0
Born-rankR Born-rankC puri-rankR puri-rankC

TT-rankR = < <,> <,> <,> <,>

TT-rankR�0
> = <,> <,> > >

Born-rankR <,> <,> = > > >

Born-rankC <,> <,> < = <,> >

puri-rankR <,> < < <,> = >

puri-rankC <,> < < < < =

We now answer the question: By how much do we need to increase the rank of a tensor network such
that the set of tensors it can represent includes the set of tensors that can be represented by a different
tensor network of a different rank? More specifically, consider a tensor that has rank r according to
one representation and rank r

0 according to another. Can we bound the rank r as a function of the
rank r

0 only? The results of Proposition 3, presented via Table 3, indicate that in many cases there is
no such function - i.e. there exists a family of non-negative tensors, describing a family of probability
distributions over N binary variables, with the property that as N goes to infinity r

0 remains constant,
while r also goes to infinity.
Proposition 3. The ranks of all introduced tensor-network representations satisfy the relationships

without asterisk contained in Table 3. A function g(x) denotes that for all non-negative tensors

rrow  g(rcolumn). “No” indicates that there exists a family of probability distributions of increasing

N with d = 2 and rcolumn constant, but such that rrow goes to infinity, i.e. that no such function can

exist.

Table 3: Results of Proposition 3.

TT-rankR TT-rankR�0
Born-rankR Born-rankC puri-rankR puri-rankC

TT-rankR =  x  x
2

 x
2

 x
2

 x
2

TT-rankR�0
No = No No No No

Born-rankR No No = No No No
Born-rankC No No⇤  x = No⇤ No⇤
puri-rankR No  x  x  2x =  2x
puri-rankC No  x  x  x  x =

We conjecture that the relationships with an asterisk in Table 3 also hold. The existence of a family
of matrices with constant non-negative rank but unbounded complex Hadamard square-root rank,
together with the techniques introduced in the supplementary material, would provide a proof of
these conjectured results. It is also worth noting that lower-bounding this rank can be cast into the
form of polynomial optimization problems amenable to hierarchies of convex relaxations [47], which
may be useful to solve these conjectures. Proposition 3 indicates the existence of various families of
non-negative tensors for which the rank of one representation remains constant, while the rank of
another representation grows with the number of binary variables, however, the rate of this growth is
not given. The following propositions provide details of the asymptotic growth of these ranks.
Proposition 4 ([43]). There exists a family of non-negative tensors over 2N binary variables and

constant TT-rankR=3 that have puri-rankC = ⌦(N), and hence also puri-rankC, Born-rankR/C and

TT-rankR�0
� ⌦(N).
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As long as T is non-negative, one can model P as P = T/ZT , where ZT =
P

X1,...,XN
TX1,...,XN

is a normalization factor. For all tensor networks considered in this work, this normalization factor
can be evaluated efficiently, as explained in Section 5.

In particular, we define the following tensor networks, in both algebraic and graphical notation. In
the diagrams each box represents a tensor and lines emanating from these boxes represent tensor
indices. Connecting two lines implies a contraction, which is a summation over the connected index.

1. Tensor-train/matrix product state (MPSF): A tensor T , with N d-dimensional indices,
admits an MPSF representation of TT-rankF r when the entries of T can be written as

TX1,...,XN =
rX

{↵i=1}

A
↵1
1,X1

A
↵1,↵2

2,X2
· · ·A

↵N�2,↵N�1

N�1,XN�1
A

↵N�1

N,XN
, (1)

X1 XN

T = A1 AN

X1 XN

↵1 ↵2 ↵N�1

, (2)

where A1 and AN are d⇥ r matrices, and Ai are order-3 tensors of dimension d⇥ r ⇥ r,
with elements in F 2 {R�0,R,C}. The indices ↵i of these constituent tensors run from 1
to r and are contracted (summed over) to construct T .

2. Born machine (BMF): A tensor T , with N d-dimensional indices, admits a BMF represen-
tation of Born-rankF r when the entries of T can be written as

TX1,...,XN =

������

rX

{↵i=1}

A
↵1
1,X1

A
↵1,↵2

2,X2
· · ·A

↵N�2,↵N�1

N�1,XN�1
A

↵N�1

N,XN

������

2

, (3)

X1 XN

T =
A1 AN

A1 AN

X1 XN

X1 XN

↵1 ↵2 ↵N�1

↵
0
1 ↵

0
2 ↵

0
N�1

, (4)

with elements of the constituent tensors Ai in F 2 {R,C}, i.e., when T admits a representa-
tion as the absolute-value squared (element-wise) of an MPSF of TT-rankF r.

3. Locally purified state (LPSF): A tensor T , with N d-dimensional indices, admits an LPSF
representation of TT-rankF r and purification dimension µ when the entries of T can be
written as

TX1,...,XN =
rX

{↵i,↵
0
i=1}

µX

{�i=1}

A
�1,↵1

1,X1
A

�1,↵
0
1

1,X1
A

�2,↵1,↵2

2,X2
A

�2,↵
0
1,↵

0
2

2,X2
· · ·A

�N ,↵N�1

N,XN
A

�N ,↵
0
N�1

N,XN
,

(5)

X1 XN

T =
A1 AN

A1 AN

X1 XN

X1 XN

↵1 ↵2 ↵N�1

↵
0
1 ↵

0
2 ↵

0
N�1

�1 �2 �N , (6)

where A1 and AN are order-3 tensors of dimension d⇥ µ⇥ r and Ai are order-4 tensors
of dimension d⇥ µ⇥ r ⇥ r. The indices ↵i run from 1 to r, the indices �i run from 1 to
µ, and both are contracted to construct T . Without loss of generality we can consider only
µ  rd

2.
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representation of TT-rankF r and purification dimension µ when the entries of T can be
written as

TX1,...,XN =
rX

{↵i,↵
0
i=1}

µX

{�i=1}

A
�1,↵1

1,X1
A

�1,↵
0
1

1,X1
A

�2,↵1,↵2

2,X2
A

�2,↵
0
1,↵

0
2

2,X2
· · ·A

�N ,↵N�1

N,XN
A

�N ,↵
0
N�1

N,XN
,

(5)

X1 XN

T =
A1 AN

A1 AN

X1 XN

X1 XN

↵1 ↵2 ↵N�1

↵
0
1 ↵

0
2 ↵

0
N�1

�1 �2 �N , (6)

where A1 and AN are order-3 tensors of dimension d⇥ µ⇥ r and Ai are order-4 tensors
of dimension d⇥ µ⇥ r ⇥ r. The indices ↵i run from 1 to r, the indices �i run from 1 to
µ, and both are contracted to construct T . Without loss of generality we can consider only
µ  rd

2.

3

TT/MPS

Born Machine (BM)

Locally Purified State (LPS)

Theory of expressive power of tensor architectures:

I. Glasser, R. Sweke, N. Pancotti, J. Eisert, I. Cirac, arxiv:1907.03741



Plan for This Section

Let's study training algorithms more systematically

Contrast two training algorithms 

Theoretical prediction of generalization 
performance of second algorithm

Use synthetic data (even-parity dataset) to make 
evaluation of model well-posed



For the synthetic data set, we 
consider even-parity data set

Even-parity data set  (L = 10):

...
<latexit sha1_base64="cza7aFU74Do/Ldk9vGk39BqNTRY="></latexit>

0 0 1 1 0 0 0 1 1 0
<latexit sha1_base64="CcM0c38SatP2U/KFdeDRMeSOfHI="></latexit>

1 0 0 0 0 0 0 1 1 1
<latexit sha1_base64="gFKGWfxQuEXXsvJPuYeaTWRBE/Y="></latexit>

0 0 0 0 0 0 0 0 0 0
<latexit sha1_base64="S90CFVdcRUaVv5zjJBUgmNiHeqo="></latexit>

0 1 0 1 0 0 1 0 0 1
<latexit sha1_base64="3+PK49V3ohhLfzb2gtxXU/fSNpY="></latexit>

Bit strings of length L with even number of 1 bits



Two ways of representing probability distribution 
through a tensor:

p(s1, s2, s3, s4, s5, s6) =
<latexit sha1_base64="3AfGx2TcfmgG09ltwbD5fhp3zhE=">AAAC1XicdVFNaxsxEJW3X6n75bTHUhBdCikUs9p89RII5NJjCnUc8C7LrDx2hCXtImkTzGZPDb32L/Taa/tr+m8qb3xIYmfgwWPmPY1mJi+lsC6K/nWCBw8fPX6y8bT77PmLl696m69PbFEZjgNeyMKc5mBRCo0DJ5zE09IgqFziMJ8dLerDczRWFPqbm5eYKphqMREcnE9lvXflls3YJ5vFHtseOx67Hnsf6QHNemHUj9qgq4 QtSUiWcZxtdn4l44JXCrXjEqwdsah0aQ3GCS6x6SaVxRL4DKY48lSDQpvW7RwN/eAzYzopjId2tM3edNSgrJ2r3CsVuDN7t7ZIrquNKjf5nNZCl5VDza8bTSpJXUEXS6FjYZA7OfcEuBH+r5SfgQHu/Oq6icYLXigFelwnM3TNiKV1gtpWBhe96suQJQb01A/Y3FbnBlbUiWylIbtco26fj9caqHeEMb2nE5xP7+vkjTdc/qbs7gVXyUncZ9v9+OtOeHi0vO4GeUveky3CyD45JF/IMRkQTr6T3+QP+RsMgya4Cn5cS4PO0vOG3Irg53/rmuTz</latexit>

s1
<latexit sha1_base64="3uOXfI/2i2xngIVi8PMm7//v4kg="></latexit>

s2
<latexit sha1_base64="zhNCKKkJBtQhuuoRZux3Y3FLvxY="></latexit>

s3
<latexit sha1_base64="SYjbSAPbuDulZVLcnJWWaDedivY="></latexit>

s4
<latexit sha1_base64="oue8f1Xw+yYcS8KSnhcNo/Z8cRg="></latexit>

s5
<latexit sha1_base64="qIc3zAV7Paug2bCK7ByBQa1lKS8="></latexit>

s6
<latexit sha1_base64="VePs207xM/KX0iDXGB3TLOaqygw="></latexit>

p(s1, s2, s3, s4, s5, s6) =
<latexit sha1_base64="3AfGx2TcfmgG09ltwbD5fhp3zhE=">AAAC1XicdVFNaxsxEJW3X6n75bTHUhBdCikUs9p89RII5NJjCnUc8C7LrDx2hCXtImkTzGZPDb32L/Taa/tr+m8qb3xIYmfgwWPmPY1mJi+lsC6K/nWCBw8fPX6y8bT77PmLl696m69PbFEZjgNeyMKc5mBRCo0DJ5zE09IgqFziMJ8dLerDczRWFPqbm5eYKphqMREcnE9lvXflls3YJ5vFHtseOx67Hnsf6QHNemHUj9qgq4 QtSUiWcZxtdn4l44JXCrXjEqwdsah0aQ3GCS6x6SaVxRL4DKY48lSDQpvW7RwN/eAzYzopjId2tM3edNSgrJ2r3CsVuDN7t7ZIrquNKjf5nNZCl5VDza8bTSpJXUEXS6FjYZA7OfcEuBH+r5SfgQHu/Oq6icYLXigFelwnM3TNiKV1gtpWBhe96suQJQb01A/Y3FbnBlbUiWylIbtco26fj9caqHeEMb2nE5xP7+vkjTdc/qbs7gVXyUncZ9v9+OtOeHi0vO4GeUveky3CyD45JF/IMRkQTr6T3+QP+RsMgya4Cn5cS4PO0vOG3Irg53/rmuTz</latexit>

s1
<latexit sha1_base64="3uOXfI/2i2xngIVi8PMm7//v4kg="></latexit>

s2
<latexit sha1_base64="zhNCKKkJBtQhuuoRZux3Y3FLvxY="></latexit>

s3
<latexit sha1_base64="SYjbSAPbuDulZVLcnJWWaDedivY="></latexit>

s4
<latexit sha1_base64="oue8f1Xw+yYcS8KSnhcNo/Z8cRg="></latexit>

s5
<latexit sha1_base64="qIc3zAV7Paug2bCK7ByBQa1lKS8="></latexit>

s6
<latexit sha1_base64="VePs207xM/KX0iDXGB3TLOaqygw="></latexit>

2
<latexit sha1_base64="ucJfn7nR+ClzudU9v7Wj6VB202Y="></latexit>

1-norm 
formalism

2-norm 
formalism

Advantages & disadvantages of each 
(will use 2-norm in what follows)



Seek an MPS which generates this data with 
uniform probability

...
<latexit sha1_base64="cza7aFU74Do/Ldk9vGk39BqNTRY="></latexit>

0 0 1 1 0 0 0 1 1 0
<latexit sha1_base64="CcM0c38SatP2U/KFdeDRMeSOfHI="></latexit>

1 0 0 0 0 0 0 1 1 1
<latexit sha1_base64="gFKGWfxQuEXXsvJPuYeaTWRBE/Y="></latexit>

0 0 0 0 0 0 0 0 0 0
<latexit sha1_base64="S90CFVdcRUaVv5zjJBUgmNiHeqo="></latexit>

0 1 0 1 0 0 1 0 0 1
<latexit sha1_base64="3+PK49V3ohhLfzb2gtxXU/fSNpY="></latexit>



Entire even-parity dataset can be fit by  
MPS of bond dimension 2

...
<latexit sha1_base64="cza7aFU74Do/Ldk9vGk39BqNTRY="></latexit>

0 0 1 1 0 0 0 1 1 0
<latexit sha1_base64="CcM0c38SatP2U/KFdeDRMeSOfHI="></latexit>

1 0 0 0 0 0 0 1 1 1
<latexit sha1_base64="gFKGWfxQuEXXsvJPuYeaTWRBE/Y="></latexit>

0 0 0 0 0 0 0 0 0 0
<latexit sha1_base64="S90CFVdcRUaVv5zjJBUgmNiHeqo="></latexit>

0 1 0 1 0 0 1 0 0 1
<latexit sha1_base64="3+PK49V3ohhLfzb2gtxXU/fSNpY="></latexit>

So we already know model is in the right class



There are many ways one can devise to optimize MPS 
for machine learning objectives

Let's discuss two:

1. Alternating Optimization of 
Tensors 

2. Density matrix algorithm

0 1 1 0

∂
∂A2

= ∑
ij

i

j



1. Alternating Optimization of MPS Tensors



Optimize one MPS tensor at a time

Alternating Optimization of MPS Tensors

Project data samples through MPS tensors to obtain 
gradient:

0 1 1 0

∂
∂A2 0 1 1 0

=

Scaling linear in training set size & linear in length of MPS

=

proportional to 
gradient

−α
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FIGURE 2. A representative bias-variance tradeoff curve showing neg-
ative log-likelihood (base 2) as a function of bond dimension for exact
single-site DMRG on the P20 dataset. For bond dimension 3, the gener-
alization gap is approximately e = 0.0237. For reference, the uniform
distribution on bitstrings has NLL of 20. Memorizing the training data
would yield a NLL of approximately 13.356.

distance between the MPS state and the state of the cross-validation sample. The NLL as
a function of bond dimension reported in Fig. 2 displays the expected bias-variance trade-
off, with optimal model complexity occurring at bond dimension 3 with corresponding
generalization gap e = 0.0237.

7. DISCUSSION

A number of recent works have explored the parity dataset using restricted Boltzmann
machines (RBMs) and found it to be difficult to learn, even in experiments that train using
the entire dataset [17, 13]. Recall that an RBM is a universal approximator of distributions
on {0,1}N , given sufficiently many hidden units. Ref. [13] proved that any probability
distribution on {0,1}N can be approximated within e in KL-divergence by an RBM with
m � 2(N�1)(1�e)+0.1 hidden units. For P20 this bound works out to be about 4⇥105 hidden
nodes. It would be interesting to know whether it could be learned with significantly fewer.

It is not difficult to train a feedforward neural network to classify bitstrings by parity
using labelled data, but we do not know if there are unsupervised generative neural models
that do well learning PN . It is reasonable to expect that recurrent models whose training
involve conditional probabilities p(x1, . . . ,xk|xk+1, . . . ,xN) might be frustrated by PN since
the conditional distributions contain no information: any bitstring of length less than N has
the same number of completions in PN as not in PN .

The reader may be interested in [1, 10] where quantum models are used to learn classical
data. Those works considered quantum Boltzman machines which were shown to learn the
distribution more effectively than their classical counterparts using the same dataset. The

Stokes, Terilla, arxiv:1902.06888

Used by Stokes and Terilla to study even-parity data set

Bond dimension related 
to generalization gap:

Locally optimal update for generative 
training:

∑
j

b( j)
1 b( j)

2 b( j)
3 b( j)

4 ϕ

=
̂ϕ

Alternating Optimization of MPS Tensors



But alternating optimization has some 
drawbacks: 

• can get stuck in local minimum 

• requires good initialization to work 

• results depend on how long algorithm is run

Alternatives?

Alternating Optimization of MPS Tensors



2. Density Matrix Algorithm



This algorithm involves a deterministic strategy:

Density Matrix Algorithm

write 'perfect' answer then compress into MPS 

Because every step of the algorithm involves 
linear algebra, we could product a theoretical 
prediction of generalization performance

John TerillaTai-Danae Bradley

Bradley, Stoudenmire, Terilla, arxiv:1910.07425



First let's review the learning algorithm

Then give a summary of the theoretical prediction



Density Matrix MPS Learning Algorithm

Map data to rank-one tensors

0
<latexit sha1_base64="MU3PA8jRAWwUyHsd4khHjjKEZ44="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>

=<latexit sha1_base64="Jcn+X+u38JDLPd/8T8AUoz+5K1g="></latexit> [
<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

0
<latexit sha1_base64="MU3PA8jRAWwUyHsd4khHjjKEZ44="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit> [

<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

=<latexit sha1_base64="Jcn+X+u38JDLPd/8T8AUoz+5K1g="></latexit> [
<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

0
<latexit sha1_base64="MU3PA8jRAWwUyHsd4khHjjKEZ44="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>

[
<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

0
<latexit sha1_base64="MU3PA8jRAWwUyHsd4khHjjKEZ44="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>

0
<latexit sha1_base64="MU3PA8jRAWwUyHsd4khHjjKEZ44="></latexit>

xi
<latexit sha1_base64="ZcGXR6MsFD5p0zc1Hfo4CRuzdgI="></latexit>

�(xi)
<latexit sha1_base64="INHQZFtZ20BXGAyQ04VL4CbV1d0="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>

1
<latexit sha1_base64="xGM5OQQxKIz6AXFbOWJJMHPsu9o="></latexit>



Define "target tensor" which perfectly overfits 
training data

 s1s2s3s4s5s6 =
<latexit sha1_base64="9XZLpKHiYgr8XT8r/NKRngrFeHk="></latexit>

X

j2T
<latexit sha1_base64="UuF+pZBARG6K2niXR6MVlmVBaBM="></latexit>

1p
N

<latexit sha1_base64="HCoWqelaFf+IP8KYUk8E+FX1y9c="></latexit>

N = |T |
<latexit sha1_base64="H30cfnfTJqChv1e9BL4j5j7xtd8="></latexit>

(Do not actually perform sum yet!)

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

See also: Stokes, Terilla, arxiv:1902.06888

Density Matrix MPS Learning Algorithm



Perfectly overfits because data vectors orthonormal

X

j2T
<latexit sha1_base64="UuF+pZBARG6K2niXR6MVlmVBaBM="></latexit>

1p
N

<latexit sha1_base64="HCoWqelaFf+IP8KYUk8E+FX1y9c="></latexit>

p(xi) =
<latexit sha1_base64="u6KNGi355p4c3crvFlIUgpvYImg="></latexit>

2
<latexit sha1_base64="ucJfn7nR+ClzudU9v7Wj6VB202Y="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

2
<latexit sha1_base64="ucJfn7nR+ClzudU9v7Wj6VB202Y="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

1

N
<latexit sha1_base64="8j4nwVBpAYRCLlEIqOVzyNPcHWY="></latexit>

if i 2 T
<latexit sha1_base64="k6U0qHELMwT8lky7ZKtWoWi9E5o="></latexit>

otherwise zero

Density Matrix MPS Learning Algorithm



 s1s2s3s4s5s6 =
<latexit sha1_base64="9XZLpKHiYgr8XT8r/NKRngrFeHk="></latexit>

X

j2T
<latexit sha1_base64="UuF+pZBARG6K2niXR6MVlmVBaBM="></latexit>

1p
N

<latexit sha1_base64="HCoWqelaFf+IP8KYUk8E+FX1y9c="></latexit>

Compute closest MPS to this tensor 
(restricting to bond dimension 2)

s1
<latexit sha1_base64="3uOXfI/2i2xngIVi8PMm7//v4kg="></latexit>

s2
<latexit sha1_base64="zhNCKKkJBtQhuuoRZux3Y3FLvxY="></latexit>

s3
<latexit sha1_base64="SYjbSAPbuDulZVLcnJWWaDedivY="></latexit>

s4
<latexit sha1_base64="oue8f1Xw+yYcS8KSnhcNo/Z8cRg="></latexit>

s5
<latexit sha1_base64="qIc3zAV7Paug2bCK7ByBQa1lKS8="></latexit>

s6
<latexit sha1_base64="VePs207xM/KX0iDXGB3TLOaqygw="></latexit>

s1
<latexit sha1_base64="3uOXfI/2i2xngIVi8PMm7//v4kg="></latexit>

s2
<latexit sha1_base64="zhNCKKkJBtQhuuoRZux3Y3FLvxY="></latexit>

s3
<latexit sha1_base64="SYjbSAPbuDulZVLcnJWWaDedivY="></latexit>

s4
<latexit sha1_base64="oue8f1Xw+yYcS8KSnhcNo/Z8cRg="></latexit>

s5
<latexit sha1_base64="qIc3zAV7Paug2bCK7ByBQa1lKS8="></latexit>

s6
<latexit sha1_base64="VePs207xM/KX0iDXGB3TLOaqygw="></latexit>

⇡<latexit sha1_base64="cUalRk9ykpIAgUse1GjSQ9wdFRc="></latexit>

Density Matrix MPS Learning Algorithm



Algorithm is density matrix algorithm for compressing 
tensor to MPS form (closely related to TT-SVD and DMRG)

Compute Hermitian, positive semi-definite matrix 

⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

Density Matrix MPS Learning Algorithm



Can compute density matrix with 
summed form of       inserted 

⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

X

j,j02T
<latexit sha1_base64="faah1gM6AUEEMRAJnp2Qg0d6xP8="></latexit>

 
<latexit sha1_base64="0iN7bMim5KIPZY86E4JAN3Tsw20="></latexit>

Density Matrix MPS Learning Algorithm



Diagonalizing          gives first & second MPS tensors

⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

⇢12
<latexit sha1_base64="a3wa/DcqDfPlFN1C67IbLFt/abA="></latexit>

truncate to 
dimension 2

Density Matrix MPS Learning Algorithm



Use diagonalizing unitary to compress data

 s1s2s3s4s5s6 =
<latexit sha1_base64="9XZLpKHiYgr8XT8r/NKRngrFeHk="></latexit>

X

j2T
<latexit sha1_base64="UuF+pZBARG6K2niXR6MVlmVBaBM="></latexit>

1p
N

<latexit sha1_base64="HCoWqelaFf+IP8KYUk8E+FX1y9c="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

1p
N

X

j2T
<latexit sha1_base64="Y4f9ltykfz1yWAjCoJTaAg/chB8="></latexit>

& recursively repeat algorithm to generate all MPS tensors

Density Matrix MPS Learning Algorithm



Computing next density matrix

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

X

j,j02T
<latexit sha1_base64="faah1gM6AUEEMRAJnp2Qg0d6xP8="></latexit>

⇢3 =
<latexit sha1_base64="h5DMcFRRap1pharqkUbEnknoGF4="></latexit>

⇢3
<latexit sha1_base64="CjqAwMff1LarfY+pTNY3Pd13RmA="></latexit>

Density Matrix MPS Learning Algorithm



Diagonalizing          gives third MPS tensor

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit> truncate to 
dimension 2

⇢3
<latexit sha1_base64="CjqAwMff1LarfY+pTNY3Pd13RmA="></latexit>

⇢3 =
<latexit sha1_base64="h5DMcFRRap1pharqkUbEnknoGF4="></latexit>

Density Matrix MPS Learning Algorithm



Use diagonalizing unitary to compress data

 s1s2s3s4s5s6 =
<latexit sha1_base64="9XZLpKHiYgr8XT8r/NKRngrFeHk="></latexit>

X

j2T
<latexit sha1_base64="UuF+pZBARG6K2niXR6MVlmVBaBM="></latexit>

1p
N

<latexit sha1_base64="HCoWqelaFf+IP8KYUk8E+FX1y9c="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

1p
N

X

j2T
<latexit sha1_base64="Y4f9ltykfz1yWAjCoJTaAg/chB8="></latexit>

& recursively repeat algorithm to generate all MPS tensors

Density Matrix MPS Learning Algorithm



Deterministic algorithm for generative modeling

Truncation of density matrix determines 
bond dimension of MPS

Intentionally make 'error' from overfitted model 
in order to generalize

compression = learning

Density Matrix MPS Learning Algorithm



How well does it work?

Bhattacharyya distance 
to true distribution

Fraction of data used 
as training set

experimental avg.

L=16 results:

Bhattacharyya distance:

DB = � ln
⇣X

x

p
p(x)q(x)

⌘

<latexit sha1_base64="iUlPEcvK+TR8EbZLjjGE5a1zz3g="></latexit>

can evaluate exactly for 
parity data set

Density Matrix MPS Learning Algorithm



Sketch of the theoretical prediction

John TerillaTai-Danae Bradley



⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit>

=<latexit sha1_base64="4TZ84bJWbnRH6MknFpSO4aDRRL0="></latexit>

X

j,j02T
<latexit sha1_base64="faah1gM6AUEEMRAJnp2Qg0d6xP8="></latexit>

Observe that density matrices have a block-diagonal 
form (blocks for even & odd parity 'sectors')

⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit> [

<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

d1

se

se

d2

d3

so

so

d4
[

<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

Reason is trace over bits 3,4,...,N pairs identical 
suffixes (& identical parity), otherwise zero



Assume two most dominant eigenvectors come 
from the two blocks (one from each)

⇢12 =
<latexit sha1_base64="+kA2RFKudLQ7tolxKqHSP++Eldw="></latexit> [

<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

d1

se

se

d2

d3

so

so

d4
[

<latexit sha1_base64="EaPlqe6vXqofN/yuNX2lkw85RkM="></latexit>

|E2i = cos ✓2|00i+ sin ✓2|11i
<latexit sha1_base64="9+NpsCl+xJGkcSZtD0WUv6CbjSw="></latexit>

|O2i = cos�2|01i+ sin�2|10i
<latexit sha1_base64="4VAQiYjF8Q5ZG72P0xV7s7QKfTY="></latexit>

(Notation         means a vector      )v
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Easily find expressions for angles in terms of entries 
of density matrix
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Importantly, if gaps              zero, perfect learning 
occurs as long as            non-zero
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Non-zero gaps are what drive errors in learning 
(coming from strings with unique suffixes)



Quantities d1, d2, d3, d4 are frequency of observing a 
certain prefix (00,11,01,10). So "gaps" are from 
imbalance in symmetry-related training examples.
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Use combinatorics of even-parity data set (taking a 
finite fraction as training set)

Determine facts such as:
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From combinatorial formulas, can estimate 
typical MPS tensors as function of training set fraction

Bhattacharyya distance 
to true distribution

Fraction of data used 
as training set

experimental avg.

theory prediction

Encouraging agreement with experimental results (L=16)
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(Zoom of same plot)
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know what p is, but either way we’d like to use the statistics of the
samples we do have in order to estimate p. With the estimation in
hand, we can then generate new bitstrings by sampling from the
estimated distribution.

Natural language. Suppose our data points are meaningful sen-
tences; that is, sequences of words from the English alphabet, say.
There are many of possibilities, of course, but suppose we only
have a small fraction of samples. There is some probability distri-
bution on natural language—the probability of the phrase “orange
fruit” is higher than the probability of “orange idea”—though we
don’t know it, exactly. But we might like to use the data we do
have to estimate the probability distribution on language in order
to generate new, plausible text.

In both of these examples, the data are sequential, meaning they are
sequences of symbols from some alphabet. The second example is a
case of statistical language modeling. Both examples are instances of
generative modeling—the task of modeling probabilities with the goal
of generating data. This falls under the wider genre of unsupervised
machine learning.

In this chapter we will illustrate how the extra information stored
in the eigenvectors of reduced densities of a pure entangled state
form the building blocks of a generative model. Here’s the big-
picture idea. The passage from classical to quantum probability
outlined in Chapter 3 gives a straightforward recipe for modeling
any finite dataset T as a quantum state |yi, as long as the elements
of T are sequences; that is, as long as T is a subset of a Cartesian
product of finite sets. Further supposing the elements s 2 T are
samples generated from a (possibly unknown) probability distribu-
tion p, the dataset T defines an empirical probability distribution p̂.
Think of p̂ as a rough approximation to the true distribution p. As
we know from Chapter 3, the empirical distribution p̂ can be mod-
eled by a unit vector |yi so that the probabilities are the coefficients,
p̂(s) = |hs|yi|2. The machine learning problem is to find an algo-
rithm that takes in |yi and outputs a new unit vector, call it |yMPSi,
so that the resulting probabilities |hs|yMPSi|2 are close to the true
probabilities p(s), for which the p̂(s) were merely an approximation.
This new vector |yMPSi is the desired generative model.

start with |yi

finish with |yMPSi

This is how the mathematics of Chapter 3 arises in an applied set-
ting. In this chapter, we’ll give the bird’s-eye view of the ideas. The
first thing to know is that there exists an algorithm that successfully
accomplishes the task just described. It is motivated by and built
from the mathematics of Chapters 2–3. More formally, it is inspired

For an expanded discussion, see Tai-Danae's recent 
thesis "At the Interface of Algebra and Statistics" 
arxiv:2004.05631
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The diagram here illustrates another important point. There is
great flexibility in how one chooses to orient the diagrams spa-
tially. A vector, for instance, is characterized by the fact that it is
one node with one edge. We will not imbue additional meaning to
whether the edge is horizontal or vertical or otherwise. For exam-
ple we take both and to represent the same vector.

2. The shape of a node may convey additional meaning. There is
flexibility in the shapes used for nodes, as convention varies across
the literature. This allows for creativity in how information can be
conveyed through a diagram. When working with 2-tensors, for
instance, we may wish to use a symmetric shape for symmetric
matrices only. Then the dual mapping can be represented by
reflecting its diagram,

symmetric not symmetric

dual

so that the symmetry is preserved in the notation.

M

=

M†

Another useful choice is to represent isometric embeddings as
triangles:

An isometric embedding U is a linear map from a space V to a
space W of larger dimension that preserves the lengths of vectors.
Such a map satisfies U†U = idV but UU† 6= idW . In words,
projection of the large space W onto the embedded image UV ✓
W won’t distort the vectors in V. This operation is the identity on

a passage from classical to quantum probability 83

can be assigned a density, and the density for orange decomposes
as a weighted sum of densities, one for each expression containing
orange. One might think of this as a Yoneda-enriched spectral decompo-
sition, which will give a clear candidate for modeling entailment and
concept hierarchy using a simple poset structure on densities.

The ideas in this section are the results of joint work with Yian-
nis Vlassopoulos, in which we further investigate entailment and
concept hierarchy in language. The simple example in Section 3.4.1
is meant to spark the reader’s interest for the extended theory ap-
pearing in a forthcoming paper [BV20]. Notably, Section 3.4.1’s pas-
sage from words to densities, such as orange 7! rorange, will be
derived differently in [BV20], and the latter greatly expands upon
the general theory of Section 3.4.2. We hope the simple ideas here
will whet your appetite for much more to come. Further connections
between language modeling and tensor networks may be found in
[PTV17, PV17]. Others have also explored a density matrix model
for entailment using the Lowener order. The authors in [BCLM16]
present one such framework based on the category theoretical ap-
proach of [CSC10]. We may view the work below as an instantiation
of the theory presented there. In particular, conditional probabilities
present themselves as a natural candidate for entailment strength,
and we are using statistics as a proxy for grammar.

With this introduction in mind, let us now describe how these
ideas connect with the mathematics described in Section 3.1. As
noted then, the starting ingredient is always a probability distribution
on a finite set p : S ! R. When S decomposes as an N-fold Cartesian
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ways to do this, but let us refer to Proposition 2.2, which states that
rY decomposes as a sum of projection operators,

rY = Â
x2X

Ax|yihy|A†
x (3.13)

where each Ax : CX ⌦ CY ! CY is defined by Ax := hx|⌦ idCY . That
is, for any prefix-suffix pair (x0, y) 2 X ⇥ Y we have that Ax(|x0i ⌦
|yi) = hx|x0i|yi which is equal to |yi if x0 = x and is equal to 0
otherwise. So each term in Equation (3.13) involves a vector of the
form

The linear map M associated to |yi has
the following diagram,

M =

and the equation rY = trX |yihy| =
MM† has the following picture:

trX |yihy|

MM†

The sum decomposition in Equation
(3.13) gives yet another expression for
rY . It doesn’t have a standard tensor
diagram representation, but we will
illustrate it as below.

=

In symbols,

rY = Â
(a,b,c)2A⇥B⇥C

M|abcihabc|M†

where we are using the fact that
Ai |yi = M|xii for each i, as remarked
in the main text.

Ax|yi = Â
y

q
p̂(x, y)|yi (3.14)

=
q

p̂(x, fruit)|fruiti+
q

p̂(x, vegetable)|vegetablei.

Notice that the vector Ax|yi is the xth column of the matrix represen-
tation of the linear map M : CX ! CY associated to |yi 2 CX ⌦ CY,
whose yxth entry is the probability Myx =

p
p(x, y). Equation (3.13)

says that rY decomposes as the sum of projections onto each of these
columns. This is a point worth emphasizing. Every density operator
has a spectral decomposition and therefore decomposes as a sum
of projection operators onto the spaces spanned by its eigenvectors.
But Equation (3.13) is giving us a completely different decomposition
into projections, namely one onto each column of M. To get a better
feel for this, let’s write down the matrix M explicitly. To do so we
first need to choose an ordering on the set X = {x1, x2, . . . , x8}. Let’s
choose ordering below.

x1 = (small, ripe, orange)

x2 = (large, ripe, orange)

x3 = (small, rotten, orange)

x4 = (large, rotten, orange)

x5 = (small, ripe, green)

x6 = (large, ripe, green)

x7 = (small, rotten, green)

x8 = (large, rotten, green)

Of these eight sequences, recall that only four of them appear as
prefixes in T, namely x1, x2, x3 and x8, indicated in boldface above.
Notably, x1 appears in T twice. With this ordering, the matrix M
associated to |yi has the probability

p
p̂(xi, ya) as the aith entry.

M =
1p
5

"
1 0 1 0 0 0 0 0
1 1 0 0 0 0 0 1

#

Each of the eight columns correspond to one of the prefixes xi 2 X,
and each of two rows correspond to one of the suffixes ya 2 Y.
There is a 1/

p
5 in the aith entry if and only if (xi, ya) 2 T. Here’s a
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Now you can see the MPS starting to form within the diagram associ-
ated to |y3i. This concludes step 2 of the algorithm.

Perhaps now you have an idea of what step 3 will be. The simi-
larities between Figure 4.2 and Figure 4.3 suggest the pattern. Let’s
quickly make the connection. Step 3 starts with the vector |y3i. The
first two “sites” of |y3ihy3| remain untouched while the partial trace
is applied to the remaining sites. This gives a reduced density opera-
tor r3, whose spectral decomposition is r3 = U3D3U†

3

r3 = = =

We take U3 to be the 4 ⇥ 2 array whose two columns are the two
eigenvectors of r3 associated to its two largest eigenvalues. This
forms the third tensor of |yMPSi. It also tells us how to define the
vector |y4i that initiates step 4, which leads to U4, and so on. See
Figure 4.4.

|y3i = = M3

M3U3 = = |y4i

Figure 4.4: Obtaining the vector |y4i from |y3i

Continuing the pattern at each step, the upshot is that the arrays of
eigenvectors U = U2, U3, . . . , UN assemble into the desired vector
|yMPSi.

Tai-Danae Bradley 
@math3ma (on Twitter)



Future Directions to Pursue

• Develop theoretical prediction into rigorous, 
probabilistic bounds 

• Apply this algorithm & theory for other synthetic data 

• Find ways to estimate, just from summary stats of data, 
how likely learning is to succeed for what complexity of 
model



Summary

• Tensor networks can be used as machine learning 
models with interesting training algorithms, offering 
theoretical insights 

• Can apply to variety of tasks with good results, 
sometimes state-of-the-art 

• Importantly, opportunity to investigate deeper 
questions about learning from data



Recommended resource for learning about 
machine learning:

https://www.sciencedirect.com/science/article/pii/S0370157319300766


