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Exotic systems: 

Random-bond Ising model



why do I have to (?) speak about statistical mechanics?

to confirm that Quantum Mechanics is only a part of physics

“Strong correlation’’ also exists in statistical mechanics and other fields.

… but it is difficult of earn billions with the title “statistical …”

Tensor Network Structure is naturally contained in statistical systems.

(Path Integral representation of quantum systems)

Variational Formulation for a QM system “produces” a Statistical system.

(Most of the descriptions on TN are actually statistical.)

just I love statistical physics, 

from the time I had rich hair.
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Many physico-chemical systems can be represented more or less accurately by a lattice arrangement of molecules with
nearest-neighbor interactions. The simplest and most popular version of this theory is the so-called "Ising model, " dis-
cussed by Krnst Ising in 1925 but suggested earlier (1920) by Wilhelm Lenz.
Major events in the subsequent history of the Lenz—Ising model are reviewed, including early approximate methods

of solution, Onsager's exact result for the two-dimensional model, the use of the mathematically equivalent "lattice gas"
model to study gas—liquid and liquid —solid phase transitions, and recent progress in determining the singularities of
thermodynamic and magnetic properties at the critical point. Not only is there a wide range of possible physical applica-
tions of the model, there is also an urgent need for the application of advanced mathematical techniques in order to
establish its exact properties, especially in the neighborhood of phase transitions where approximate methods are un-
reliable.

After many years of being scorned or ignored by most
scientists, the so-called "Ising model" has recently
enjoyed increased popularity and may, if present trends
continue, take its place as the preferred basic theory of
all cooperative phenomena. Whereas previously it
appeared that the greatly over-simplified representation
of intermolecular forces on which this model is based
would make it inapplicable to any real systems, it is
now being claimed that the essential features of co-
operative phenomena (especially at the critical point)
depend not on the details of intermolecular forces but
on the mechanism of propagation of long-range order,
and the Ising model is the only one which offers much
hope of an accurate study of this mechanism. Whether
or not it does eventually turn out that gas—liquid critical
phenomena, magnetic Curie points, order —disorder
transitions in alloys, and phase separation in liquid
mixtures can all be described, to a good first approxima-
tion, by the same model, the problem of a generalized
description of cooperative phenomena now deserves
serious attention. We are just beginning to realize
some of the implications of such a generalized descrip-
tion: specialists in the properties of gases and liquids
could not afford to ignore progress being made in
research on phase transitions in solids, and conversely.
While some scientists might not appreciate the burden
imposed by the need for keeping up with the literature
in unfamiliar fields which now suddenly appear to be
related to their own, students should benefit by the
prospective unification of different subjects. No longer
would it be necessary to learn a different theory for
each kind of cooperative phenomenon.
The historical development of the "Ising model"

also shows the same disregard for traditional boundaries
between disciplines. Physics, chemistry, metallurgy,
and mathematics have all been involved, and some of
the most recent applications have been in biology.
The most striking success in the history of the Ising
model—the exact solution of the two-dimensional
problem —involved such difficult mathematics that it
stumped all the physicists who attempted it, and was
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finally accomplished by. . .a chemist. (Just as ironical
is the fact that the supposed inventor of the model,
Krnst Ising, gave up research in physics after thinking
he had proved that his model had no physical useful-
ness, and only discovered twenty years later that he had
become famous as a result of work on his model by
other scientists. )

THE MODEL

We assume that the physical system can be repre-
sented by a regular lattice arrangement of molecules in
space. We are interested in three kinds of physical
systems: (1) magnets, in which each molecule has a
"spin" that can be oriented either up or down relative
to the direction of an externally applied field; (2) mix-
tures of two kinds of molecules; (3) mixtures of mole-
cules and "holes" (empty spaces) . All three kinds can
be represented abstractly by the same model, if we
simply say that each node of a regular space lattice is
assigned a two-valued variable. Depending on whether
this variable has the value +1 or —1, we say that the
molecule at that node (1) has spin up or down, or (2)
belongs to one or the other of two species, (3) is present
or absent. Usually the two-valued variable is called
the spiri o., associated with node i of the lattice.
A coegggraiioe of the lattice is a particular set of

values of all the spins; if there are X nodes, there will
be 2~ different configurations. A typical configuration
is shown in Fig. 1.
We assume that the molecules exert only short-range

forces on each other; in particular, we assume that the
interaction energy depends only on the configurations
of neighboring nodes of the lattice. For example, we
could say that the forces are such that when two neigh-
boring spins are the same (both +1 or both —1) the
energy is —U, and when two neighboring spins are
different (one is +1, the other —1) the energy is +U.
In other words, the interaction tends to make neigh-
boring spins the same. In the three types of physical
systems mentioned above, such an interaction could
lead to (1) spontaneous magnetization, with all or
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a century? of the Ising Model 
W. Lenz, Phys. Z. 21, 613 (1920): 


E. Ising, Z. 31, 253 (1925):


See Rev. Mod. Phys. 39, 883 (1967):
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Beitrag zur Theorie  des  F e r r o m a g n e t i s m u s  D. 

Von Ernst Ising in Hamburg. 

(Eingegangen am 9. Dezember 1924.) 

Es wird im wesentlichen das thermische Verhalten eines linearen, aus Elementar- 
magneten bestehendea KSrpers untersueht, wobei im Gegensatz zur Weissschen 
Theorie des Ferromagaetismus keia molekulares Feld, somlern nur eine (nicht 
magnetisehe) Wechse[wirkung benachbarter Elemcatarmagnete aagenommeu wird. 
Es wird gezeigt, dull tin sotehes Modell noch keine ferromagnetisehen Eigenschaften 

hcsitzt und diese Aussage auch auf das dreidimensionate )[odetl ausgedehnt. 

1. A n n a h m e n .  Die Erklarung,  die P. W e i s s  ~) ftir den Ferro-  
magneti~mus geg'eben hat, is t  zwar formal befriedigend, doch Ial]t sie 
besanders die Frage nach einer physikalischen Erklarung der Hypothese 
des molekularen Fehles o[fen. Nach dieser Theorie wirkt  au~ jeden 
E]ementarmagneten, abgesehen yon dem ~iul~eren 3[agnetfeld, ein inneres 
Fehl, das der ieweiligenMagne~isierungsinteasiti~t proportional ist. Es lieg't 
nahe. fiir die Wirkungen der einzelnen Elemente ( ~  Elementarmagnete) 
elektrische Dipolwirkungen anzuset, zen. Dann ergiiben sieh aber durch 
Summation der sehr langsam abnehmenden Dipolfelder sehr betrachtliche 
elektrische Feldst~rken, die dureh die Leitf~higkeit  des Materials zerstSrt  
wCirden. Im Gegensatz zu P. W e i s s  nehmen wir  daher an, daft die 
Kr~ifte, die die Elemente atdeinander ausiiben, mit tier Entfernung raseh 
abklingen, so dal3 in erster N~herung sich nur benaehbarte Atome be- 
einflussen. 

Zweitens setzen wir  an, dal~ die Elemente nur wenige der Kr i s ta l l -  
, t r uk tu r  entsprechende, energetiseh ausgezeichnete Orientierungen ein- 
nehmen. Infolge der W~rmebeweg'ung gehen die Elemente aus einer 
mggliehen Lage in eine andere tiber. W i r  setzen an. dal~ die inhere 
Energie am kleins~en ist, wenn alle Elemente gleiehgerichtet  sind. Diese 
Annahmen sind im wesentliehen zuerst  yon W. L e n z  s) aufgestell t  und 
n~her begrtindet worden. 

2. D i e  e i n f a c h e  l i n e a r e  K e t t e .  Die gemaehtenVoraussetzungen 
wollen M r  aM ein miiglichst einfaches Modell anwenden. W i t  bereehnen 
das mittlere 3~oment $ e i n e s  l inearen 3lagneten, bestehend aus n Elemen~en. 
.ledes dieser n Elemente soll  nur die zwei Stellungen einnehmen ktinnen, 

1) Auszug aus der Hamburger Dissertation. 
'~) P. Weiss ,  Journ. de phys. (4) 6, 661, 1907, und Phys. ZS. 9, 358. 1908. 
:~) W. Lenz,  Phys. ZS. 21, 613, [920. 
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** Partition Function of 1D Ising Model is obtained as the

     trace of the products among transfer matrices T. 
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区別のために，式 (2.14) の固有値を λ0 = 2 cosh βJ , 式 (2.18) の固有値を
λ1 = 2 sinh βJ で表す．常に λ0 > λ1 が満たされている．さて，関係式
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を式 (2.17) に代入すると，分配関数 Z ′ が
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と求められることの確認は宿題にしておこう．
σ1 と σN が隣り合う周期境界条件では，式 (2.8) に T (σN |σ1) を付け加え

Z ′′ =
∑

σ1···σN

T (σ1|σ2) T (σ2|σ3) · · · T (σN−1|σN ) T (σN |σ1) (2.21)

と分配関数を表せる．ダイアグラムに描いておこう．

1 N2

式 (2.21) は，転送行列 T の N 乗のトレースになっていて

Z ′′ = Tr T N =
(
2 cosh βJ

)N +
(
2 sinh βJ

)N (2.22)

と分配関数を求められる．
こうして，自由端条件の Z，固定端条件の Z ′，周期境界条件の Z ′′ が，それ
ぞれ「微妙に異なる」数式で表されることがわかった．この差異は，N が大き
な極限では，あまり重要ではない．常に cosh βJ > sinh βJ が成立するので
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という具合に，スピン 1 個あたり（サイトあたり）の自由エネルギーが，境界
条件に依存しないからである．

•転送行列の最大固有値が，系の熱力学的な性質を決定する

というポイントを押さえておこう．少しだけ補足すると，最大固有値 λ0 と，そ
の次に大きな固有値 λ1 の比 λ1/λ0 が，スピン相関関数 〈σiσj〉 の距離 |i− j|
に対する減衰を決定する．一般に，短距離の相互作用だけで記述される 1 次元
の統計力学模型の場合，相関関数の減衰は常に指数関数的であって，相転移が
起きることはない．ともかくも，大きい方から幾つかの転送行列固有値は，物
理量に顔を出すという意味で，重要なものである．

2.2 転送行列の固有値 13
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corresponding diagram (under periodic boundary condition)

Z =
∑

!

e−βE! (2.2)

は分配関数と呼ばれる．ここまで暗記すれば，統計力学は免許皆伝である．

【磁性体と相転移】
　物質が関係する熱的な物理現象で，よく知られているものが氷の融解や水
の沸騰などの相転移現象である．鉄の玉を引きつけた磁石を，ゆっくり加熱
すると，ある温度でポロリと玉が落ちる．温度が上がると，磁石ではなくな
るのだ．磁石を構成する物質（磁性体）は，低温では磁力を持った強磁性状
態（強磁性相）にあり，相転移温度 Tc を境に，それよりも高温では磁力を
失った常磁性状態（常磁性相）となる．このような変化を磁性相転移と呼ぶ．

磁性体では，原子がそれぞれ小さな磁石としての働きを受け持っている∗1）．
この原子磁石が，どうして同じ向きにそろっているの?という素朴な疑問を，
モデル化して簡単な数式に落としたものがイジング模型である．原子磁石が並
んだ状態を思い浮かべて，（N 極が）上向きの状態を σ = 1 で，下向きの状態
を σ = −1 で表現する．単純化するのが目的なので，それ以外の向きは考えな
い∗2）．原子磁石の向きは，原子が持つスピン角運動量に起因しているので，こ
の σ をイジングスピン，あるいは単にスピンと呼ぶ習慣がある．

図 2.1 上向きが σi = 1，下向きが σi = −1

図 2.1 のように原子磁石を表すスピン N 個が一列に並んだ系を考えよう．
小さな白丸で示したスピンに番号を振って，左からそれぞれ σ1, σ2, · · ·, σN

で表すことにする．i 番目のスピンは σi だ．原子磁石間に，量子力学的な過
程に起因する相互作用が働いて，隣り合う原子磁石が同じ向きの場合にエネル
ギーが低くなる場合を考える（逆向きであれば，エネルギーは高くなる）．隣
り合うスピン σi と σi+1 の間の相互作用エネルギーを −Jσiσi+1 と表すと，
この状況を記述できる．J > 0 は相互作用の強さを表すパラメターだ．相互作
用を合計したものが，1 次元イジング模型のハミルトニアン

H = −J
(
σ1σ2 + σ2σ3 + · · · + σN−1σN

)
= −J

N−1∑

i=1
σiσi+1 (2.3)

である．スピンが全て上向き σi = 1 ならば H = −(N − 1)J で，これがエネ
ルギーの最小値である．一方，最大値は H = (N − 1)J で，これはスピンが

*1） こういういい加減な説明をすると，磁性の研究者から沢山の突っ込みを受ける．物質
が磁石になる理由は様々あって，ここで紹介したのはホンの入り口に過ぎない．後は専
門家に任せよう．

*2） 用語としての向きと方向は，高校物理では区別して使われているらしい．

2.1 1 次元イジング模型と転送行列 9
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this is an example of tensor network, which is formed by 
the contraction among two-leg tensors, the transfer matrices T.



2D Ising model on Diagonal Lattice

2.3 2 次元イジング模型のテンソルネットワーク表現
今度はスピンが 2 次元的に並んだ正方格子イジング模型を例に取ろう．碁
盤や障子のような格子を考えるのだけれども，後に続く数式などを単純にする
ため，図 2.2 に描いたような格子 — 対角格子 (diagonal lattice) — を考え
る．小さな白い丸が ±1 の値を取るスピンを表し，斜めの実線で結ばれたスピ
ン間には，イジング相互作用 −Jσσ′ が働いている．説明の都合で，4 つのス
ピンが囲む正方形を「一つおき」に薄く灰色に塗っておく．灰色の正方形が横
に並ぶ数を N，縦に積み重なる数（段数）を M としよう．スピンの総数は
N(M + 1) + (N + 1)M 個である．図には N = 6, M = 7 の場合を示してあ
る．分配関数を表していこう．

図 2.2 横に N = 6 個，縦に M = 7 個，灰色の正方形を並べたもの

スピンに 位置のラベル を付けよう．まず，最下部に並ぶ N 個を

σ(0)
1 , σ(0)

2 , · · · , σ(0)
N−1, σ(0)

N (2.24)

で表す．σ(0)
i の肩に置いた (0) は “0 段目” であることを示している．最下

段に並ぶ灰色の正方形と，「一つ上の段」に並ぶ灰色の正方形が共有している
N 個のスピンは σ(1)

1 ,σ(1)
2 , · · · ,σ(1)

N で表し，段ごとに肩文字を増やしていく．
縦に M 段，灰色の正方形を積んであるので，いちばん上に並ぶ N 個のスピ
ンは σ(M)

1 ,σ(M)
2 , · · · ,σ(M)

N となる．まだ，ラベル付けされていないスピンが
(N + 1)M 個，残っている．最下段に並ぶ灰色の正方形について，それぞれの
左右に位置するスピンを，左から

s(1)
0 , s(1)

1 , s(1)
2 , · · · , s(1)

N−1, s(1)
N (2.25)

と表そう．今度は肩文字を (1) から始め，段ごとに肩文字を増やし，最上段に
並ぶ正方形の左右に位置するスピンは s(M)

0 , s(M)
1 , s(M)

2 , · · · , s(M)
N と表す．こ

のように 2種類の文字を導入した理由は，σ(j)
i が縦に積み重なる正方形の接続

部分にあり，s(j)
i が横に並ぶ正方形の間にあって，働きが異なるからである．
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式 (2.26) に示した，灰色の正方形のエネルギーに対応する，局所的なボル
ツマン重率

W (j)
i = exp

[
J

kT

(
σ(j−1)

i s(j)
i−1 + s(j)

i−1σ
(j)
i + σ(j)

i s(j)
i + s(j)

i σ(j−1)
i

)]
(2.29)

を導入しよう．その値が次のとおりであることを，地道に確認しておくとよい．

•4 つのスピンが同じ向き（同じ値）の場合には e4J/kT

•1 つだけ逆向き（異なる値）の場合には e0/kT = 1
•σ(j−1)

i = σ(j)
i 及び s(j)

i−1 = s(j)
i で，σ(j)

i != s(j)
i の場合には e−4J/kT

W (j)
i は，4 つのスピン — 左右に s(j)

i−1 と s(j)
i ，上下に σ(j)

i と σ(j−1)
i — を

脚に持つテンソルとみなせる．ダイアグラムで表しておこう．

j-1

j

i-1 i

テンソルの脚を表す「突き出た線」の先に，何を添え書きするかは，場合によ
りけりで，何も書かないこともあれば，脚に対応する変数を書き込むこともあ
る．ここでは，縦横の位置を書き込んだ．この図形を使って式 (2.28) の分配
関数を表すダイアグラムを描くと，次のような図形になる．

図 2.3 分配関数を表すダイアグラム．灰色の 1 脚テンソルは自由境界条件を示す．

テンソルの縮約が網目を作って，ようやくテンソルネ̇ッ̇ト̇ワ̇ー̇ク̇らしくなっ
てきた．1 次元イジング模型の場合と同じように，境界のスピンについての和
は，値が常に 1 である 1 脚テンソルとの縮約と解釈して，灰色の図形で示し
た．具体的には，左側に縦に並ぶ L

(
σ(j)

0

)
，右側の R

(
σ(j)

N

)
，下側の D

[
σ(0)

i

]
，

上側の U
[
σ(M)

i

]
が，境界での縮約を記述する（これら，境界に並ぶテンソル

の値を変更すると，異なる境界条件を課すことができる）．
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i-1 i i

j-1

j

j

今度は灰色の正方形それぞれに着目しよう．下から j 段目（j = 1, 2, · · · , M）
左から i 番目（i = 1, 2, · · · , N）に位置する灰色の正方形は，4 つのスピン

σ(j)
i

s(j)
i−1 s(j)

i

σ(j−1)
i

に囲まれている（上図参照）．上下左右の順でスピン

を並べると，σ(j)
i , σ(j−1)

i と s(j)
i−1, s(j)

i となる．イジング模型では，隣り合う
スピンが同じ値（同じ向き）であれば相互作用エネルギーが −J に，異なる値
（逆向き）であれば J になるのであった．従って，いま着目している 4 つのス
ピン間のイジング相互作用は 4 項の和

−J σ(j−1)
i s(j)

i−1 − J s(j)
i−1σ

(j)
i − J σ(j)

i s(j)
i − J s(j)

i σ(j−1)
i (2.26)

になる．これを，格子全体にわたって足し合わせたものが，この章の主役であ
る 2次元イジング模型のハミルトニアンである．

H =
N∑

i=1

M∑

j=1

[
−J
(
σ(j−1)

i s(j)
i−1+s(j)

i−1σ
(j)
i +σ(j)

i s(j)
i +s(j)

i σ(j−1)
i

)]
.(2.27)

これに対応するボルツマン重率は exp
[

H

kT

]
であり，式 (2.7) と同様に，あら

ゆるスピン配列について和を取ると，温度 T での分配関数を表す式

Z =
∑

{σ}

∑

{s}

exp
[

H

kT

]
(2.28)

となる．全ての σ(j)
i を {σ} と，全ての s(j)

i を {s} と略記して総和記号
∑
の

下に置いた．境界に位置する 2N + 2M 個のスピンについても和を取っている
ので，自由境界条件を設定したことになっている．

【熱力学極限】
　水や磁石など，十分に多数の原子を含む物質の巨視的な性質を説明するた
めには，構成要素である原子の数や物質の体積などが十分に大きな場合を取
り扱わなければならない．これは熱力学極限と呼ばれる，統計物理学で重要
な概念だ．式 (2.28) に書き下した分配関数では，N や M が十分に大きな
場合を取り扱うこと，つまり N → ∞, M → ∞ の極限を意味する．物質
の相転移現象を議論する際には，熱力学極限を取った上で解析する必要があ
る．境界の効果が見えなくなるまで大きくする，と考えても良いだろう．対
象となる物理系を支配する相互作用が短距離のものであれば，比較的小さな
系でも熱力学極限と同じ性質を示す．
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kT
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i s(j)
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(j)
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i s(j)
i + s(j)

i σ(j−1)
i

)]
(2.29)

を導入しよう．その値が次のとおりであることを，地道に確認しておくとよい．

•4 つのスピンが同じ向き（同じ値）の場合には e4J/kT

•1 つだけ逆向き（異なる値）の場合には e0/kT = 1
•σ(j−1)

i = σ(j)
i 及び s(j)

i−1 = s(j)
i で，σ(j)

i != s(j)
i の場合には e−4J/kT

W (j)
i は，4 つのスピン — 左右に s(j)

i−1 と s(j)
i ，上下に σ(j)

i と σ(j−1)
i — を

脚に持つテンソルとみなせる．ダイアグラムで表しておこう．

j-1

j

i-1 i

テンソルの脚を表す「突き出た線」の先に，何を添え書きするかは，場合によ
りけりで，何も書かないこともあれば，脚に対応する変数を書き込むこともあ
る．ここでは，縦横の位置を書き込んだ．この図形を使って式 (2.28) の分配
関数を表すダイアグラムを描くと，次のような図形になる．

図 2.3 分配関数を表すダイアグラム．灰色の 1 脚テンソルは自由境界条件を示す．

テンソルの縮約が網目を作って，ようやくテンソルネ̇ッ̇ト̇ワ̇ー̇ク̇らしくなっ
てきた．1 次元イジング模型の場合と同じように，境界のスピンについての和
は，値が常に 1 である 1 脚テンソルとの縮約と解釈して，灰色の図形で示し
た．具体的には，左側に縦に並ぶ L

(
σ(j)

0

)
，右側の R

(
σ(j)

N

)
，下側の D

[
σ(0)

i

]
，

上側の U
[
σ(M)

i

]
が，境界での縮約を記述する（これら，境界に並ぶテンソル

の値を変更すると，異なる境界条件を課すことができる）．

16 第 2章 統計力学とテンソルネットワーク

式 (2.26) に示した，灰色の正方形のエネルギーに対応する，局所的なボル
ツマン重率

W (j)
i = exp

[
J

kT

(
σ(j−1)

i s(j)
i−1 + s(j)

i−1σ
(j)
i + σ(j)

i s(j)
i + s(j)

i σ(j−1)
i

)]
(2.29)

を導入しよう．その値が次のとおりであることを，地道に確認しておくとよい．

•4 つのスピンが同じ向き（同じ値）の場合には e4J/kT

•1 つだけ逆向き（異なる値）の場合には e0/kT = 1
•σ(j−1)

i = σ(j)
i 及び s(j)

i−1 = s(j)
i で，σ(j)

i != s(j)
i の場合には e−4J/kT

W (j)
i は，4 つのスピン — 左右に s(j)

i−1 と s(j)
i ，上下に σ(j)

i と σ(j−1)
i — を

脚に持つテンソルとみなせる．ダイアグラムで表しておこう．

j-1

j

i-1 i

テンソルの脚を表す「突き出た線」の先に，何を添え書きするかは，場合によ
りけりで，何も書かないこともあれば，脚に対応する変数を書き込むこともあ
る．ここでは，縦横の位置を書き込んだ．この図形を使って式 (2.28) の分配
関数を表すダイアグラムを描くと，次のような図形になる．

図 2.3 分配関数を表すダイアグラム．灰色の 1 脚テンソルは自由境界条件を示す．

テンソルの縮約が網目を作って，ようやくテンソルネ̇ッ̇ト̇ワ̇ー̇ク̇らしくなっ
てきた．1 次元イジング模型の場合と同じように，境界のスピンについての和
は，値が常に 1 である 1 脚テンソルとの縮約と解釈して，灰色の図形で示し
た．具体的には，左側に縦に並ぶ L

(
σ(j)

0

)
，右側の R

(
σ(j)

N

)
，下側の D

[
σ(0)

i

]
，

上側の U
[
σ(M)

i

]
が，境界での縮約を記述する（これら，境界に並ぶテンソル

の値を変更すると，異なる境界条件を課すことができる）．

16 第 2章 統計力学とテンソルネットワーク

shaded square: interaction among 4 spins

corresponding Boltzmann weight

Partition Function: 2D Tensor Network

one-leg tensors represent the boundary conditions.

Putting Ising spins on the diagonal lattice, and 
putting local Boltzmann weights for shaded squares.



Tensor Network structure 
naturally emerges from the 
lattice statistical models.

表現することは難しいので，数式を書く人ごとに，それどころかページ毎に，
省略の方法が変わるような事例にもよく接する．式 (2.30) を更に

∑

s(j)
i

W (j)
i W (j)

i+1 = X とか，単に W (j)
i W (j)

i+1 = X (2.33)

と略記することも可能だし，このような記述もよく使われる（以下でバンバン
使う!）．結局のところ，数式に頼る限り誤解を避けることは難しいので，ダイ
アグラムという共通語の利用が一般的となっている．

図 2.4 転送行列を表すダイアグラム：左端は L
(

s(j)
0

)
，右端は R

(
s(j)

N

)

　図 2.4 のように，j 段目のテンソル W (j)
1 , · · ·, W (j)

N と，自由端条件を表す
テンソル L

(
s(j)

0

)
= 1, R

(
s(j)

N

)
= 1 の間で，s(j)

0 , s(j)
1 , · · · s(j)

N について縮約
を取ったものを考えよう．略記した形の数式で表すと

T (j) =
∑

{s(j)}

L W (j)
1 W (j)

2 · · · W (j)
N R (2.34)

となる．横一列に並ぶスピンの列を示す目的で，和記号の下に {s(j)} という
「まとめ書き」を使った∗5）．T (j) は，2 次元イジング模型の転送行列で，T (j)

の要素を省略せずに表すと∗6）

T

[ {
σ(j)}

{
σ(j−1)}

]
= T

[
σ(j)

1 σ(j)
2 · · · σ(j)

N

σ(j−1)
1 σ(j−1)

2 · · · σ(j−1)
N

]
(2.35)

となる左辺では，T (j) の上下に並ぶスピンの列を「まとめ書き」してある．転
送行列 T (j) は 2N 次元の行列で，その基本的な働きは前節の式 (2.6) で考え
た 1 次元イジング模型の転送行列と同じである．転送行列 T (j+1) と T (j) の
積をダイアグラムで表すと，次のように縦に並べて，

間にある {σ(j)} について縮約を取ったものとなる．数式で表すと

Q

[ {
σ(j+1)}
{
σ(j−1)}

]
=
∑

{σ(j)}

T

[ {
σ(j+1)}
{
σ(j)}

]
T

[ {
σ(j)}

{
σ(j−1)}

]
(2.36)

*5） L や R をベクトルと，W
(j)
i を行列とみなし，右辺の総和記号を省略する表記もよく

見かける．本書では，可能な限り，総和記号の省略を避けるつもりだ．
*6） 用語として，テンソルとテンソルの要素は，あまりハッキリと区別されない場合が多
い．これは行列でも同じで，「単位行列 Iij = δij」などという記述も稀ではない．
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To obtain the largest eigenvalue of

the transfer matrix (precisely), when 
the system width N is large enough, 
is a main purpose of numerical 
calculation. Variational estimation 
is often considered.

Vertex model a

b

c

d W

example: ice model

Lieb, Phys. Rev. 162, 162 (1967)

(Local Weight)

 2^N-dimensional real (symmetric)

(transfer matrix)
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Transformations of Ising Models
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The "star-triangle" and "decoration" transformations are generalized so as to apply to arbitrary mechani-
cal systems coupled to the spins of a standard Ising net. This leads to exact solutions for further plane Ising
nets and also for lattices in which the spins on alternate sites have a magnitude greater than S=—,.A general
class of antiferromagnetic Ising models is constructed; exact closed expressions can be derived for all the
thermodynamic and magnetic properties of these models in an arbitrary magnetic field.
The magnetizations and susceptibilities of Ising nets in which different spins have different magnetic

moments are investigated and a valuable relation between the susceptibilities of the honeycomb and tri-
angular lattices is derived. It is shown how correlation functions involving a given spin can be expressed in
terms of correlations involving the nearest-neighbor spins instead.

1. INTRODUCTION
'HE critical point (Curie temperature) of the
square-lattice Ising model of a ferromagnet was

originally located by Kramers and |A'annier' who
noticed a symmetry property of the partition function
in the absence of a magnetic 6eld. Onsager showed how
this symmetry arose because the square net is topo-
logically "self-dual. '" More generally the partition
function in zero magnetic field for a given net is re-
ciprocally related to the partition function (in zero
field) of its dual net; thus the partition function of the
honeycomb (plane hexagonal) net is derivable from
that of the triangular net by the dual transformation
and vice versa.
Onsager' further discovered a "star-triangle" trans-

formation whereby a "star" consisting of a central spin
coupled to three neighboring spins could be transformed
into a triangle of three spins coupled to each other
(see Fig. 1).This leads to a further connection between
the triangular and honeycomb nets which enables their
critical points to be located (see Wannier, reference 2).

K', 2

FIG. 1. The star-triangle transformation.

The star-triangle transformation is essentially
algebraic and is not restricted to plane nets, whereas the
dual transformation depends on a topological property
of those nets that can be developed onto a two-
dimensional manifold without any crossing bonds.
Another algebraic transformation is the "decoration"
or "iteration" transformation. This enables a central
spin coupled to tao neighboring spins to be replaced
'H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252

(1941).' G. H. Wannier, Revs. Modern Phys. 17, 50 (1945).
s L. Onsager, Phys. Rev. 65, 117 (1944).

by a single bond connecting the two outer spins (see
Fig. 2). This transformation has the advantage that it
holds even with a magnetic field present. With its aid
Naya' derived expressions for the spontaneous magneti-

K~po

1 0 2 1. 2
FIG. 2. The decoration or iteration transformation.

FIG. 3. The decorated square
net. The spins on the bonds may
have different magnetic moments
from those on the vertices of the
basic square net.

4 S. Naya, Progr. Theoret. Phys. Japan 11, 53 (1954).' R. 3.Potts, Phys. Rev. 88, 352 (1952).I. Syozi and H. Nakano, Progr. Theoret. Phys. Japan 13, 69
(1955).

zations of the honeycomb and Kagome lattices from
Potts' formula5 for the magnetization of the triangular
net. The transformation was also used by Syozi and
Nakano' who discussed the magnetization of ferri-
magnetic decorated lattices such as the decorated
square net (Fig. 3) where spins on the bonds have
diferent magnetic moments from those at the vertices
of the net.
In this note we show how the two algebraic trans-

formations of the Ising model—the star-triangle and
the decoration transformation —can be considerably
generalized. In fact, the central spin which is removed
by these transformations may be replaced by an
arbitrary statistical nsechaeical sysferfl. This system may
consist of any number of "spins" and other entities
which are coupled to the two, or three, outer spins and
it may also depend, on the magnetic 6eld or other
external variables.
These generalizations .lead to exact solutions for a
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The coefficient d denotes the number of decorated bonds
meeting at each vertex of the basic lattice.
For any given decorating system f one can envisage

a "complementary" system Pf in which the signs of the
magnetic moments of all the internal spins have been
changed:

as p; ~—ti;, all i (moment reversal).

The exponential in the formula for the complementary
partition function it) is then invariant under internal
spin inversion combined with a change of the signs of
the interactions with the two external spins sA and sB.
Thus the complementary system may equally well be
regarded as derived from the original system by the
operation

+iA ~ +iAp EiB~
all i (external interaction reversal),

no change being made in the sense of the magnetic
moments. Now if the sign of the magnetic parameter L
in the complementary partition function is altered,
ff(L) is restored to P(L), i.e.,

(44)

whence, by (35), (36), and (37),

SLED)=—8Lg) eLIi'f—=—5Lii, —(45)
(46)

(47)

where the identities hold for all H and all T. Thus the
complementary system transforms into a bond with the
same interaction E' as that derived from the original
system. The factor f is also identical. The only difFerence
between the two cases is the reversal of the signs of the
increments to the magnetic moments of the two
external spins A and B.
The foregoing results suggests a general model of an

antiferromagnet. Consider a decorated lattice in which
the spins on the vertices of the basic lattice have zero
magnetic moment, and suppose, furthermore, that
alternate bonds have been decorated with an arbitrary
magnetic system and its complementary system. The
arrangement is to be such that at each vertex the
magnetic increments 0L from the erst set of systems
are balanced by the increments 8L)=—8L from the
complementary systems. Consequently, when the
decorated lattice is transformed, the magnetic pa-
rameter L' of the resultant undecorated lattice will
be identica/ly sero, the identity holding for all values of
the original magnetic field H and temperature T. This
means that the thermodynamic and magnetic proper-
ties of the decorated lattice in an arbitrary magnetic keld
can be derived from the properties of the original lattice
in sero magnetic jield
The spins in a given system of such a decorated

lattice are coupled to those in the neighboring comple-

+L
tl
+

+
ll
+

\ l
+
II
+

il
+
+
II
+
+
II
+

FIG. 9. A model of an antiferro-
magnet which is soluble in the
presence of a magnetic field. Non-
magnetic spins are indicated by
open circles. The interaction
energy is positive for the vertical
bonds but negative for the hori-
zontal bonds.

Y Y T 1

mentary systems via a spin of the basic lattice. By the
definition of a complementary system (in terms of
reversed external interactions) the resultant interactions
are negative so that the spins in the complementary
set of systems tend to align antiparallel to their counter-
parts in the original set. Thus all such models will be
antiferromagnetic and will show no spontaneous
magnetization although long-range order will exist
below a critical temperature. One of the simplest
models of this type is the decorated square net shown
in Fig. 9. The spins on the vertices of this square net
have zero magnetic moment (open circles in the figure).
The magnitude of the interaction energy is the same for
all bonds, but is positive for the vertical bonds and
negative for the horizontal bonds. The energy, specific
heat, magnetization, and susceptibility as functions of
the magnetic 6eld and the temperature for this model
can be derived readily from Onsager's expressions for
the energy and specific heat of the simple square net. '
The model displays some features of considerable
physical interest but a detailed investigation and
discussion is to be published separately.

8. MAGNETIC MOMENT TRANSFORMATIONS

Two Ising lattices with the same topological structure
and the same interaction energies between their spins
may dier in that corresponding spins on the two
lattices have different magnetic moments. The zero-
field thermodynamic properties of two such lattices will
coincide but their magnetic properties will dier. In
this section we study the relationship between the
spontaneous magnetizations and susceptibilities of
corresponding models of this type. The argument is
mainly restricted to "loose-packed" lattices such as the
two-dimensional square and honeycomb lattices, and
the three-dimensional simple and body-centered cubic
lattices. Although all the vertices of a loose-packed
lattice are topologically identical, the lattice may be
divided into two congruent sublattices 2 and 8, such
that all the nearest neighbors of an A vertex are 8
vertices and vice-versa. In other words a state of
complete antiferromagnetic order is possible. It will be
supposed that the spins of the 2 sublattice have
magnetic moment pA while those of the 8 sublattice
have a different moment pB which may be positive,
negative, or zero.
A simple model of this type is the "semiferro-

magnetic" honeycomb lattice discussed by Naya, 4 in

vertex - face  transformation
* Depending on Physics behind, either face or vertex

    representation is more natural than the other.

* It is possible to map a face model to a vertex model.

    (vertex-IRF transformation, duality transformation, etc.)

* In the case of Ising model, a way of performing the transformation is to  

    considering the model on the Lieb (Fisher?) lattice. 

    (Taking configuration sum for either black or white spins in the figure.)

(IRF)

Owczarek and Baxter, J. Stat. Phys. 49, 1093 (1987)
A Class of Interaction-Round-a-Face models and Its Equivalence with an Ice-Type Model

** unnatural representation might introduce “troublesome” constraints.



Face model
local weight

Transfer Matrix

a b

cd

W

Partition Function

Kramers-Wannier, PR60, 252 (1941)

(IRF model) Local Boltzmann Weight is specified 
by 4 spins that surrounds a face

No contraction is performed
Configuration Sum is taken over all the 
spins after multiplying all the faces.

It is possible to perform variational 
analysis without mapping the system to 

a vertex model.

2D, there is an order-disorder transition

Interaction-round-a-face (IRF) Hamiltonian

HIRF = −J

2
(σσ′ + σ′σ′′ + σ′′σ′′′ + σ′′′σ)

IRF weight : Boltzmann weight for a “face”

Wσ σ′σ′′σ′′′ = exp
[
−Eσ σ′σ′′σ′′′

kT

]

Z =
∑

conf.

[
∏

face

W

]

T = . . .WWWWWW . . .

Z = Tr TM ∼ λ M
0

T V0 = λV0

* Analytic construction of V0 is not fully succeeded.

* Variational construction

Kramers-Wannier (1941)

V (· · · σ σ′σ′′σ′′′ · · ·) = · · · Mσ σ′
Mσ′ σ′′

Mσ′′ σ′′′ · · ·

Baxter (∼ 1970)

IRF: V (· · · σ σ′σ′′σ′′′ · · ·) =
∑
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αβ Mσ′ σ′′

β γ Mσ′′ σ′′′

γ δ · · ·

Vertex: V (· · · σ σ′σ′′σ′′′ · · ·) =
∑

Greek

· · · Mσ
αβMσ′

β γM
σ′′

γ δM
σ′′′

δ ε · · ·

It is straight forward to transform IRF-type MPS to Vertex-type MPS, and

also transform back if the system is 1-dimensional. In 2D, the correspondence is

not trivial. (By means of over-complete expressions the transformation is possible

in any dimension, but it is not efficient.)
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exp
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− J ′

kT

]

∑

s
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Jσs

kT
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]

= 2 cosh
J

kT
(σ + σ′)
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1/2: Prevent Double Counting 



Face contracted state Vertex contracted state

Eigenvector as natural MPS

(black spins are summed up)

* The eigenvector of the TM can be 
constructed as the (partial) contractions 
among half column transfer matrices.

half column 
transfer 
matrix

* By means of duality 
transformation or SVD, one 
can map a face contracted 
state to a vertex contracted 
state. 

Baxter, J. Stat. Phys. 19, 461 (1978)
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exp
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Variational Construction

eigenvalue problem for a Transfer Matrix

Kramers-Wannier Approximation Phys. Rev. 60, 263 (1941)
“Statistics of the Two-Dimensional Ferromagnet. Part II”

* Variational state is represented as the simplest case of the face contracted state 
(without auxiliary variable). Note that the state is finitely correlated.

Baxter introduced auxiliary degree of freedom

One might feel that the Face representation is more complicated than Vertex one.

Please do not hear your voice from the heart. The Face-type variational state works as

well as the Vertex one, as long as d=2 classical lattice models are concerned.

Face

vertex
This is MPS!

 (1968-)

 (1976-)



Kramers-Wannier Approximation Phys. Rev. 60, 263 (1941)

What is “the Matrix Method in its Variational Form”??

(*part I: K-W duality)



Kramers-Wannier Approx. 

to the 2D Ising Model

K-W

Exact
Precision:

~7% in Tc

L. Onsager,

Phys. Rev. 65, 117 (1943)

472 R.J. Baxter 

Then the solution of (30) is 

F(a, b) = G(a, b) = (2 cosh 2s) -112 exp[ 89 + b)] 

A ( + )  = 1, a ( - )  = x,  ~ = ~' = 1 (51) 

K = ~ = ~'  - -  (1 + zvx3)~/[v~z(1 + x~)] 

From (42), the magnetization is 

m = (1 - x~)/(1 + x ~) = tanh 2s (52) 

These results are precisely those of the Bethe approximation. (6~ (The tz 
and ~1 of pp. 251-4 of Ref. 6 are related to v and x by t~ = v 4, t~l = vx3.) 

It  is illuminating to consider the zero-field case H = 0, v = 1. Then 
(50) always has a solution x = 1, s = 0. There is a critical value Tc of T, 
given by 

J"/kBTc =  89 In 2. (53) 

For  T < To there are two other real solutions of (50), having equal and 
opposite values of  s. I f  H is regarded as infinitesimally small and positive, 
then the correct solution is the one for which s is positive. 

Thus s is zero for T > T~ and F(a, b), A(a) are unchanged by negating 
a and b. For T < To, s is positive and this spin-reversal symmetry of F and 
A is broken. 

Such spontaneous symmetry-breaking is typical of Eqs. (30). I f  the 
Hamiltonian has a symmetry, then (30) will have a solution with the corre- 
sponding symmetry. I f  this symmetry is spontaneously broken at low tem- 
peratures, then (30) will also have two or more asymmetric solutions, which 
will then be the correct ones to use. The critical temperature can be obtained 
by increasing T until the asymmetric solutions coincide with the symmetric 
one. For  finite n the critical exponents thereby obtained will usually have the 
classical values 3 = 3, /~ =  89 There must be a "crossover phenomenon"  
as n - +  0% since the exponents must then take the true two-dimensional 
values. 

Another interesting example is the case Jo = J" = /-/3 = J~ = 0. The 
model then becomes the usual nearest-neighbor Ising model and it turns out 
that the n = 0 solution of (30) is precisely the Kramers-Wannier  approxi- 
mation.( 7~ 

5. G R A P H I C A L  I N T E R P R E T A T I O N  OF THE M A T R I C E S  

For  a given value of n, the 2" by 2 ~ matrices A(a), B(a), F(a, b), and 
G(a, b) are the solutions of Eqs. (30) and the symmetry relations (12), (28), 
and (29). This defines them to within normalization factors and the orthog- 

in R.J.Baxter: J. Stat. Phys. 19, 461 (1978), it is stated that the Face contracted state 
without auxiliary variable coincides with Kramers-Wannier approximation.



a basic tool in TNS: Corner Transfer Matrix

R.J.Baxter: “Dimers on a Rectangular Lattice” J. Math. Phys. 9, 650 (1968)
applied to Vertex model

(the term CTM appears!) 
applied to Face (and vertex) model

R.J.Baxter: J. Stat. Phys. 15, 485 (1976)
applied to Face model

R.J.Baxter: J. Stat. Phys. 19, 461 (1978)

476 R.J. Baxter 

A(a), B(a) correspond to quadrants of a completely infinite lattice. Apart from 
the shape of the outer boundary, which is irrelevant in the limit n --~ 0% the 
2" + 1 by 2" + 1 matrices 

are the "corner transfer matrices" previously defined for the eight-vertex 
model ~4,5~ 

Graphical Form of the Equations 

Even if n is finite, the RHS of Eqs. (14), (28b), and (28c) can still be 
represented graphically as in Fig. 3, so long as the elements of F, A, B, and 
G are merely interpreted as undetermined functions of the outer spins on the 
corresponding segments. 

One advantage of this graphical representation is that it makes the 
symmetries very clear. In particular, it can be seen that (23) is equivalent to 
requiring that the row-reversal symmetry be unbroken. It appears that this 
is always so, so (23) is valid. It is also immediately obvious that inter- 
changing F and G, and A with B, is equivalent to interchanging the rows 
with the columns; i.e., to rotating the lattice through 90 ~ . 

Equations (30) can be represented graphically. Adopting the convention 
of summing over spins on unlabeled solid circles and edges inside a figure, 
Eqs. (30a) and (30c) can be represented as in Fig. 4. The diagrams repre- 
senting Eqs. (30b) and (30d) can be obtained from these by rotating the 
figure anticlockwise through 90 ~ and interchanging F, A, ~:, , /with G, B, r 
~', respectively. 

The variational expression (31) is represented in Fig. 5. 

A Simple Approximation for x 

Since (31) is stationary with respect to variations in F, G, and A, reason- 
able approximations to F, G, A, and B therein should give good approxi- 
mations to ~. For given n an obvious choice is to take F, G, A, and B to be 

- -  GI G i 

Fig, 4. Graphical representation of Eqs. (30a) and (30c). 

* The following figure in this article tells everything. Half-infinite system 
is represented as the product of two CTMs, and their extension scheme is 
also shown.



Corner Transfer Matrix Formulation
R.J.Baxter: “Dimers on a Rectangular Lattice” J. Math. Phys. 9, 650 (1968)
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Energy:  E = 0 when empty.

E = -2 kT ln t  when occupied vertically.


E = -2 kT ln s  when occupied horizontally.

Corresponding Boltzmann Weight W = exp(-E/kT)

W = 1  when empty.


W = t * t  when occupied vertically.


w = s * s  when occupied horizontally.

[[ We skip the detail! ]]The problem is to analyze the thermal 
equilibrium of dimers distributed on the 
square lattice.



It is convenient to attribute a 4-leg Tensor (Boltzmann Weight) for each Vertex.

There are 5 vertex configurations:

Vertex Weight K:


K = 1  for empty vertex.


K = s


K = t

We denote horizontal bond variable (= 0 or 1) by ‘a’ and vertical one by ‘b’.

a a’

b

b’
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... we use images from Baxter’s paper to remind his originality .... (and to reduce typing task)

Partition Function of the system can be represented as a configuration sum for the 
product of local Boltzman weights.

[[ The model naturally contains the Tensor Network Structure. ]]



Row-to-Row Transfer Matrix: a horizontal product of Boltzmann weights (Periodic BC)
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Partition function obtained from the transfer matrix V
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Variational evaluation of the largest eigenvalue

How to obtain the variational state x?  
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(This is the Time Evolution Scheme that we know.)

b1 b2 b3 b4 b5 b6 b7 b8

b’1 b’2 b’3 b’4 b’5 b’6 b’7 b’8

[[ Rayleigh Ratio ]]



The Matrix Product Ansatz
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Half-Column Transfer Matrix = “Local Tensor” in Tensor Network State

b

b’=1
Fixed BC

Eq. (3.3)
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Variational Freedom, Exactness, and Expected Efficiency



Column-to-Column Transfer Matrix
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Extended C-T-C Transfer Matrix
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Variational Ratio
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X

K

.... this is an origin of MPS in statistical mechanics .... (another one is by Derrida.)

MPS

MPS

MPS

MPS
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Eigenvalue of the 

C-T-C Transfer Matrix

(**) these equations are written in the 

      matrix form. Please look and guess!

Eigenvectors; X for R and P for S

X X

P P

G

G

G

G

=

=
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K



Variational Estimate of the Partition Function per Vertex
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The rest of the task is to find out the variational minimum, adjusting G 
and obtaining the eigenvectors of CTC matrices. Direct optimization is 
straightforward; Baxter went further!

X X

X X

P P

P P

G

G

G

G

K
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Introduction of the CORNER TRANSFER MATRIX

P G*

X =

=
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A

A

A

A

The CTM corresponds to a Quadrant of the system.
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“Gauge” degree of freedom, 

“Gauge” fixing by the diagonalization of CTM, which is

equivalent to the diagonalization of the Density Matrix.

To obtain the diagonalized CTM is to solve the variational problem, since A is

constructed as a product of tensors G.



Evolution (or extension) Scheme for CTM itself

A AG

G
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... GKG induces an evolution for CTM. 

Every after this extension, the matrix 
dimension is doubled.

Diagonalization of the extended CTM
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Cut off the irrelevant parts: Renormalization!!

From the eigenvectors in Q, obtain the “improved” G. (This is a bit different from CTMRG.)
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Baxter’s numerical result on the dimer problem

One finds a careful statement on his numerical result.

... can anyone here can be as careful as Baxter? Apparently, I cannot ...



DMRG applied to 2D Ising Model

©1995 The Author(s)

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by 118.19.219.59 on 12/16/20

Face representation is used 

for Transfer Matrix.

Vertex representation is used 

for variational MPS.

Nishino, J. Phys. Soc. Jpn. 64, 3598 (1995)

* as long as one uses DMRG, variational state is always MPS regardless of TM.

* Infinite System Algorithm is employed.

* Eigenvector of the renormalized TM can be obtained by the 
power method, which is the vertical stack of TM.

* One finds that Face-type variational state is naturally formed 
for the colum-to-colum transfer matrix.

* Similarity with Baxter’s CTM formulation in Face representation 
is apparent.

* This is our (historical?) route to CTMRG.

* m = 60 states are kept.



c d e fa b

c d e fa b

o p q rm n

dc

po
γ ε

ζ μ

Diagrams in vertex representation

Transfer Matrix Variational MPS

Variational Partition Function per raw Renormalized Transfer Matrix



CTMRG: Face and Vertex

Face representation is used 

for Corner Transfer Matrix.

Nishino Okunishi, 

J. Phys. Soc. Jpn. 65, 891 (1996)

* Fixed point of CTMRG is the same as Baxter’s original CTM method.

     This is natural because the variational construction is the same.

©1996 The Author(s)

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by 118.19.219.59 on 12/16/20

* m = 98 states are kept.

©1997 The Author(s)

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by 神戸大学 on 12/16/20

(First trial)

(Second Trial)

Vertex representation is used 

for Corner Transfer Matrix.

Nishino Okunishi,  J. Phys. Soc. Jpn. 66, 3040 (1997)

* m = 200 states are kept.

* Convergence speed in CTMRG is a bit faster.

Environment for a central vertex

Extension Scheme



Toward 3D: Vertex Scheme Nishino et al, Prog. Theor. Phys. 105, 409 (2001)

* Local Boltzmann Weights and TM are 
written by Vertex scheme, via Fisher model.

* Variational State is chi=2 Infinite Tensor Product State.

* Inner Product: a 2-layer statistical system.

a

c
d

j
b

i

a

c
d b

i

* Variational Partition Function: a 3-layer statistical system.



Toward 3D: Vertex Scheme Nishino et al, Prog. Theor. Phys. 105, 409 (2001)

* Variational tensor is improved gradually according to the Generalized 
Eigenvalue Problem shown above.

* Environment Tensor is created for the 
improvement of local variational weight.
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rest of the systems. The new tensors X0{η̄c|ηc} and X1{η̄c|σc|ηc} play the role of
“reservoirs” in the terminology of the DMRG. These are defined as

X0{η̄c|ηc} ≡
∑

[η̄]′ [η]′

∏

(ij)!=c

G0{η̄ij |ηij} ,

X1{η̄c|σc|ηc} ≡
∑

[η̄]′ [σ]′ [η]′

∏

(ij)!=c

G1{η̄ij |σij|ηij} , (3.5)

where the restricted product
∏

(ij)!=c is such that G0{η̄c|ηc} and G1{η̄c|σc|ηc} are not
included in the right-hand sides, and the restricted sums

∑

[η̄]′ [η]′ and
∑

[η̄]′ [σ]′ [η]′ are
such that the spin configurations are summed over all the spins except for those at
the center, η̄c, σc, and ηc. Thus, division by Eq. (3·4) is equivalent to punching out
the system at the center. This operation is similar to that of puncturing the system
in the ‘puncture renormalization group’ of Mart́ın-Delgado et al. 22)

Substituting the definitions of G0 and G1 into Eq. (3·4) and introducing the two
matrices

As̄s{η̄c|ηc} ≡ X0{η̄c|ηc} δs̄s ,

Bs̄s{η̄c|ηc} ≡
∑

{σc}
X1{η̄c|σc|ηc}ws̄s{σc}, (3.6)

we can express Z0 and Z1 in the binary form

Z0 = V T
c AV c ≡

∑

s̄ {η̄c}

∑

s {ηc}
vs̄{ηc}As̄s{η̄c|ηc}vs{ηc} ,

Z1 = V T
c B V c ≡

∑

s̄ {η̄c}

∑

s {ηc}
vs̄{ηc}Bs̄s{η̄c|ηc}vs{ηc} (3.7)

of the 2m4-dimensional vector V c. Substituting the above expressions into Eq. (3·3),
we finally obtain the stationary condition δcλ[Ψ ] = 0 expressed as a 2m4-dimensional
generalized eigenvalue problem:

∑

s {ηc}
Bs̄s{η̄c|ηc}vs{ηc} = λ[Ψ ]

∑

s {ηc}
As̄s{η̄c|ηc}vs{ηc} . (3.8)

This can be abbreviated as B V c = λ[Ψ ]AV c.
This is a non-linear equation for the tensors vs̄{η̄} and vs{η}, because the ‘ma-

trices’ A and B themselves are constructed from the tensors. Therefore, Eq. (3·8)
should be interpreted as a self-consistent relation for the local tensors. A method
for determining the solution of Eq. (3·8) is to repeat the numerical substitutions as
follows:

(a) Set a certain initial value of the tensor V , which has 2m4 elements.
(b) Numerically calculate X0 and X1 using Eq. (3·5). This calculation can be

easily done with the help of the corner transfer matrix renormalization group
(CTMRG). 18), 21), 23)
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* Obtained variational state is fully optimized within the parameter space. 
(full variational update)
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Gendiar, Maeshima, Nishino, Prog. Theor. Phys. 110, 691 (2003)
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Fig. 5. Calculated spontaneous magnetizations. (a) 〈σ〉 obtained for (n, m) = (2, 5). The curve
here was drawn using the Spline interpolation. The inset displays 〈σ〉 near the criticality for
(n, m) = (1, 5) (circles) and (2, 5) (triangles). (b) 〈σ〉 obtained from the TPVA applied to the
Ising model represented as the 64-vertex model13) for (n, m) = (2, 16). The inset plots the data
for (n, m) = (2, 16) (circles) and (n, m) = (3, 12) (triangles).

the previous algorithm. In the variational calculation employing the TPVA, the
numerator (V |B|V ) should be maximized and the denominator (V |A|V ) should be
minimized through successive improvements of V . Though (V |B|V ) increases rather
rapidly, (V |A|V ) decreases slowly, because the stabilization condition Eq. (3.5) re-
stricts the size of the change of (V |A|V ) to order ε2.

§5. Conclusion and discussion

We have proposed a stabilized partition function maximization process for nu-
merical calculations employing the TPVA, imposing the orthogonality condition on
the small change made to the local variational weight. This improvement enables us
to obtain the magnetization using a TPS that contains n-state auxiliary variables,
in particular, with n = 2 for an IRF-type TPS and n = 3 for a vertex-type TPS.

The orthogonality condition expressed by Eq. (3.6) stabilizes the numerical cal-
culation, but it also slows the convergence to the variational maximum, because
it causes the improvement of the denominator of the variational formulation to be
very slow. Contrastingly, the vertical density matrix approach (VDMA),14) which
also uses a TPS as its trial state, exhibits rapid convergence. In the VDMA, the
local weight is improved through a RG transformation obtained from the diagonal-
ization of the density matrix, and thus both the denominator and the numerator of
the variational ratio are improved equally rapidly. The VDMA, however, has the
shortcoming that it does not fully improve the TPS, because the RG transformation
used in the VDMA is not determined so as to maximize the variational partition
function per a layer. In higher dimensions, the direct diagonalization of the density
matrix does not give the most appropriate RG transformation. Our next project is
to combine the advantages of the TPVA and the VDMA.
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* Note that the calculated spontaneous magnetization sharply drops to zero. This is 
the right (mean-field) behavior with the fully optimized variational TPS.

VertexFace

(additional Note)

https://arxiv.org/abs/2102.03143

* Current World Record: Vanhecke et al, arXiv:2102.03143 (4 digits in Tc up to D=4)
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Modern developments in Real-space renormalization.

TRG / TERG / HOTRG / etc. 

isometries are created by (higher-order) 
Singular Value Decomposition (SVD).

Levin, Nave (2006)

Xie et al (2012)

(diagrams are schematic: in actual calculation the RG transformation 
is performed independently for vertical and horizontal directions.)

Tree tensor network is hidden in 
the renormalized tensor.



Environment

Block

Xie et al, Second RG (2006)

Environ should be considered for the right construction of isometries.

isometries are optimized in a self-consistent manner.

Further Developments

Evenbly, Vidal (2014) 

Tensor Network RG

Iino et al: Boundary TRG (arxiv:1905.02351)
Morita et al: Higher-order moments TRG (arxiv:1806.10275)

Lyu et al: Linearized RG transformation (arxiv:2102.08136)

Adachi et al: Bond weighted TRG (arxiv:2011.01679)

… … …
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a discussion: 

* How can we find out an appropriate isometry which correctly produce the right 
local tensor that is fully updated?


