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WHAT ARE LGT?



theory with a local 
(gauge) symmetry
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<latexit sha1_base64="pISgTtF3GuWZ2Y1ML88Wd/N32rU="></latexit>
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<latexit sha1_base64="G+rwiXFFUQt+rRcUyoBU8xwBC7g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5Jq8bEQim5cVjBtoYlhMp20QyeTMDMRS+zCX3HjQhG3/oY7/8ZJGkStBy4czrmXe+/xY0alsqxPY2Z2bn5hsbRUXl5ZXVs3NzZbMkoEJjaOWCQ6PpKEUU5sRRUjnVgQFPqMtP3hRea3b4mQNOLXahQTN0R9TgOKkdKSZ27bZ06kaEikR6EjaT9EHr2588yKVbVywGlSK0gFFGh65ofTi3ASEq4wQ1J2a1as3BQJRTEj47KTSBIjPER90tWUI73RTfP7x3BPKz0YREIXVzBXf06kKJRyFPq6M0RqIP96mfif101UcOKmlMeJIhxPFgUJgyqCWRiwRwXBio00QVhQfSvEAyQQVjqych7CaYaj75enSeugWjus1q/qlcZ5EUcJ7IBdsA9q4Bg0wCVoAhtgcA8ewTN4MR6MJ+PVeJu0zhjFzBb4BeP9C+66ljE=</latexit>

global Z2 symmetry
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<latexit sha1_base64="LHyLAYrcouYgtLgJGiQtWrKioPM="></latexit>

flips all spins at once

ISING MODEL



ISING LATTICE GAUGE 
THEORY

Wenger 1971

local Z2 symmetry

H =
X

⇤
�
z
`1�

z
`2�

z
`3�

z
`4 + g

X

`

�
x
`

<latexit sha1_base64="qCSr1g2y9Fw++0QVXqK5NWYMUPE="></latexit>

G =
<latexit sha1_base64="BvhZFr0UykMhSqcmaw6k6ipV/p0=">AAAB6XicbVDLSsNAFJ34rPVVdelmsAiuwqS2VRdC0YUuq9gHtKFMppN26GQSZiZCCf0DNy4UcesfufNvnKRBfB24cDjnXu69x4s4UxqhD2thcWl5ZbWwVlzf2NzaLu3stlUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS5Tv3NPpWKhuNPTiLoBHgnmM4K1kW6vzgelMrLrtSpCDkS2U6mjWkpQBujkpAxyNAel9/4wJHFAhSYcK9VzUKTdBEvNCKezYj9WNMJkgke0Z6jAAVVukl06g4dGGUI/lKaEhpn6fSLBgVLTwDOdAdZj9dtLxf+8Xqz9UzdhIoo1FWS+yI851CFM34ZDJinRfGoIJpKZWyEZY4mJNuEUsxDOUtS/Xv5L2hXbObarN9Vy4yKPowD2wQE4Ag44AQ1wDZqgBQjwwQN4As/WxHq0XqzXeeuClc/sgR+w3j4BZD+NaQ==</latexit>

�x
<latexit sha1_base64="/1vAwYlT6xvLpBz5u4hL8v4/D9o=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuwqS2VXdFNy4r2Ae0sUymk3boTBJnJmIJ/Qk3LhRx6++482+cpEF8HbhwOOde7r3HizhTGqEPa2FxaXlltbBWXN/Y3Nou7ey2VRhLQlsk5KHselhRzgLa0kxz2o0kxcLjtONNLlK/c0elYmFwracRdQUeBcxnBGsjdfuKjQS+uR+Uysiu16oIORDZTqWOailBGaCTkzLI0RyU3vvDkMSCBppwrFTPQZF2Eyw1I5zOiv1Y0QiTCR7RnqEBFlS5SXbvDB4aZQj9UJoKNMzU7xMJFkpNhWc6BdZj9dtLxf+8Xqz9UzdhQRRrGpD5Ij/mUIcwfR4OmaRE86khmEhmboVkjCUm2kRUzEI4S1H/evkvaVds59iuXlXLjfM8jgLYBwfgCDjgBDTAJWiCFiCAgwfwBJ6tW+vRerFe560LVj6zB37AevsEdoeQZA==</latexit>

�x
<latexit sha1_base64="/1vAwYlT6xvLpBz5u4hL8v4/D9o=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuwqS2VXdFNy4r2Ae0sUymk3boTBJnJmIJ/Qk3LhRx6++482+cpEF8HbhwOOde7r3HizhTGqEPa2FxaXlltbBWXN/Y3Nou7ey2VRhLQlsk5KHselhRzgLa0kxz2o0kxcLjtONNLlK/c0elYmFwracRdQUeBcxnBGsjdfuKjQS+uR+Uysiu16oIORDZTqWOailBGaCTkzLI0RyU3vvDkMSCBppwrFTPQZF2Eyw1I5zOiv1Y0QiTCR7RnqEBFlS5SXbvDB4aZQj9UJoKNMzU7xMJFkpNhWc6BdZj9dtLxf+8Xqz9UzdhQRRrGpD5Ij/mUIcwfR4OmaRE86khmEhmboVkjCUm2kRUzEI4S1H/evkvaVds59iuXlXLjfM8jgLYBwfgCDjgBDTAJWiCFiCAgwfwBJ6tW+vRerFe560LVj6zB37AevsEdoeQZA==</latexit>

�x
<latexit sha1_base64="/1vAwYlT6xvLpBz5u4hL8v4/D9o=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuwqS2VXdFNy4r2Ae0sUymk3boTBJnJmIJ/Qk3LhRx6++482+cpEF8HbhwOOde7r3HizhTGqEPa2FxaXlltbBWXN/Y3Nou7ey2VRhLQlsk5KHselhRzgLa0kxz2o0kxcLjtONNLlK/c0elYmFwracRdQUeBcxnBGsjdfuKjQS+uR+Uysiu16oIORDZTqWOailBGaCTkzLI0RyU3vvDkMSCBppwrFTPQZF2Eyw1I5zOiv1Y0QiTCR7RnqEBFlS5SXbvDB4aZQj9UJoKNMzU7xMJFkpNhWc6BdZj9dtLxf+8Xqz9UzdhQRRrGpD5Ij/mUIcwfR4OmaRE86khmEhmboVkjCUm2kRUzEI4S1H/evkvaVds59iuXlXLjfM8jgLYBwfgCDjgBDTAJWiCFiCAgwfwBJ6tW+vRerFe560LVj6zB37AevsEdoeQZA==</latexit>

�x
<latexit sha1_base64="/1vAwYlT6xvLpBz5u4hL8v4/D9o=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuwqS2VXdFNy4r2Ae0sUymk3boTBJnJmIJ/Qk3LhRx6++482+cpEF8HbhwOOde7r3HizhTGqEPa2FxaXlltbBWXN/Y3Nou7ey2VRhLQlsk5KHselhRzgLa0kxz2o0kxcLjtONNLlK/c0elYmFwracRdQUeBcxnBGsjdfuKjQS+uR+Uysiu16oIORDZTqWOailBGaCTkzLI0RyU3vvDkMSCBppwrFTPQZF2Eyw1I5zOiv1Y0QiTCR7RnqEBFlS5SXbvDB4aZQj9UJoKNMzU7xMJFkpNhWc6BdZj9dtLxf+8Xqz9UzdhQRRrGpD5Ij/mUIcwfR4OmaRE86khmEhmboVkjCUm2kRUzEI4S1H/evkvaVds59iuXlXLjfM8jgLYBwfgCDjgBDTAJWiCFiCAgwfwBJ6tW+vRerFe560LVj6zB37AevsEdoeQZA==</latexit>Gi�

z
`Gi = ��z

`
<latexit sha1_base64="+ee+mvNXefhDtLD/iJ95tqVBW7Q="></latexit>

[Gi, H] = 0
<latexit sha1_base64="1W8r/5UMw8jVmd1fG7UteludMV4=">AAAB8HicbVDLSsNAFJ3UV62vqks3g0VwISXR4mMhFF3YZQX7kDSUyXTSDp2ZhJmJUEK/wo0LRdz6Oe78GydpELUeuHA4517uvcePGFXatj+twsLi0vJKcbW0tr6xuVXe3mmrMJaYtHDIQtn1kSKMCtLSVDPSjSRB3Gek44+vU7/zQKSiobjTk4h4HA0FDShG2kj37k2fHjW8S7tfrthVOwOcJ05OKiBHs1/+6A1CHHMiNGZIKdexI+0lSGqKGZmWerEiEcJjNCSuoQJxorwkO3gKD4wygEEoTQkNM/XnRIK4UhPum06O9Ej99VLxP8+NdXDuJVREsSYCzxYFMYM6hOn3cEAlwZpNDEFYUnMrxCMkEdYmo1IWwkWK0++X50n7uOqcVGu3tUr9Ko+jCPbAPjgEDjgDddAATdACGHDwCJ7BiyWtJ+vVepu1Fqx8Zhf8gvX+BYNFj7Q=</latexit>

8i
<latexit sha1_base64="vt45BEutGXfwyKC00sOwDYwxRdw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWw0+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN8PQoU5R2xQrrhVNwNaJLWcVCBHc1D+6A9DEgsqDeFY617NjYyXYGUY4XRW6seaRphM8Ij2LJVYUO0l2cEzdGSVIbK7bUmDMvXnRIKF1lPh206BzVj/9VLxP68Xm+DCS5iMYkMlmS8KYo5MiNLv0ZApSgyfWoKJYvZWRMZYYWJsRqUshMsUZ98vL5L2SbV2Wq3f1iuNqzyOIhzAIRxDDc6hATfQhBYQEPAIz/DiKOfJeXXe5q0FJ5/Zh19w3r8ApHeQcQ==</latexit>

phase transition: deconfined / confined

Gauss’ lawGi| i = | i
<latexit sha1_base64="bOE7WaZDEeCUgtN+HUxZXgVzILE=">AAACBXicdVDLSgMxFL1TX7W+Rl3qIlgEV2VGrY+FUHShywr2AZ2hZNK0Dc1khiQjlLEbN/6KGxeKuPUf3Pk3pg+hih64cHLOveTeE8ScKe04n1ZmZnZufiG7mFtaXllds9c3qipKJKEVEvFI1gOsKGeCVjTTnNZjSXEYcFoLehdDv3ZLpWKRuNH9mPoh7gjWZgRrIzXt7csmu/PKinkSiw6nZ9OPpp13Cs4IaIoUHff0yEXuRMnDBOWm/eG1IpKEVGjCsVIN14m1n2KpGeF0kPMSRWNMerhDG4YKHFLlp6MrBmjXKC3UjqQpodFInZ5IcahUPwxMZ4h1V/32huJfXiPR7RM/ZSJONBVk/FE74UhHaBgJajFJieZ9QzCRzOyKSBdLTLQJLmdC+L4U/U+q+wX3oFC8PsyXzidxZGELdmAPXDiGElxBGSpA4B4e4RlerAfryXq13satGWsyswk/YL1/Ae5vmN4=</latexit>



gauging the symmetry

promoting a global symmetry to local

fundamental role in HEP 



QED
L = i ̄�µ@

µ �m ̄ 
<latexit sha1_base64="rsu2ws1qAfQ7UJAlpMaq9pyO9UQ="></latexit>

Dirac fermion

global U(1) symmetry  (x) ! ei✓ (x)
<latexit sha1_base64="sZQIuutsx6edj7qg0gdE77QDwiU=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSDEJmw0+OiCNpYRzAOya5id3CRDZh/M3FXDkl+w8VdsLBSxtbPzb9xsFlHjgYHDOedy5x4nkEKjaX4ambn5hcWl7HJuZXVtfSO/udXQfqg41LkvfdVymAYpPKijQAmtQAFzHQlNZ3g+8Zs3oLTwvSscBWC7rO+JnuAMY6mTL1qBFsW7fWop0R8gU8q/pXAdCWrhAJCNaRro5AtmyUxAZ0k5JQWSotbJf1hdn4cueMgl07pdNgO0I6ZQcAnjnBVqCBgfsj60Y+oxF7QdJReN6V6sdGnPV/HzkCbqz4mIuVqPXCdOugwH+q83Ef/z2iH2TuxIeEGI4PHpol4oKfp0Ug/tCgUc5SgmjCsR/5XyAVOMY1xiLinhdIKj75NnSeOgVD4sVS4rhepZWkeW7JBdUiRlckyq5ILUSJ1wck8eyTN5MR6MJ+PVeJtGM0Y6s01+wXj/Aq9qnRA=</latexit>

global phase

 (x) ! ei✓(x) (x)
<latexit sha1_base64="w2fudP2PSi4JrtKq/CcU5ooszbo="></latexit>

local U(1)

 ̄@µ !  ̄ (@µ + i@µ✓) 
<latexit sha1_base64="/y30B+1BAOAWr5+bYv8TfVT96pA="></latexit>

gauge invariant 
dynamical term L = i ̄�µD

µ �m ̄ � 1

4
Fµ⌫F

µ⌫

<latexit sha1_base64="ztZpn2ASgzUPNI88sirLtRGBfFA="></latexit>

@µ ! Dµ = @µ + iAµ
<latexit sha1_base64="cDgkdbmw0W4vcbYvDMCOLTSaOks=">AAACJHicdVBJSwMxGM3UrdZt1KOXYBEEocyodUGEuhw8VrALdMaSSTNtaGYhyShl6I/x4l/x4sEFD178LWY6I7SiDwKP996X5HtOyKiQhvGp5aamZ2bn8vOFhcWl5RV9da0ugohjUsMBC3jTQYIw6pOapJKRZsgJ8hxGGk7/IvEbd4QLGvg3chAS20Ndn7oUI6mktn5ihYhLithtbHnREFqcdnsScR7cw8tUO52M7FB4lrK2XjRKxghwjJQN8/jAhGamFEGGalt/szoBjjziS8yQEC3TCKUdJ7djRoYFKxIkRLiPuqSlqI88Iux4tOQQbimlA92Aq+NLOFLHJ2LkCTHwHJX0kOyJ314i/uW1Iuke2TH1w0gSH6cPuRGDMoBJY7BDOcGSDRRBmFP1V4h7iCMsVa8FVcLPpvB/Ut8tmXul8vV+sXKe1ZEHG2ATbAMTHIIKuAJVUAMYPIAn8AJetUftWXvXPtJoTstm1sEEtK9vGqimUw==</latexit>

gauge field
solution

Aµ ! Aµ + @µ✓
<latexit sha1_base64="ngwyYoDMjL+AqUB+FohEEriw/yc=">AAACHHicdVDLSgMxFM34tr5GXboJFkEQyoz1uau6cVnBqtAZy500bUMzD5I7Shn6IW78FTcuFHHjQvBvzNQWVPRA4HDOuUnuCRIpNDrOhzU2PjE5NT0zW5ibX1hcspdXLnScKsZrLJaxugpAcykiXkOBkl8likMYSH4ZdE9y//KGKy3i6Bx7CfdDaEeiJRigkRp2+eg688K0Tz0l2h0EpeJbOtK2qJeAQgFyFMIOR2jYRafkDEC/kV3HPdxzqTtUimSIasN+85oxS0MeIZOgdd11EvSz/Gomeb/gpZonwLrQ5nVDIwi59rPBcn26YZQmbcXKnAjpQP0+kUGodS8MTDIE7OjfXi7+5dVTbB34mYiSFHnEvh5qpZJiTPOmaFMozlD2DAGmhPkrZR1QwND0WTAljDal/5OL7ZJbLu2e7RQrx8M6ZsgaWSebxCX7pEJOSZXUCCN35IE8kWfr3nq0XqzXr+iYNZxZJT9gvX8CW+uiLw==</latexit>



WILSON’S LGT
discretized action → loses gauge invariance

Wilson 1974

 n
<latexit sha1_base64="umEoxenx4fq9KCobJrVqe7oG2a4=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexq4uMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xkmyQhQtaCiquunuCmLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6o0kyKOzOOqR/hgWAhI9hYqdmNNeuJXrHklt0Z0AKput7lmYe8TClBhnqv+NHtS5JEVBjCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiwVOKLaT2fXTtCRVfoolMqWMGimLk6kONJ6HAW2M8JmqH97U/Evr5OY8MJPmYgTQwWZLwoTjoxE09dRnylKDB9bgoli9lZEhlhhYmxABRvC96fof9I8KXun5eptpVS7yuLIwwEcwjF4cA41uIE6NIDAPTzCM7w40nlyXp23eWvOyWb24Qec9y/J2Y9I</latexit>

 n+µ̂
<latexit sha1_base64="p4LBpU7cUevQ+kkSNBK55ku7HTk=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBEEoSRqfeyKblxWsA9oQphMJ+3QmUmYmYgl5FfcuFDErT/izr9x2kaoogcuHM65l3vvCRNGlXacT2thcWl5ZbW0Vl7f2NzatncqbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0fXE79wTqWgs7vQ4IT5HA0EjipE2UmBXvETRIBNH3hDpzONpngd21ak5U8A5UnfcyzMXuoVSBQWagf3h9WOcciI0Zkipnusk2s+Q1BQzkpe9VJEE4REakJ6hAnGi/Gx6ew4PjNKHUSxNCQ2n6vxEhrhSYx6aTo70UP32JuJfXi/V0YWfUZGkmgg8WxSlDOoYToKAfSoJ1mxsCMKSmlshHiKJsDZxlU0I35/C/0n7uOae1Oq3p9XGVRFHCeyBfXAIXHAOGuAGNEELYPAAHsEzeLFy68l6td5mrQtWMbMLfsB6/wKz1ZTj</latexit>

a
<latexit sha1_base64="AeHSCG4PhpkMLSsURLCcT1fhojE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnqymHgLevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnxYIrTciHlVlb39jcym7ndnb39g/yh0dtFSWSQYtFIpJdjyoQPISW5lpAN5ZAA09Ax5tcz/3OPUjFo/BWT2NwAzoKuc8Z1UZq0kG+QGxyUXaKDiZ2hTi1IlmSy2oJOzZZoIBWaAzy7/1hxJIAQs0EVarnkFi7KZWaMwGzXD9REFM2oSPoGRrSAJSbLg6d4TOjDLEfSVOhxgv1+0RKA6WmgWc6A6rH6rc3F//yeon2a27KwzjRELLlIj8RWEd4/jUecglMi6khlElubsVsTCVl2mSTMyF8fYr/J+2i7ZTsSrNcqF+t4siiE3SKzpGDqqiOblADtRBDgB7QE3q27qxH68V6XbZmrNXMMfoB6+0TFOiNIw==</latexit>

 ̄n�µUn,µ n+µ̂
<latexit sha1_base64="ch1FSqIU08MRDfpT4274V6f9QWg=">AAACHHicdZDLSgMxFIYzXmu9VV26CRZBUMqMd3dFNy4r2Cp0ynAmTdvQJDMkGaEM8yBufBU3LhRx40Lwbcy0FarogcDH/5/DyfnDmDNtXPfTmZqemZ2bLywUF5eWV1ZLa+sNHSWK0DqJeKRuQ9CUM0nrhhlOb2NFQYSc3oT9i9y/uaNKs0hem0FMWwK6knUYAWOloHTgh6BSP9YsC6TfBSEgSH2RZPUglXs55J7lXb8HZuhkQansVtxh4Qk4cr2zYw97Y6WMxlULSu9+OyKJoNIQDlo3PTc2rRSUYYTTrOgnmsZA+tClTYsSBNWtdHhchret0sadSNknDR6qkxMpCK0HIrSdAkxP//Zy8S+vmZjOaStlMk4MlWS0qJNwbCKcJ4XbTFFi+MACEMXsXzHpgQJibJ5FG8L3pfh/aOxXvIPK0dVhuXo+jqOANtEW2kEeOkFVdIlqqI4IukeP6Bm9OA/Ok/PqvI1ap5zxzAb6Uc7HF7RFo6M=</latexit>

Un,µ ! eig↵nUn,µe
�ig↵n+µ̂

<latexit sha1_base64="5oS4YNttSYd6aYO4VmhVj/1W3fI="></latexit>

continuum QFT a ! 0
<latexit sha1_base64="UYJyE5IZQ3PZURUryZMz2l5AQNg=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY2jyHJCGXoP7hxoYhb/8edf2PazkJbDwQO59xL7jlRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1klN3LUK+b1yxa/6M6BlEuSkAjnqvfJXt69IKqi0hGNjOoGf2DDD2jLC6aTUTQ1NMBnhAe04KrGgJsxm107QiVP6KFbaPWnRTP29kWFhzFhEblJgOzSL3lT8z+ukNr4OMyaT1FJJ5h/FKUcu4jQ66jNNieVjRzDRzN2KyBBrTKwrqORKCBYjL5PmWTU4r17eX1RqN3kdRTiCYziFAK6gBndQhwYQeIRneIU3T3kv3rv3MR8tePnOIfyB9/kD4MGOrQ==</latexit>

Tr (U⇤) + h.c.
<latexit sha1_base64="7qkHgzCW3sR8t7mAfrZIwDTIEVs="></latexit>

dynamics of gauge dof

discrete derivatives
 n+µ̂ �  n�µ̂

2a
<latexit sha1_base64="rur9hSHX69+Nkx0uL7JlIohW80I=">AAACGXicdZDLSsNAFIYn9VbrLerSzWARBGlJqvWyK7pxWcG2QhPCZDpph04mYWYilJDXcOOruHGhiEtd+TZO24hV9IeBn++cw5nz+zGjUlnWh1GYm19YXCoul1ZW19Y3zM2ttowSgUkLRywSNz6ShFFOWooqRm5iQVDoM9LxhxfjeueWCEkjfq1GMXFD1Oc0oBgpjTzTcgKBcOrEknopP3AGSKVOmGRZJUeVb5SlNZR5ZtmqWhPBGVO37LNjG9o5KYNcTc98c3oRTkLCFWZIyq5txcpNkVAUM5KVnESSGOEh6pOuthyFRLrp5LIM7mnSg0Ek9OMKTujsRIpCKUehrztDpAbyd20M/6p1ExWcuinlcaIIx9NFQcKgiuA4JtijgmDFRtogLKj+K8QDpKNSOsySDuHrUvi/adeq9mG1fnVUbpzncRTBDtgF+8AGJ6ABLkETtAAGd+ABPIFn4954NF6M12lrwchntsEPGe+f5W6iIA==</latexit>

Un,µ
<latexit sha1_base64="13KfE9z9Nhx6PfSvf2FPNvZssVc=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgQcKuGh+3oBePEdwkkixhdjKbDJmZXWZmhbDkK7x4UMSrn+PNv3HyEKJoQUNR1U13V5hwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9dxqgj1Scxj1QyxppxJ6htmOG0mimIRctoIB9djv/FAlWaxvDPDhAYC9ySLGMHGSvd+J5NHbZGOOsWSW3YnQHOk4nqXZx7yZkoJZqh1ih/tbkxSQaUhHGvd8tzEBBlWhhFOR4V2qmmCyQD3aMtSiQXVQTY5eIQOrNJFUaxsSYMm6vxEhoXWQxHaToFNX//2xuJfXis10UWQMZmkhkoyXRSlHJkYjb9HXaYoMXxoCSaK2VsR6WOFibEZFWwI35+i/0n9uOydlCu3p6Xq1SyOPOzBPhyCB+dQhRuogQ8EBDzCM7w4ynlyXp23aWvOmc3swg8471/ayZB1</latexit>
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<latexit sha1_base64="bUPjtggVHeAswEC7wryrCKNwEHQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ko9bErunElFUxbaGOYTCft0MlMmJkINfRL3LhQxK2f4s6/cdpGqKIHLhzOuZd77wkTRpV2nE+rsLC4tLxSXC2trW9slu2t7aYSqcTEw4IJ2Q6RIoxy4mmqGWknkqA4ZKQVDi8nfuueSEUFv9WjhPgx6nMaUYy0kQK77AX9u6wrNI2JgtfjwK44VWcKOEdqjnt+4kI3VyogRyOwP7o9gdOYcI0ZUqrjOon2MyQ1xYyMS91UkQThIeqTjqEcmT1+Nj18DPeN0oORkKa4hlN1fiJDsVKjODSdMdID9dubiH95nVRHZ35GeZJqwvFsUZQyqAWcpAB7VBKs2cgQhCU1t0I8QBJhbbIqmRC+P4X/k+Zh1T2q1m6OK/WLPI4i2AV74AC44BTUwRVoAA9gkIJH8AxerAfryXq13matBSuf2QE/YL1/AcF6kyo=</latexit>
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=

Ug
<latexit sha1_base64="CX2cnay1noUiQKY3rR/nEy+Nmns=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0m09eNW9OKxomkLbSib7SZdutmE3Y1QQn+CFw+KePUXefPfuG0jVNEHA4/3ZpiZ5yecKW3bn1ZhaXllda24XtrY3NreKe/utVScSkJdEvNYdnysKGeCupppTjuJpDjyOW37o+up336gUrFY3OtxQr0Ih4IFjGBtpDu3H/bLFbtqz4AWSN12Ls8c5ORKBXI0++WP3iAmaUSFJhwr1XXsRHsZlpoRTielXqpogskIh7RrqMARVV42O3WCjowyQEEsTQmNZuriRIYjpcaRbzojrIfqtzcV//K6qQ4uvIyJJNVUkPmiIOVIx2j6NxowSYnmY0MwkczcisgQS0y0SadkQvj+FP1PWidV57Rav61VGld5HEU4gEM4BgfOoQE30AQXCITwCM/wYnHryXq13uatBSuf2YcfsN6/AEmIjdA=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>

V †
g

<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

W †
g

<latexit sha1_base64="g/a3x2sUxQNZpMKXAzyIRHy/K4c=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwqRabXdFNy4r2Ae0sUwmk3ToZBJnJoUS+h1uXCji1o9x5984bSOo6IELh3Pu5d57vIQzpRH6sJaWV1bX1gsbxc2t7Z3d0t5+W8WpJLRFYh7LrocV5UzQlmaa024iKY48Tjve6Grmd8ZUKhaLWz1JqBvhULCAEayN5HYG4V3W93EYUjkdlMrIriKnfu5AZKM5DKlUUb2GoJMrZZCjOSi99/2YpBEVmnCsVM9BiXYzLDUjnE6L/VTRBJMRDmnPUIEjqtxsfvQUHhvFh0EsTQkN5+r3iQxHSk0iz3RGWA/Vb28m/uX1Uh3U3IyJJNVUkMWiIOVQx3CWAPSZpETziSGYSGZuhWSIJSba5FQ0IXx9Cv8n7YrtnNrVm7Ny4zKPowAOwRE4AQ64AA1wDZqgBQi4Bw/gCTxbY+vRerFeF61LVj5zAH7AevsEOWiSag==</latexit>

Wg
<latexit sha1_base64="SU+9LWz2W0XOvDNfwEY9oFaPNx0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRaHILevEY0TwgWcLsZHYzZPbBzKwQlnyCFw+KePWLvPk3TpIVVLSgoajqprvLSwRXGuMPa2l5ZXVtvbBR3Nza3tkt7e23VZxKylo0FrHsekQxwSPW0lwL1k0kI6EnWMcbX838zj2TisfRnZ4kzA1JEHGfU6KNdNsZBINSGdtV7NTPHYRtPIchlSqu1zBycqUMOZqD0nt/GNM0ZJGmgijVc3Ci3YxIzalg02I/VSwhdEwC1jM0IiFTbjY/dYqOjTJEfixNRRrN1e8TGQmVmoSe6QyJHqnf3kz8y+ul2q+5GY+SVLOILhb5qUA6RrO/0ZBLRrWYGEKo5OZWREdEEqpNOkUTwten6H/SrtjOqV29OSs3LvM4CnAIR3ACDlxAA66hCS2gEMADPMGzJaxH68V6XbQuWfnMAfyA9fYJcACN6g==</latexit>

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010

state (globally) invariant ⇔ 



GAUGING PEPS

U⌦N
g

<latexit sha1_base64="bUPjtggVHeAswEC7wryrCKNwEHQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ko9bErunElFUxbaGOYTCft0MlMmJkINfRL3LhQxK2f4s6/cdpGqKIHLhzOuZd77wkTRpV2nE+rsLC4tLxSXC2trW9slu2t7aYSqcTEw4IJ2Q6RIoxy4mmqGWknkqA4ZKQVDi8nfuueSEUFv9WjhPgx6nMaUYy0kQK77AX9u6wrNI2JgtfjwK44VWcKOEdqjnt+4kI3VyogRyOwP7o9gdOYcI0ZUqrjOon2MyQ1xYyMS91UkQThIeqTjqEcmT1+Nj18DPeN0oORkKa4hlN1fiJDsVKjODSdMdID9dubiH95nVRHZ35GeZJqwvFsUZQyqAWcpAB7VBKs2cgQhCU1t0I8QBJhbbIqmRC+P4X/k+Zh1T2q1m6OK/WLPI4i2AV74AC44BTUwRVoAA9gkIJH8AxerAfryXq13matBSuf2QE/YL1/AcF6kyo=</latexit>

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010
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<latexit sha1_base64="bUPjtggVHeAswEC7wryrCKNwEHQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ko9bErunElFUxbaGOYTCft0MlMmJkINfRL3LhQxK2f4s6/cdpGqKIHLhzOuZd77wkTRpV2nE+rsLC4tLxSXC2trW9slu2t7aYSqcTEw4IJ2Q6RIoxy4mmqGWknkqA4ZKQVDi8nfuueSEUFv9WjhPgx6nMaUYy0kQK77AX9u6wrNI2JgtfjwK44VWcKOEdqjnt+4kI3VyogRyOwP7o9gdOYcI0ZUqrjOon2MyQ1xYyMS91UkQThIeqTjqEcmT1+Nj18DPeN0oORkKa4hlN1fiJDsVKjODSdMdID9dubiH95nVRHZ35GeZJqwvFsUZQyqAWcpAB7VBKs2cgQhCU1t0I8QBJhbbIqmRC+P4X/k+Zh1T2q1m6OK/WLPI4i2AV74AC44BTUwRVoAA9gkIJH8AxerAfryXq13matBSuf2QE/YL1/AcF6kyo=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010



GAUGING PEPS



GAUGING PEPS

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>



GAUGING PEPS

UL
g

<latexit sha1_base64="NxN27h5ujCFjnhfRS0jU2PZ6cYE=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nU+nErevHgoYJpC20sm+2mXbrZhN2NUEJ+hBcPinj193jz37htI1TRBwOP92aYmefHnClt259WYWFxaXmluFpaW9/Y3Cpv7zRVlEhCXRLxSLZ9rChngrqaaU7bsaQ49Dlt+aOrid96oFKxSNzpcUy9EA8ECxjB2kgtt5cOsvubXrliV+0p0Byp2c7FqYOcXKlAjkav/NHtRyQJqdCEY6U6jh1rL8VSM8JpVuomisaYjPCAdgwVOKTKS6fnZujAKH0URNKU0Giqzk+kOFRqHPqmM8R6qH57E/Evr5Po4NxLmYgTTQWZLQoSjnSEJr+jPpOUaD42BBPJzK2IDLHERJuESiaE70/R/6R5VHWOq7Xbk0r9Mo+jCHuwD4fgwBnU4Roa4AKBETzCM7xYsfVkvVpvs9aClc/swg9Y719eMo+a</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>V †

g
<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

UR
g

<latexit sha1_base64="8+L8D6njn7YPueVnX9cueAG48VE=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nU+nErevFYxbSFNpbNdtMu3WzC7kYoIT/CiwdFvPp7vPlv3LYRquiDgcd7M8zM82POlLbtT6uwsLi0vFJcLa2tb2xulbd3mipKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80dXEbz1QqVgk7vQ4pl6IB4IFjGBtpJbbSwfZ/W2vXLGr9hRojtRs5+LUQU6uVCBHo1f+6PYjkoRUaMKxUh3HjrWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl03MzdGCUPgoiaUpoNFXnJ1IcKjUOfdMZYj1Uv72J+JfXSXRw7qVMxImmgswWBQlHOkKT31GfSUo0HxuCiWTmVkSGWGKiTUIlE8L3p+h/0jyqOsfV2s1JpX6Zx1GEPdiHQ3DgDOpwDQ1wgcAIHuEZXqzYerJerbdZa8HKZ3bhB6z3L2dKj6A=</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>

= =



GAUGING PEPS



GAUGING PEPS

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>



WHY LGT???



Motivation for LGT: QCD

non perturbative at low energy
Wilson, 1974

limitations: time, finite density
successful spectral calculations

LQCD



WHY WITH TNS?



LGTTNS

Extremely successful for 
1D systems (MPS)
Consistent developments 
for higher dimensions

ground states
low-lying excitations
thermal states
time evolution

Non-perturbative for 
Hamiltonian systems

Non-perturbative way of 
solving QFT (QCD)
Mostly path-integral 
formalism & MC

spectrum
finite T
big 3+1 dimensional
chemical potential
time evolution

4D lattice

A NATURAL CONNECTION



HOW TNS FOR LGT???



USING TNS FOR QMB
a formal approach 

numerical algorithms 

classifying tensors
constructing states

Chen et al PRB 2011
 Schuch et al PRB 2011

Wahl et al PRL 2013; Yang et al PRL 2015
Haegeman et al, Nat. Comm. 2015

great descriptive power: phases, 
topological chiral states, anyons...

tensor networks describe 
partition functions (observables)

need to contract a TN
TRG approaches

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

no sign problem



USING TNS FOR QMB
a formal approach 

numerical algorithms 

classifying tensors
constructing states

Chen et al PRB 2011
 Schuch et al PRB 2011

Wahl et al PRL 2013; Yang et al PRL 2015
Haegeman et al, Nat. Comm. 2015

great descriptive power: phases, 
topological chiral states, anyons...

tensor networks describe 
partition functions (observables)

need to contract a TN
TRG approaches

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

TNS as ansatz for the state
efficient algorithms for GS, low 
excited states, thermal, dynamics

White PRL 1992; Schollwöck RMP 2011
Vidal PRL 2003; Verstraete et al PRL 2004

Verstraete et al Adv Phys 2008; Orús Ann Phys 2014 

no sign problem



USING TNS FOR LGT
formal approach 

numerical simulations no sign problem

gauging the symmetry
explicitly invariant states

Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

general prescriptions, U(1), SU(2)

TN describe states

TN describe partition functions (observables)
TRG approaches to classical and quantum models

Liu et al PRD 2013; Shimizu, Kuramashi, PRD 
2014; Kawauchi, Takeda 2015; 
review Meurice et al. 2010.06539



Photo by Maria Teneva on Unsplash

there is long way to go until LQCD

journey begins with 1+1D steps



Schwinger model
U(1) in 1D

precise equilibrium 
simulations,

feasibility of QSim
MCB et al JHEP11(2013)158;

Rico et al PRL 2014; Buyens et al. PRL 2014;
Kühn et al., PRA 90, 042305 (2014);

MCB et al PRD 2015, Buyens et al. PRD 2016;
Pichler et al. PRX 2016;

review Dalmonte, Montangero, Cont. Phys. 2016
MCB, Cichy, Cirac, Jansen, Kühn, arXiv:1810.12838

Non-Abelian in 1D
string breaking dynamics
S. Kühn et al., JHEP 07 (2015) 130;

Silvi et al., Quantum 2017
S. Kühn et al. PRX 2017

SU(3)QLM
Silvi et al, PRD 2019

finite density
S. Kuehn et al, PRL118 (2017) 071601

Byrnes PRD2002; Sugihara NPB2004
Tagliacozzo PRB2011; Sugihara JHEP2005 

Meurice PRB2013

early works with DMRG/TNS

2+1 dimensions
Falser et al. arXiv:1911.09693

Robaina et al. PRL126, 050401 (2021)
Emonts et al. PRD102, 074501 (2020)

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003
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Magnifico et al. 2011.10658
3+1 dimensions



A

B

area law

TNS = entanglement based ansatz

PEPS
MPS

other TNS
MERA

TTN

Swingle PRD 2012
Molina JHEP 2013

Nozaki et al JHEP 2012
Bao et al PRD 2015

suggested connection 
to AdS/CFT

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

Shi et al PRA 2006

Vidal PRL 2007



in principle, they can all be used for 
LGT simulations

TNS  
toolbox



GENERAL STRATEGY
Hamiltonian formulation

Finite dimensional degrees of freedom

acting on a Hilbert space

gauge bosons require attention

Common ingredients for quantum simulation

fermions

choose proper basis

✓ no sign problem

truncating, integrating out (also QLinks)

Zohar et al. PRL 2010, 2012 ,
Tagliacozzo et al., Nat. Comm. 2013
Banerjee et al., PRL 2012

Rico et al. PRL 2014
Pichler et al, PRX 2016
Zohar, Burrello, PRD 2015



Schwinger model
U(1) in 1D

precise equilibrium 
simulations,

feasibility of QSim
MCB et al JHEP11(2013)158;

Rico et al PRL 2014; Buyens et al. PRL 2014;
Kühn et al., PRA 90, 042305 (2014);

MCB et al PRD 2015, Buyens et al. PRD 2016;
Pichler et al. PRX 2016;

review Dalmonte, Montangero, Cont. Phys. 2016
MCB, Cichy, Cirac, Jansen, Kühn, arXiv:1810.12838

Non-Abelian in 1D
string breaking dynamics
S. Kühn et al., JHEP 07 (2015) 130;

Silvi et al., Quantum 2017
S. Kühn et al. PRX 2017

SU(3)QLM
Silvi et al, PRD 2019

finite density
S. Kuehn et al, PRL118 (2017) 071601

Byrnes PRD2002; Sugihara NPB2004
Tagliacozzo PRB2011; Sugihara JHEP2005 

Meurice PRB2013

early works with DMRG/TNS

2+1 dimensions
Falser et al. arXiv:1911.09693

Robaina et al. arXiv:2007.11630
Emonts et al. PRD102, 074501 (2020)

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003
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MPS  
toolbox

Instructions

start with the simplest case: 1D (1+1) 
LGT



MPS PROPERTIES
MPS

good approximation of ground states
Verstraete, Cirac, PRB 2006
Hastings, J. Stat. Phys 2007

gapped finite range Hamiltonian ⇒ 
area law (ground state)

efficient calculation of expectation values
exponentially decaying correlations

can be prepared efficiently

Cramer, Eisert, Plenio, RMP 2009

• MPS = Matrix Product States



WHAT CAN WE DO WITH 
THEM?



BASIC ALGORITHMS
variational minimization of energy 

apply local operators → simulate time evolution  
               imaginary time → ground state

local 
Hamiltonian H =

|E0� �

thermal state

ground state 
excitations

alternatively: TDVP



REGARDING DYNAMICS



basic time evolution 
algorithms

initial MPS

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004



<latexit sha1_base64="Sixzu1UxZssvnPxn6llPSwAJemk=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBahXkoiih6LXjxWMG2hDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhYngBlz32ymtrW9sbpW3Kzu7e/sH1cOjtolTTZlPYxHrbkgME1wxHzgI1k00IzIUrBNO7nK/88S04bF6hGnCAklGikecEsglvw7ng2rNbbhz4FXiFaSGCrQG1a/+MKapZAqoIMb0PDeBICMaOBVsVumnhiWETsiI9SxVRDITZPNbZ/jMKkMcxdqWAjxXf09kRBozlaHtlATGZtnLxf+8XgrRTZBxlaTAFF0silKBIcb543jINaMgppYQqrm9FdMx0YSCjadiQ/CWX14l7YuGd9VwHy5rzdsijjI6Qaeojjx0jZroHrWQjygao2f0it4c6bw4787HorXkFDPH6A+czx9Npo3A</latexit>

U(t)

basic time evolution 
algorithms

initial MPS

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004



discrete time

basic time evolution 
algorithms

U(t) ! [U(�)]M

initial MPS

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004



discrete time

basic time evolution 
algorithms

U(t) ! [U(�)]M

initial MPS

<latexit sha1_base64="UMi1kkmKJDFD31d4TNlnvrYQt9s="></latexit>

U(�) ⇡ e�iHe�e�iHo�

Suzuki-Trotter expansion

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004

truncate bond dimension

iterate

compute observables

time evolved state 
approximated by MPS

alternative: TDVP Haegeman et al, PRL 2011



ALSO FOR MIXED STATES



MIXED STATES
• MPO = Matrix Product Operator

Similar problems can be attacked

imaginary time evolution

unitary �(t) = U(t)�(0)U(t)†

non-unitary d�(t)
dt

= L(�)

equilibrium → thermal states

time-dependent → real time evolution

Verstraete et al., PRL 2004
Prosen,  Znidaric PRL 2008
Cai, Barthel, PRL 2013,...



MPS  
toolbox

Instructions



In the rest of this talk…

 

Why using TNS/MPS for LGT?

spectral calculations

finite temperature

real-time

chemical potential

testbench: 
Schwinger model

higher dimensional problems



SCHWINGER MODEL AS 
LABORATORY



Simplest gauge theory with matter

QED in 1+1 dimensions

Shows some of the features of full QCD

Schwinger ’62

confinement → bound states (massive bosons)

fermion condensate  

electrons & photons

A testbench for lattice techniques

SCHWINGER MODEL



SCHWINGER MODEL
L = �̄(i�µ�µ � g�µAµ �m)�� 1

4Fµ�Fµ�

in 1+1 D single adimensional parameter m/g

Fµ⌫ = @µA⌫ � @⌫Aµ
<latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit>

{�µ, �⌫} = 2�µ⌫
<latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit>

U(1) gauge invariance

 (x) ! e�ig�(x) (x)
<latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit>

Aµ(x) ! Aµ(x)� @µ�(x)
<latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit>

equations of motion

@↵
@L
@�,↵

� @L
@�

= 0
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� = Aµ,  
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for

@µF
µ⌫ = g ̄�⌫ 

<latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit>

(i�µ@µ � g�µAµ �m) = 0
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SCHWINGER MODEL

Hamiltonian formulation

H =
�

dx
�
�i�̄�1�1� + g�̄�1A1� + m�̄� + 1

2E2
�

�1E = g�̄�0� Gauss’ lawplus a constraint:

A0 = 0

E = �Ȧ1

discretize

L = �̄(i�µ�µ � g�µAµ �m)�� 1
4Fµ�Fµ�

fermion 
kinetic term

fermion-photon 
coupling

fermion 
mass

electrostatic 
energy

quantization { i(x), 
†
j(y)} = �ij�(x� y)

<latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit>

{ i(x), j(y)} = 0
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[A1(x), E(y)] = i�(x� y)
<latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit>
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SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

x

�2n �2n+1

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

x

�2n �2n+1

U(x, x + �) = eig�A1(x)

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

Un,n+1 = ei�n

1
ga

�n � �A1(x)

gLn � E(x)

�2n �2n+1

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators

[✓n, Lm] = ig�nm
<latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit>



plus constraint: Gauss’ Law
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SCHWINGER MODEL
discretized

1D spins ⟺ fermions: Jordan-Wigner

Ln � Ln�1 = �†
n�n �

1
2

[1� (�1)n]spinless fermions

�n =
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k<n

(i�z
k)��n

on the lattice

notice: not strictly 
necessary for TNS



SCHWINGER MODEL

Un,n+1 = ei�n

1
ga

�n � �A1(x)

gLn � E(x)

H =
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hopping

Jordan-Wigner → spin model
on the lattice



SCHWINGER MODEL
continuum QED

continuum limit

1+1 space-time discrete space-time

on the lattice

fermions
photons

fermion mass m/g

lattice spacing ag

�(x) A(x) �n �n

Hamiltonian
+ Gauss law

spin Hamiltonian
+ Gauss law

adimensional

� 0



for a TNS we need a basis



SCHWINGER MODEL

basis | . . . se so se so . . .i
<latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit>

� � �



SCHWINGER MODEL

but Gauss’ law fixes photon content

Ln � Ln�1 =
1
2
[�3

n + (�1)n]

basis | . . . se so se so . . .i
<latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit><latexit sha1_base64="hzGfmwVOL/ggc2wsPLiRv+mTepY=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIrsqMeMVN0Y3LCvYCnVIymdM2NJNMk4xQah/Gja/ixoUXXLjxWUwvaK3+EPj4zzmcnD+IOdPGdT+c1Nz8wuJSejmzsrq2vpHd3CprmSgKJSq5VNWAaOBMQMkww6EaKyBRwKESdC6H9cotKM2kuDG9GOoRaQnWZJQYazWy53fY56E0GusG+N1uQkJLEn8j4Gl33OorIlocGtmcmz9yvbNjD7t5d6Qf8CaQQxMVG9lXP5Q0iUAYyonWNc+NTb1PlGGUwyDjJxpiQjukBTWLgkSg6/3RkQO8Z50QN6WyTxg8cqcn+iTSuhcFtjMipq1na0Pzv1otMc3Tep+JODEg6HhRM+HYSDxMDIdMATW8Z4FQxexfMW0TRaixuWZsCN7syX+hfJD33Lx3fZgrXEziSKMdtIv2kYdOUAFdoSIqIYru0SN6Ri/Og/PkvDnv49aUM5nZRr/kfH4BunOk3A==</latexit>
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SCHWINGER MODEL

but Gauss’ law fixes photon content

⇒ eliminate gauge dof

Ln = �0 +
1
2

�

k�n

�3
n + . . .

introducing long range interactions

basis | . . . se so se so . . .i
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SCHWINGER MODEL
MPS representation for OPEN BOUNDARIES

|�0 . . . se so se so . . .��0 non-local
terms

Long range 
interactions

can be written as a MPO of D=5

Ln = �0 +
1
2

�

k�n

�3
n

�

n

�

k<n

(N � n)�3
k�3

n



both possibilities



SCHWINGER MODEL

or integrating out the gauge dof
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SCHWINGER MODEL

or integrating out the gauge dof

| . . . se so se so . . .�� � � all terms 
are local

basis

on the lattice

Gauss’ law needs to be imposed
infinite dimensional: truncation
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non-local

termsbasis
exact physical subspace
✗ does not generalize to bigger dimensions

works by Buyens et al., PRL 2014; arXiv:1509.00246
Rico et al., PRL 2014; NJP 2014


