Kondo Effect and topological phases
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Overview *é ¢ ¢d0® &

* Introduction

* Model - Kondo impurity at one edge

* Results: Superconductivity vs. Kondo: The phase diagram
* Some details on calculations

* Model - two Kondo impurities - one at each edge, emergence of
boundary SUSY

e Conclusions & Outlook



Kondo effect in a metal

* Magnetic impurity in a sea of gapless fermions: Hmetal Himp

i Hmetal — E €k¢]za¢ka Metal: Fermi sea
a k= — Kondo impurity coupled to
Himp — ‘]Simp ' S(O) the Fermi sea

‘ § 5(0) — wl(O)ﬁab@Db(O) Electrons spin density



* For J > 0 spin impurity is screened
- Singlet Ground State

Kondo effect in a metal  Many-body screening

Magnetic impurity in a sea of gapless fermions:
* Magnetic susceptibility and resistivity
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* Non-perturbative scale Tk = De /

Tk

* Impurity D.O.S Pimp(E) = m(E? 4 T2)



Kondo effect in a BCS superconductor

* Replace the metal with a
superconductor

H metal 1 H pair + H imp

Hpir = A / dZU1(Z)P](Z) + h.c

* Competition between screening and
Cooper pair formation

Yu (1965), Shiba (1968), Rusinov (1969)

* YSR approach: Mean Field theory (BCS)
+ classical spin



Classical spin in a BCS superconductor (YSR)

* BCS superconductor, classical spin

Himp — JSZ SZ(O)

1mp

Screening is done by a localized bound

Yu-Shiba-Rusinov state E state

\

0 /4 /2

BS energy is function of phase

e = —Asin(2a(J))

with 20 =m/2 —JS

>

Mediates a 15t order QPT

Screened GS Unscreened GS * Impurity quantum fluctuations -
dress phase shift

1st Order QCP a(J) = a(A/Tk)
Yu (1965), Shiba (1968), Rusinov (1969) Sakai et.al. J.Pys.Soc.Jpn. (1993)




Some applications: YSR states & topology
L® ¢% ¢4 ¢H

l * Helical chain of impurities on a SC
PP © ¢ ¢ ¢ * YSR states hybridize, form a band
below SC gap
e | * Realizes a topological SC,
ti %""”“M”I Majorana edge modes

N iV,

superconductor

Nadj-Perge, et.al. PRB (2013), Pientka, et.al. PRB (2013), Nadj-Perge, et.al. Science (2014),



In BCS superconductors fluctuations are neglected

Q: What about SC’s with strong fluctuations?

Ex: 1-d charge conserving superconductor
coupled to a Kondo impurity

¢P 3 008 &

H = HO - Hint =+ Himp




The bulk: 1d charge conserving superconductor

EENNEENEER

L2
H = Hy + Hint

_L)2
Ho = —iv (¥}, Ostra = ¥} 0tbra
Hing = @b}zawa [gllagbagd + g1 (05p00q + Ugbagd)} YLeVLd
Osss(z) = ?ﬂzgylb};

191
. SS|S
D, B C A
Periodic boundary conditions 'gH
\[opological

KStrong e-e correlations \

\SSS: gL >0, STS: g1 < 0/

PBC:
N. Andrei, J. Lowenstein (1979)
G. Japaridze, A. Nersesyan, P. Wiegmann (1982)

OBC:
P. R. Pasnoori, N. Andrei, and P. Azaria, Phys. Rev. B 102, 214511 (2020)
P. R. Pasnoori, N. Andrei, and P. Azaria, Phys. Rev. B 104, 134519 (2021)

Attractive spin exchange
interaction for g; > 0

Spin-charge separation
Gapped spinons
Gapless holons

QLR SC order parameter :

(Osc(2)O0sc(0)) ~ |a:\11/2




Bulk superconductor coupled to a quantum impurity

________ h v quantum
‘_ _______ 1‘ \L > t spin 1/2
—g— J

1-D superconductor coupled to a Kondo spin

P. R. Pasnoori, N. Andrei, C. Rylands, and P. Azaria, (2021)

HZHO"’Hint‘l’ / \

0 We take the limit 91 = 9L =9 >0
— — where the bulk is in the SSS phase.
Hin = —g/ dz L Wl (Gap - Fea) VroLa P

L
2

Kondo coupling Jis taken to be

L = itive which corresponds to
Ho o —_ ( . ) 1 pOSsi
tmp S (Oab -~ Sed ) VL (0)¥Rs(0) antiferromagnetic interaction.

Open boundary conditions: Model is integrable for arbitrary

Values of gand J
w;r%a(o) — _sza(O) wj—?a(_L/Q) — _¢za(_L/2) \ ° /




Competition :Kondo vs. SC

¢$ ¢4 0808 &

H = HO + Hint + Himp

* Competition between nonperturbative effects and scales

TK>>A TK"&“A TK<<A

- Bulk fluctuations affect 1k
* Need nonperturbative techniques e.g. bosonization, semi-classical

* Model is integrable for isotropic couplings (maybe with anisotropy)

Jo=J gL =49



Model is integrable for any g and J

&
- ~
| A * Three regimes depending on relative
! values of g and J
: e Kondo
SRRV 1 3/2 “ * YSR
Kondo YSR Unscreened e Unscreened

/

[ @ (or d) RG invariant ]

J > 2g J ~ 2g J < 2g¢

Bulk parameter

dz\/bz—b(1‘3‘]2/4)_1 deR d=ia } b= (1—g2/4)/2g

J




Results: Kondo effect in a 1-d superconductor

E * YSR regime
* YSR intragap bound state
A
* Mediates a first order QPT
, ; e Single particle screening, no 1k
( < ' B

( J l ,/ / .2

Kondo Unscreened . . i
* Regime has semi-classical

description



Results: Kondo effect in a 1-d superconductor

E * Kondo Regime

A * No YSR bound states

 Renormalized Kondo effect, singlet
ground state

» U

1 3/2
YSR Unscreened * Crossover from many-body to few
body screening as a is varied




Results: Kondo effect in a 1-d superconductor

E * Unscreened regime

* No YSR states

* Doublet ground state

a

d < o , . .
0 1/2 1 e Residual correlations between bulk

Kondo YSR Unscreened & impurity




From Classical to Quantum description

Classical

* Classical impurity & semi-classical bulk

* Classical impurity & quantum bulk

1 * Quantum impurity & quantum bulk

Quantum



Classical impurity

Quantum

e Take the limit S — oo JS constant ‘ [

Himp = ~J8 (v}0705) (0)

* Bosonize the SC
1 2
Ho + Hiny = / dz 5[(0:0)" + (0:0)7] - % cos(f3¢) + Hu

Spin part charge part

 Chiral rotation removes impurity but changes b.c.

o(-1/2) = T 6(0) = 223

Classical

( e_iﬁ(eaiQS)
wL(R),a — \/ﬁ
mg AL
g2 (m0)?
- )




Semiclassical bulk (classical impurity)

FE
* Take the limit 5 — 0 t
1 m2
/ o [(2:6)” + (0.6)°) - @ 0 cos(B)
27 2JS
O(—L/2) = 3" ¢(0) = 5
SG model: Spectrum has kinks and anti-kinks 0 /4
 Ground state/YSR state: Screened GS ‘ Unscreened GS
]\If+> kink \\If_> anti-kink 15t Order QCP
E, = % (1 —sin(2ap)) FE_ = % (1 + sin(2ayp))
20&0 — 7T/2 —JS

e Same results as for BCS SC: YSR state everywhere

/2



Classical

* Classical impurity & semiclassical bulk

* Classical impurity & quantum bulk

1 * Quantum impurity & quantum bulk

Quantum



Classical

Quantum bulk (classical impurity)

* Take the “opposite” limit3? = 4x , restore bulk fluctuations

2
H = /da? 00)* + (0,0)%] — E > cos(B¢)
@ (" refermionize )
0 e:Fi\/E¢L(R)
—/ dx Ui (x)(i0*0, + mo?) ¥ (z) Vir) = NGoTT,
—L/2 \_ Y

* Get Dirac equation with twisted b.c.

Up(—L/2) =V, (—L/2) Ygr(0)= —e“*W(0)

Luther & Emery, PRL (1974)



Quantum bulk (classical impurity)

* Dirac wave function with twisted b.c.

—ie~ ™2 —ie™/2 o Ar[Ax = — : 1
X\ (gj) = A, gtmsinh (m\)z + A, g~ imsinh (mA)x cosh 5()\ + 2(5 — a))
67"’\/2 6—71'/\/2

* Energy €(\) = —mcosh (7))

* Boundary conditions lead to equations

€

LT 1
imsinh (TA)L _ cosh E()\ - ?’(5

—a)) cosh 5 (A —

Boundary phase shift
cosh Z(\ — i(3 — a))

2

, A\ rapidity parameter

cosh 5 (A +i(5

2

— a)) cosh Z (A +

* Ground state: fill all negative energy modes

e Excitations: A > A +1

gapped

a=2ag/m
é) Pole/zero:
%) >\bs = :|:Z(CL — 1/2)



Quantum bulk (classical impurity)

E
* Pole indicates bound state - YSR
_,—ima/2 A
—1/2 € x/€,
Xb.s(x) — ga / ( 67L7ra/2 ) € /s :
:
— |
o = (—mecos (ma)) ™! 0 1) T 32 2 °
: 1 3
* Only normalizable for 5 <a<gy Screened GS Unscreened GS
* Energy is below gap 15t Order QCP

e = —msin (7a)
* Include in GS when negative YSR region shrinks



Classical

* Classical impurity & semiclassical bulk

* Classical impurity & quantum bulk

* Quantum impurity & quantum bulk

Quantum



Classical

The Quantum model

Quantum

* The model ‘ «:

H = da:z () Outhry — U 0uthp,) — 20Uk T [Fap - Fed) VROV LA

wlh

—7 |Sus - G| ¥La(0)s(0)

* Model is integrable via nested Bethe Ansatz for arbitrary g &.J

Pasnoori, Rylands & Andrei, PRR (2020)



Quantum model: Bethe states

e The Bethe states — divide configuration space to to (N+1) regions

= > [ EFG@ 6, 010 © o
{aJ}{O'J}

with the wave function in region Q: F{{;}} (%) = H(xQ)AEﬁ [Q]ei 325 ojkjz;

* Imposing open b.c. - the amplitude AZ(Ql satisfies:
ik, b
e M A (1] = Tr [T(0)] g} Ay 1l

e The monodromy matrix (from one edge to another )
T(0) = Riy(A+b)...Rn+(A+ b)Ror (A + d)Ror (A — d)Rn+(A — b)...R1-(\ — b)

* R;;j(\)are the particle-particle scattering matrices



Quantum model: Bethe equations
- open boundary conditions

é ‘ é $ é ‘ é ‘ $ + Model integrable for

“ N arbitrary g and J
g * gandJflow under RG
The BA equations:
M . . o di i i
e_ikjL:H Aa +b+1/2 Ao —b—1i/2 dis RG invariant
2\ Aa+b—19/2) \ Ao —b+1/2
d_\/bz_b(1—3J2/4)_1
A —b+i/2\Y Aa+b+1/2\"Y (Ao —d+7/2\ [ Aa+d+i/2 B J
Aa — b—1/2 Aa +b—1/2 Aa —d—1/2 Aa +d—1/2
_H()\ —)\3+z) ()\a+)\5+z’)
oy A —)\B—’L )\a+)\5—i b:(1—92/4)/29

bulk parameter

The energy:

N Spin charge separation
E = Z k; - Gapless holons

j=1 - gapful spinons



Quantum model: Bethe equations - the bulk terms

) ()
G=mh) G =) ()

ol _ﬁ Mo = Ag 41\ [ Ao+ Ag+i
_a#,B )\a—)\g—i /\a-’-)\g—i

e RG invariants and scales
Bulk scale

The bulk parameter

A\ = De_ﬂb Bulk scale, the gap

[ b=(1—92/4)/29] E D = N/L - cutoff




Quantum model: Bethe equations —the impurity terms

il _ ﬁ ()\a+b+z’/2) (/\a—b—z'/Q)
2\ A +b—1/2) \ Ao —b+1/2
Aa—b+i/2\Y [Aa+b+i/2\ [[Aa —d+i/2\ [Aa+d+i/2
Ao —b—1/2 Ao +b—1/2 A —d—1/2) \Na+d—1i/2
_ﬁ()\a/\g—i—i) (Aa+)\ﬂ+z‘>
oy )\a—)\g—i )\a-l-)\g—i

e RG invariants and scales

[d \/b2 b(1 — 3J2/4) } Impurity scale
= - ~1
J Ae™ or Ae™
o E
Note: the RG invariant can be real d c IR d _ ’ia

(denoted a) ore imaginary (denoted d)



Quantum model: Bethe equations

il _ ﬁ (Aa +b+z'/2) (Aa —b—z/2>
2\ Aa+b—1/2) \ Ao —b+1/2
A —b+i/2\Y Aa+b+7/2\Y [Aa —=d+7/2\ [Na+d+1i/2
w—b—i2) Ouxbv—i2) \Oa—d—i2) \Datd—i)2
_ﬁ Ao — A +3\ [+ Ag+i
IS AUV Y RO PEY

* Bulk solutions are strings (complex pair) — gapped Spinons
6()‘) = A cosh (W)\) (for all values of RG inv)

* Boundary spectrum: Three regimes depending on

1 1 3 3
or < — — — —
[dE[R a QJ [2<a<2} a>2




Quantum model: Solution in thermodynamic limit

* Ground state has all A € R distributed according to BAE

5" Nor(h+ ab) + @i+ 0d) + @1(8) + 920 = o) + [ duipa(h = wpla)
U=|:t J \ J o

bulk impurity boundary on(2) = l n/2
" m(n/2)? + x?

The density: — p(A) = pou(A) + Pimp(A) + Poary ()

* Solve for p(A\) by Fourier Transform



: 1
Quantum model: Kondo Regime deRrR a<;

* Thetotalspin S,=N — Q/d)\p()\) =0 — many body singlet

. A
* Density of states  n(E) = ;((A))\
L E
u E)=—
o B) = 5 s 4 )
L pimp(E) _ A cosh 7d 1 :
2 pou(E)  (E? + A2sinh? 7d) : |
l |
. . d l I
* Defines a renormalized Kondo scale 0 12
K Kondo )

T = A\/l +cosh?md — DB_W/Q']
J>gq

* Smooth crossover from many-body to single particle screening
A=Tx when g =1/2



Quantum model: YSR regime  <a<

ﬁ\ere exists three states with spin $* =0,5* = i1/2\ E
4

corresponding to impurity being screened and - ~\
unscreened respectively.

‘ |
The impurity is screened by a bound state :
which is described by the close boundary string | |

Abs = Fi(a — 1/2) Y © I

Kond K YSR )
Energy of the bound state is below the gap:
\ € = —/Asin (ﬂ'a) / First order QPT at a = 1
* Groundstatehas \pg §% — « Groundstatehasno As §% — il/Q
- impurity screened impurity not screened
( YSR state hasno Abs S” = :H/Qj ( YSR state has Abs 5% =0 )




Quantum model: Unscreened regime

3
* For a > — have “wide” boundary string

2
Ao = Fi(a — 1/2)

a4 N
* Only a solution in presence of excitations i | A
* Not a bound state, flips spin of impurity | | I
i : .
‘ 3/2
* Ground state is doubly degenerate | VSR \ Unscreened)

GS) =1 +1/2),] =1/2)}

 No YSR states, still some residual scale Ae™



In Sum: Kondo effect in a 1-d superconductor
Semi-classical vs. Quantum

E £
A
A 2\
I
I
I
Quantum :
) d a
« fluctuations 0 1./2 1 3/2
0 /4 /2
Kondo YSR Unscreened
screened unscreened

Quantum description
* Three regimes
* Kondo
* YSR
* Unscreened

Semi-classical description

* Two phases
 Screened
e Unscreened

Main feature: Quantum fluctuations destroy YSR over

most of the phase diagram
\ S




Two impurities

P ededededed @
Ji

Ji

* Model integrable for arbitrary values of bulk and impurity coupling
strengths: three free parameters.

* Two RG invariants corresponding to two impurities - @L, AR



Two impurity model
phase diagram:

Several regimes depending on
the coupling strengths of the
two impurities

* Symmetry Protected Topological phase:
Entanglement of the edges and emergence
of boundary SUSY

* Reduction to Majorana modes by applying
strong magnetic fields at the edges

e Atthe pointar = ar =1, states form
irreps of spl(2,1) ® spl(2,1) SUSY algebra

ar

N[

N =

1
2

ar,

[\J[eV]



YSR-YSR regime (green squares) - work in progress

1 3 : : '
* Forg <a<g have extra “close” boundary string solution ~ Apg = ZZZ(CL — 1/2>
g a<1 Y ( a > 1 A
Ground state has )\, S* =0 Ground state has no Aps S* = +1/2
9 YSR state hasno Apg S? = i1/2) QSR state has Aps S =0 )
Total of nine states exist: (£1,£3), (£3,0), (0,£3), (0,0)

- Introduce fermionic operators CTLma Cerzm creating bound states at the left and right edges.

- This allows us to define the operators:

— _ _ E
Xa,OT = (1 — na,wca,T, Xa,0¢ = (1 - na,T)cow, o = L, R ( \
SC—XF :S£+ng :on,T¢7 S, :Sﬁ—isg :Xa,iT |
SZ:%(XTT—X“), Sg:%(1+XOO) i
, 1 ‘
with ngzcgmagmcam a=1,y20 a=LR Kon \. YSR )

m,n



YSR-YSR regime

Nine states in the YSR-YSR regime:
(+3.+3), (£3,0), (0,£3), (0,0)

At each edge we have the following states:

1,0,0) : impurity is screened

14,2, £1): impurity is unscreened

Irreducible representations:
Total fermionic parity is even or odd corresponding to

total baryon number being integer or half odd integer

Both impurities screened:  [2,0,0) = —|1,0,0) ® [1,0,0)
_ N |11i1>_|11 PRSP
Both impurities unscreened: |11, 50 ®15,5,%3
1 /111, 11 1 11 1, 111
|17170>9 |1?070> - ﬁ <|§7§7§> ® |§7§7_§> + |§7 57_§> ® |§7§)§>>

One impurity is screened and the other is unscreened:

11 1 11 1
1 S e g e R I
(| 7070>®‘2727 2> |272’ 2>®| ’0’0>)

3 1 1 1
o)y = —
‘2)27 2>:|: \/§

Irreducible representation: [0, q]. b is the baryon number
and g is the spin. It may contain multiplets

‘b7Q7Q3>7 ‘b+%7q_%7Q3> ’b_%aq_%7q3>a ‘b7q_17q3>

93 = —¢.--q isthe spin S*

Odd operators: Vi, W increase and decrease the
baryon number by = resp + operators increase and

decrease spin S§* by 5.

Even operators: Q+,@3 are the usual spin operators.

1 1 1 17 ; 3 1
Irrep of [3,3] @[3, 3] is [L,1] @[3, 3]
4, 2] contains the multiplets |1,0,0), |3, 3, m)
[1,1] contains the multlplets |1, 1,m), |%>% m)
[%, %] contains the multiplets |2 5 27 m),|2,0,0),1,0,0)

The two irreps correspond to space parity +1, -1 resp.




Reduce edge symmetry:
- Apply a magnetic field to the impurities at the edge

e Obtain SC (in the SSS - Spin Singlet SC phase) with magnetic fields at the edges
Hint = =01 [g1 (0% @ 0% + 0¥ @ oY) + go° @ o*|YrYr

* Fractionalized ¥~ = 1/4 edge modes will appear B C A
- The SSS SC with twisted BC at the edge B ~ o~ —
Upo(+L/2) = —BapVip(+L/2) . L ;
URpo(—L/2)=—=Vr,(—L/2) 8’1:‘8
is dual to the SCin the STS (Spin Triplet SC) phase
AN o P . . Z A~
wL o wL’ wR — 0 wR H(?vb?gH?gJ_) — H(wagﬂa _gJ_)
SSS —Hamiltonian STS - Hamiltonian
 The STS Hamiltonian is topological, with fractionalized spin edge modes and Majorana

Algebra Keselman, Berg ‘15—-'18,  Pasnoori, Andrei, Azaria ‘20



Breaking the symmetries at the edges

P/_’”’R, = O-Z,R = QO’TK,,RG',C,R — 1

States -4 |O)6/£ \0)6;2 -4
(Pz,Pr)  (+1,41) (=1,41) (+1,-1) (-1,-1)
P=—PPr —I +1 +1 1
Local fractional spin quantum numbers exist: Szz = 19%.r
1
|+ §> = |£1/4) @[+ 1/4)r,
0y = [/ |+1/4)r

Khe Hilbert space breaks into four towers. Each Iabe@
by local fermionic parity quantum numbers

\ O, = 1+1/9c0]~1/4)z. /

(-
Zy = Zoy @ Zogr ZorR = {170%,7%}
U%,R = _i(aTﬁ,’R —agRr) OpRr= (aTL,R +ags )

{o¥ ol/} = 200", (u,v) = (x,y), (r,7)=(L,R)

\_

ractionalization of the Z2 symmetry group and Majorana ZEM:

~

(+1,41)  (+1,-1) —1,41) ~1,-1)

A. Keselman and E. Berg, Phys. Rev. B 91, 235309 (2015).



Majorana ZEM

Hilbert space breaks into four towers labelled by local fermionic parity
guantum numbers:

— —

—
 E— —/
— —

(——) (_7+) (+’_) (+7+)

(Pr,Pr) = (+1,+1) PR =0pp =2ak gas g — 1.

P=(-1)N=—-PPr

Conservation of total fermionic parity and existence of local fermionic
parities leads to entanglement of the edges

+,4) = /1/2( ) @1=)r £ )L ®[=)g)

= E) = V12([+H), @) £ 5 ®[-)r)

x T .

. .. . o = (a a — <7 _ _s2Y x
Majorana operators change the local fermionic parities and hence cr =R +asr) AL =07, ArR=—l00R
map states corresponding to different towers : y _ 2T _ Y

P g & OrR = —@(ac,R - %,R) N =010Rr, TR =0pg

{o# ol} = 200", (u,v) = (x,y), (r,7)=(L,R)

Reduce the magnetic field, the impurity spin fluctuates —
[)‘7’7 777”] =0, {)\ra )\r’} = {777“7 777"’} = 207/

interplay Majorana and Kondo spin?



Reduce Symmetry:
- Apply a magnetic field to the impurities at the edges

e Break the SU(2) symmetry at the edges by applying strong magnetic
fields to the magnetic impurities

e Effective boundary Hamiltonian : using aTE,R ~ Pl (z ~ +£L/2)

hp — Eogo = mgazaﬁ + mRa;rzaR

1
5% = 5( Laﬁ%—a%aR—l).

* Bound state operators commute with the Hamiltonian [a, »,H] =0



Two impurity model

* Quantum fluctuations at the edges lead to SPT phase: entanglement
between the two edges

* Preserving SU(2) symmetry at the edges leads to enhancement of the
symmetry at the boundaries: SUSY

* Breaking the SU(2) symmetry by applying strong magnetic fields
reduces SUSY algebra to Clifford algebra: Majorana modes



Conclusions & Outlook

* YSR states are destroyed by quantum fluctuations
* Facilitate 15t order QPT — semiclassical description

* Nature of the Kondo cloud

* Unscreened dynamical scale

* Massive Thirring — shrinking of YSR region

* Multiple impurities, Quench dynamics, other SCs



* Quantum fluctuations at the edges lead to SPT phase: entanglement
between the two edges

* Preserving SU(2) symmetry at the edges leads to enhancement of the
symmetry at the boundaries: SUSY

* Breaking the SU(2) symmetry by applying strong magnetic fields
reduces SUSY algebra to Clifford algebra: Majorana modes



