
Benasque 2022, Günter Leugering

Space-time domain 
decomposition
of optimal control problems for linear hyperbolic systems



Introduction
Problem formulation
Let y(t, x) 2 Rd, t 2 Ik, x 2 [0, L], denote the state and let

⇤ = diag (�1, . . . ,�m,�m+1, . . . ,�d) 2 Rd⇥d

with
�1 � �2 � · · · � �m > 0 > �m+1 � · · · � �d.

We use the block-matrix abbreviation

⇤ := diag
�
⇤+,⇤�� ,

with ⇤+ := diag(�1, . . . ,�m) and ⇤� := diag(�m+1, . . . ,�d).
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Boundary conditions

We denote the first m components of the state by y+ and the remaining d�m
components by y� such that y = (y+, y�). We consider here separated boundary
conditions. Define the block matrix K

K :=


K00 K01

K10 K11

�
,

K00 = 0 2 Rm⇥m, K01 2 Rm⇥d�m,K10 = 0 2 Rd�m⇥m, K11 2 Rd�m⇥d�m.

Let Bd signify the input operator for distributed controls u.
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Hyperbolic system (P)

@ty + ⇤@xy = Bdud, (t, x) 2 [0, T ]⇥ (0, L),
✓
y+(t, 0)
y�(t, L)

◆
= K

✓
y+(t, L)
y�(t, 0)

◆
t 2 [0, T ],

y(0, x) = y0(x), x 2 (0, L),
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The optimal control problem

J(ud, y) :=


2

TZ

0

1Z

0

ky � ydk2dt+
⌫

2

TZ

0

1Z

0

kudk2dt

The considered control problem is thus given by

min
u,y

J(u, y) s.t. (u, y) satisfies P .
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Adjoint boundary conditions and optimality condition

The boundary matrix K̃ is given by

K̃ := diag((⇤+)�1, |(⇤�)�1|)K>diag(⇤+, |⇤�|),

By taking the directional derivative of L(u, y, p) w.r.t. ud in the direction ũd

ud(t, x) =
1

⌫
B>

d p(t, x), (t, x) 2 (0, T )⇥ (0, L).
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Optimality system

We obtain the following optimality conditions governing the adjoint variable p:

@tp+ ⇤@xp = (y � yd), (t, x) 2 (0, T )⇥ (0, L),
✓
p+(t, L)
p�(t, 0)

◆
= K̃

✓
p+(t, 0)
p�(t, L)

◆
, t 2 (0, T ),

p(T, x) = 0, x 2 (0, L).
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Derivation of the second order problem
We take the adjoint equation, first multiply by ⇤ and di↵erentiate wrt x and

secondly di↵erentiate wrt to t:

⇤@xtp+ ⇤
2@xx = (

1

⌫
BdB

T
d p� @ty � ⇤@xyd)

@ttp+ ⇤@xtp = (@ty � @tyd).

The second equation yields

@ty = @ttp+ ⇤@xtp+ @tyd

which used in the first equation of to obtain

@ttp+ 2⇤@txp+ ⇤
2@xxp�



⌫
BdB

T
d p = (⇤@xyd + @tyd) =: �f. (SOE)
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Standard div-grad formulation

We introduce the block matrix

A :=

✓
I ⇤

⇤ ⇤
2

◆
,

which is symmetric and positive semi-definite.

Then (SOE) turns into a degenerate Poisson equation in divergence form

�divArp+


⌫
BdB

T
d p = f.
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Boundary conditions
Notice that A 2 R2d⇥2d, such that each block of A =: (aij)2i,j=1 is in Rd⇥d. We
denote the trace of p by �(p)(x), x 2 @⌦ := (0, T )⇥ (0, L). Then, understanding
that the indices i, j = 1, 2 relate to the direction t, x, respectively, we have

@⌫Ap(t, x) :=
2X

i,j=1

aij�(@jp(t, x))⌫i(t, x), (t, x) 2 @⌦

Using this definition, we can write the co-normal derivative explicitly as follows

@⌫Ap(t, 0) = �⇤(@tp(t, 0) + ⇤@xp(t, 0)), t 2 (0, T )

@⌫Ap(t, L) = ⇤(@tp(t, L) + ⇤@xp(t, L)), t 2 (0, T )

@⌫Ap(0, x) = �(@tp(0, x) + ⇤@xp(0, x)), x 2 (0, L)

@⌫Ap(T, x) = @tp(T, x) + ⇤@xp(T, x), x 2 (0, L)
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Final system

We obtain a system of semi-elliptic boundary value problems in ⌦:

�divArp+


⌫
BdB

T
d p = � (@tyd + ⇤@xyd) =: f (t, x) 2 ⌦

B11@⌫Ap(t, x) = �B11yd(t, x), B10p(t, x) = 0, (t, x) 2 �1

B21@⌫Ap(t, x) = �B21yd(t, x), B20p(t, x) = 0, (t, x) 2 �2

B31@⌫Ap(t, x) = (y0(x)� yd(t, x), (t, x) 2 �3

B40p(t, x) = 0, (t, x) 2 �4.
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Transmission conditions

If we we now define pi := p|⌦i , i = 1, . . . , 4 and use the decomposition of ⌦ =
[4
i=1⌦i in Green identity, then after taking proper variations in �, we obtain

along the interfaces �ij , ij = 1, 2, 3, 4 the transmission conditions

@⌫A1
p1|�12 + @⌫A2

p2|�21 = 0, p1|�12 = p2|�21

@⌫A1
p1|�14 + @⌫A4

p4|�14 = 0, p1|�12 = p2|�21

@⌫A1
p2|�2 + @⌫A3

p3|�23 = 0, p2|�23 = p3|�32

@⌫A3
p3|�34 + @⌫A4

p4|�43 = 0, p3|�34 = p4|�43
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P.L. Lions-type domain decomposition

1. Given pni , @⌫Ai
pni on �ij , i 6= j 2 I

2. compute pn+1
i , i 2 I according to

�divAirpn+1
i +



⌫
BdB

T
d p

n+1
i = fi in ⌦

Bi1@⌫Ai
pn+1
i = 0, Bi0p

n+1
i = 0, on �i,ext

@⌫Ai
pn+1
i + �ijp

n
i = �@⌫p

n
j + �ijp

n
j := �n

ij , on �ij , j 2 Ii.

3. n ! n+ 1 go to ii.)
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Convergence analysis
Error equations

Introduce the errors p̃ni := pni � pi, n 2 N, i 2 I. Then, p̃ni satisfies the system:

�divAirp̃n+1
i +



⌫
p̃n+1
i = 0 in ⌦

Bi1@⌫Ai
p̃n+1
i = 0, Bi0p̃

n+1
i = 0, on �i,ext

@⌫Ai
p̃n+1
i + �ij p̃

n
i = �@⌫Aj

p̃nj + �ij p̃
n
j := �n

ij , on �ij , j 2 Ii.
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The fixed point Ansatz: fixed point map
We introduce the space

X :=
NY

i=1

L2(�i)
d

with

kXk2 =
X

i2I

X

j2Ii

1

2�ij

Z

�ij

|�ij |2Rdd�,

where X = (�i)i2I , �i := (�ij)j2Ii . We now introduce the operator

T :X ! X

(X )ij :
⇣
�@⌫Aj

p̃j + �ij p̃j
⌘
|�ij ,

(T X )i = {(T X ij |j 2 Ii}
T X = {(T X)i|i 2 I}.
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The iterates and their norms
Then the iteration is equivalent to the fixed point iteration

xn+1 = T Xn, n = 0, 1, . . . .

We compute, omitting the iteration index for a while,

kXk2X =
NX

i=1

X

j2Ii

1

2�ij

Z

�ij

|@⌫Ai
pi + �ijpi|2Rdd�

=
NX

i=1

X

j2Ii

Z

�ij

✓
1

2�ij
|@⌫Ai

pi|2Rd + @⌫Ai
pipi +

�ij

2
|pi|2Rd

◆

kT Xk2X =
NX

i=1

X

j2Ii

1

2�ij

Z

�ij

|� @⌫Ai
pj + �ijpj |2Rdd�

=
NX

i=1

X

j2Ii

Z

�ij

✓
1

2�ij
|@⌫Aj

pj |2Rd � @⌫Ai
pjpj +

�ij

2
|pj |2Rd

◆
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Towards non-expansiveness
This gives

kT Xk2X � kXk2X = �2
NX

i=1

X

j2Ii

Z

�ij

@⌫Ai
pipid�.

We go back to the notation of errors and use the Green’s identity on the sub-
domain ⌦i.

0 =

Z

⌦i

⇣
�divAirp̃i +



⌫
p̃i
⌘
p̃id!

=�
Z

@�ij

@⌫Ai
p̃i(t, x)p̃id� +

Z

⌦i

|@tp̃i + ⇤@xp̃i|2Rdd! +

Z

⌦i



⌫
p̃ip̃id!

=�
Z

@�ij

@⌫Ai
p̃i(t, x)p̃id� + ai(p̃i, p̃i).
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Non-expansiveness

kT Xk2X � kXk2X = �2

8
<

:

NX

i=1

Z

⌦i

|@tp̃i + ⇤@xp̃i|2Rdd! +

Z

⌦i



⌫
p̃ip̃id!

9
=

; .

In other words

kT Xk2X � kXk2X = �2

(
NX

i=1

ai(p̃i, p̃i)

)
.
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Under-relaxation
we introduce the following under-relaxation.

Xn+1
= (1� ✏)T Xn

+ ✏Xn, ✏ 2 [0, 1).

Hence,

kXn+1k2X = ((1�✏)2+✏2)kXnk2X�2(1�✏)2
NX

i=1

ai(p̃i, p̃i)+2✏(1�✏) (Xn, T Xn
)X .

With the definition

En
:=

NX

i=1

X

j2Ii

1

2�ij

Z

�ij

|@⌫Ai
p̃ni |2Rd + �ij |p̃ni |2Rdd�
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Crucial ‚energy‘-estimate

we obtain

kXnk2X = En +
NX

i=1

ai(p̃i, p̃i) =: En + Fn

kT Xnk2 = En � Fn.

A straightforward calculation shows

(Xn, T Xn)  En

and moreover

En+1  En �
NX

i=1

⇥
(1� 2✏)ai(p̃

n
i , p̃

n
i ) + ai(p̃

n+1
i , p̃n+1

i )
⇤
.
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Convergence: almost last step

With the coe�cients c1(✏) := 1�2✏, cn+1(✏) = 1, cl(✏) = 2(1�✏), l = 2, . . . , n,
we obtain the crucial inequality

En+1 +
n+1X

l=1

cl(✏)
lX

i=1

ai(p̃
n
i , p̃

n
i )  E1.

This inequality implies

NX

i=1

ai(p̃
n
i , p̃

n
i ) ! 0

En  C,
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Convergence…..

NX

i=1

8
<

:

Z

⌦i

|@tp̃i + ⇤@xp̃i|2Rdd! +

Z

⌦i



⌫
p̃ip̃id!

9
=

; ! 0.

However, the form ai(·, ·) is not elliptic but rather positive semi-definite. Nev-

ertheless, we may conclude

p̃i
n ! 0, strongly in L2

(⌦i)
d,

while

@tp̃i + ⇤@xp̃i ! 0, strongly in L2
(⌦i)

d
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Opial’s lemma

Proposition[Opial]. Let T be nonexpansive with at least one fixed point. Then
for each ✏ 2 (0, 1) the sequence {T n

✏ X} is weakly convergent to a fixed point.

Here we have set T✏ := ✏I+(1�✏)T . As we have seen, our map T is nonexpansive
and 0 is in fact the unique fixed point. Thus, we may conclude that entire
sequences converge to zero and, moreover, Xn * 0 and T Xn * 0.

<latexit sha1_base64="xKcrML/uTQdrx1eIL4ZKYKpJ99Y="></latexit>

• this does not imply p̃
n
i ! 0 strongly in H

1(⌦i).
• as En is bounded, we can extract sub-sequences from @⌫Ai

p̃
n
i , p̃

n
i on �ij such

that @⌫Ai
p̃
n
i * q, p̃ni |�ij * r, weakly in L

2(�i)d.
• We may use Green’s identity with a test function � on ⌦i to conclude q = r =
0. But this holds on subsequences which may not contain to consecutive indices
n, n+ 1 as required in the iteration.
• We take now advantage of the under-relaxation parameter ✏ 2 (0, 1).
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Schaefer’s theorem

From this, we infer

kT Xn �Xnk2X = 2En � 2(T Xn, Xn) ! 0.

<latexit sha1_base64="3qIWzfwFKahOwB+9n2M4pFFPWQ4="></latexit>

Now, in order to prove strong convergence of kT Xn�XnkX ! 0, we are going to
apply Schaefer’s theorem. To this end we recall the definition of an asymptotic
regular map T . Let C ⇢ X closed and convex and T nonexpansive. Then T is
said to be asymptotically regular if for any X 2 C the sequence {T n+1X�T nX}
tends to zero as n ! 1.

Proposition[Schaefer:1957]. If T has at least one fixed point in C, then the
mapping T✏ is asymptotically regular.
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Strong convergence

We calculate the second term

(T Xn, Xn) =
NX

i=1

X

j2Ii

1

2�ij

Z

�ij

(�@⌫Aj
p̃nj + �ij p̃

n
j )(@⌫Ai

p̃ni + �ij p̃
n
i )d�

=
NX

i=1

X

j2Ii

1

2�ij

Z

�ij

n
�@⌫Aj

p̃nj @⌫Ai
p̃ni + �2

ij p̃
n
i p̃

n
i + �ij(@⌫Ai

p̃ni p̃
n
j � @⌫Aj

p̃nj p̃
n
i )
o
d�

=
NX

i=1

X

j2Ii

1

2�ij

Z

�ij

n
�@⌫Aj

p̃nj @⌫Ai
p̃ni + �2

ij p̃
n
i p̃

n
i

o
d�
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Strong convergence

We obtain from this

2En � 2(T Xn, Xn) =
N�1X

i=1

X

j2Ii,j>i

Z

�ij

✓
1

�ij
|@⌫Ai

p̃ni + @⌫Aj
p̃nj |2 + �ij |p̃ni � p̃nj |2

◆
d�

In conclusion, we obtain for all i, j : j 2 Ii

|@⌫Ai
p̃ni + @⌫Aj

p̃nj |L2(�ij) ! 0, n ! 1

|p̃ni � p̃nj |L2(�ij) ! 0, n ! 1
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Theorem
Let ✏ 2 [0, 1) be given. Then the iteration defined in (??) converges in the

following sense

1. ✏ = 0

@tp̃
n
i + ⇤@xp̃

n
i ! 0, strongly in L2

(⌦i)
d, n ! 1

p̃ni ! 0, strongly in L2
(⌦i)

d, n ! 1.

On a subsequence we have

@⌫Ai
p̃ni * 0, weakly in L2

(�ij)
d n ! 1

p̃ni * 0, weakly in L2
(�ij)

d n ! 1

2. ✏ 2 (0, 1) In addition to the first case, (i) we have

@⌫Ai
p̃ni + @⌫Aj

p̃nj ! 0, strongly in L2
(�ij)

d, n ! 1

p̃ni � p̃nj ! 0, strongly in L2
(�ij)

d n ! 1

Thus, the iterates pni converge to the restriction of solution p|⌦i in the Algorithm-

DDM in the sense of i.) and ii.), respectively.
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Theorem (a posteriori estimate)

Let the iterates pni , i = 1, 2 be the solutions of the iteration for ✏ 2 (0, 1) and let

pi solve the original optimality system. Then we have

kpn+1
1 � p1kL2(⌦1)d + kpn2 � p2kL2(⌦2)d  C|pn+1

1 � pn2 |
1
2

L2(�)d .

Proof: The proof is analogous to the one by Otto and Lube 1999 for scalar

elliptic problems.
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Interpretation in the original formulation
We have first from transmission condition for p

�⇤(@tp2 + ⇤@xp2) + �12p2 = �⇤(@tp1 + ⇤@xp1) + �12p1

⇤(@tp1 + ⇤@xp1) + �21p1 = ⇤(@tp2 + ⇤@xp2) + �21p2,

which translates at the breakpoint x = x1 (of the continuous matching) to the
iteration

�⇤+(y+2 )
n+1 + �12(p

+
2 )

n+1 = �⇤+(y+1 )
n + �12(p

+
1 )

n = �+,n
21

�⇤�(y�2 )
n+1 + �12(p

�
2 )

n+1 = �⇤�(y�1 )
n + �12(p

�
1 )

n = ��,n
21

⇤+(y+1 )
n+1 + �21(p

+
1 )

n+1 = ⇤+(y+2 )
n + �21(p

+
2 )

n = �+,n
12 ,

⇤�(y�1 )
n+1 + �21(p

�
1 )

n+1 = ⇤�(y�2 )
n + �21(p

�
2 )

n = ��,n
12 .
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Interpretation for the original system

@ty
n+1
i + ⇤@xy

n+1
i =

1

⌫
pn+1
i in ⌦i

@tp
n+1
i + ⇤@xp

n+1
i = (yn+1

i � yid) in ⌦i

✏ijSijy
n+1
i + �ijp

n+1
i = �✏jiSjiy

n
j + �ijp

n
i = �n

ij , on �ij , 8j 2 Ii,

<latexit sha1_base64="mj3y/W2uwghjSfLFxBKBPJN2cJw="></latexit>

We introduce Sij = I, j 2 Iti and Sij = ⇤, j 2 Ix
i . Moreover, we introduce the

signs ✏ij = 1, j 2 Ix
i if j signifies the domain ⌦j right to ⌦, whereas ✏ij = �1 if

⌦j is left to it. Similarly, for the upper and lower neighbours of ⌦i. With this
notation, the optimality system can be written as
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The corresponding virtual control problem

With the virtual controls hij 2 L2(�ij)d, j 2 Ii, we obtain the equivalent
optimal control problem

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

min J(udi, yi, hij) :=


2

Z

⌦i

kyi � yd,ik2d! +
⌫

2

Z

⌦i

kudik2d!

+
X

j2Ii

Z

�ij

1

2�ij

�
|hij |2 + |�n

ij |2
�
d�

subject to

@tyi + ⇤@xyi = ui, in ⌦i

✏ijSijyi = �n
ij + hij , on �ij , j 2 Ii
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Thank you for your attention!

• Reference:  G. Leugering, Space-Time-Domain Decomposition for Optimal 
Control Problems governed by Linear Hyperbolic Systems  
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