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Selected Topics in Optimal Design

Michell Problem (1904)

(mathematical framework: G. Bouchitté & G. Buttazzo (2001))

min{jﬁpo(g) - e M(©;8%?), ~Divg=F in RZ\YO} (P)

—sup{j (U F) 1 ueCy(Q\Y,)*, p(e(u))<1in ﬁ} (P)

e(u) =%(Vu+(Vu)")

Michell potential

. p(&)=((HEE)”
p’(o) = (< H o, G>)1/2

Optimal Vault Problem
(Rozvany & Prager (1979))

Transmissible Avoiding:

loads e bending,

e tension.

The design variables:

7’Q—>R, z=0 on aQ

c: G, » S>3
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Optimal Vault Problem —relaxed formulation

Data: Qc R?, f e M(Q3R)

Q=QOxR c R?, Y, =0Qx{0}

COMPACT Set of loads attainable by transmistion of f

T(Q 1) ::{E:esf feM(Q), 7 #f=1 } Theorem
Solution ¢ of (OVP) always exists.

Optimal Vault Problem (pure tension setting) Is Z avault? Namely, is there z e C,(€2) such that

sptg < G, ?

inf {I@po(g) . FeT(Q f), —Divg=F in R3\IO}
ceM(Q;8F)
F e M(Q;R%) (OVP)
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Optimal Arch Problem —relaxed formulation

p(&)=((HEE)) .
PE@=((H"o0))

g e M(Q;87°)

f

‘ H depends on Poisson ratio v e )

Theorem o

/ \ Solution ¢ of (OVP) always exists.
Is ¢ avault? [ h

L 023 L 0.7 V0095 S Namely, is there z € C,(€2) such that
sptg < G, ?
A A A A A A

v=0.0 v =-0.3 v =-0.95
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Optimal Vault Problem —relaxed formulation

We choose the Michell energy potential: _ . '
g e M(Q;577)

{
|
‘;‘— — —— g
{
!

p)=max|4 (&) <« p2)=D|4(2)

/1/.// -
l Theorem
p(o)=Tro, ce&” Solution £ of (OVP) always exists.
l Is ¢ avault? Namely, is there z € C((€2) such that
sptg < G, ?
Tro if ceS™

pO=maxA(E) s pg(g);:{

to  if cgS*
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Recasting optimal 3D vault from optimal 2D membrane

ﬂ Optimal membrane problem n Optimal vault problem
Transmissible Avoiding:
loads e bending,

e tension.

KB, G. Bouchitté (2022) KB (2022)
Arch. Ration. Mech. Anal. Comput. Math. Appl.




KB: On optimality of surface structures. Benasque, August 23rd 2022

Optimal Design of Membranes

Membrane Model

e moderate deflections:

g=A(u,w)=e(Ww) + 2Vu®Vu

e perfect susceptibility to wrinkling:

P =max|4 (&) = £, =max 4 (E)

SZXZ

82x2 % RZ

xR?5(£,0) > p(£+10®0)

non-convex

5(&,0) > p(E+10®0)
convex

FEM simulation

The Pair of Mutually Dual Problems

Trg

A

min _[Tr +I 199 >0, ~dive=0 (P)
(5. 9)eM(Q;:S*?xR?) ° —divé=f
sup {_[ uf @ o (e(W)+:vVu®Vvu)<1 infz} (P")
(u,w)eD(Q)?

Relaxed solutions of (P")
satisfy:

u e Cc% AwWt?(Q)

W e BV NL*(Q;R?)
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Optimal Design of Membranes — approx. via systems of strings

Trg

A(u,w) =
e(w)+ 2Vu®Vu

sup {L_)uf ; miaxﬁi(A(u,w)(x))gl Vxeﬁ} (P

(u,w)eD(Q)? t

(W(y) ~w(x), y — X) + =(u(y)~u())’ < |y —xf V(%) OB
2

Approximation by systems of strings / \ Maximizing the Monge-Kantorovich metric

_ - In-plane displacement  Theorem
inf { J (7, 11) © (7, IT) e E(€2, ) } (P) W:OQ — R? (T, W) solves (P*) —

(7, IT)e M(QxQ;RxR, )

| ‘ d, maximizes the MK cost of
. ; transporting f to the boundary o€Q.
Ground structure Metric tensor
approach g, = l-e(w) |X— y| ds (X, y)
I }
Conic quadratic Distance

programming

d,(Xy)
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Optimal Membrane Problem — simulations

B

f=6_+H L[AB]

-
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Optimal Membrane Problem — simulations
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The link between: optimal 3D vault & optimal 2D membrane

m;{j Trg: FeT(Q f), —Divg=F inR°\Y }
o

FeT(Q,f) ¢20

Z=_inf inf{_[ﬁTrg:—DNng inIR?’\YO}

FeiTn(Ez f) -.ﬁ<\_/’E>
V2[ uf it V=W +2 u(x)e;

— o0 otherwise

> X

Proposition (property of Michell potential)

Forany £ e S* and 0 eR?

& 9
m_axﬂ,,ﬂ e V2 <1
i %Y 0

o  maxA(&+10®6)<1

vV

Fe7(Q,f)
sup inf U_(v,E) : max
veD(RAY )? FeT(Q,f) Q- i

Sup
(u,w)eD(Q)®

(u,w)eD(Q)?

|
z="sup {Iﬁuf . max 4
|

veD(R3\Y ()*

inf  sup {Ig(y,E): m?\xﬂ,,(e(\_/))gl in Q}

Z(e(v)<1 in Q}

{\/Ejﬁuf -max4,(e(v) <1 in O, v(x)=w(x) +2 u(x)e3}
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Construction of the Optimal Vault

_ —Divg=0 Defining 2D objects:
(5.9) - —divg=f ,u::Trg+§<g 9,9> S M+(Q)
— _ dgo © [y Q2x2 _ dg 2 (-T2
sup {I_u f: maxA (e(w)+iVu®vu)<1 inQ} (P") o=g; €L, (&S57), q=4, €L,((GR%)
(uw)eD(Q)? L 7 ' Defining the elevation function, elevating the load:
z:=73U, F =(id,z)# (e, f)

Constructing 3D vault:

p=2(id, 2)#u, a:{

G, 3

‘I.
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Construction of the Optimal Vault

e FeT(Q 1)

o | Tre =22

e —Divg=F inR>\ Y,

(by optimality conditions
for OMP)

Assumption: solutions U, W are Lipschitz continuous.

Lemma

mf{_[ Trg: FeT(Q,f), -Divg=F |nR3\Y}

Z >.J27

where Z =min P=supP".

a

Defining 2D objects:

= Trg+%<g‘1l9,l9> e M, (Q)
o=¢ el (457, q=5 €L (QR?)

Defining the elevation function, elevating the load:

z:=ﬁu, E=(id,z)#(e, )
Constructing 3D vault:

p=2(id, 2)#u, a:{
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Numerical Approximation of Optimal Vaults

Optimal membrane

1 NUMERICAL

Approximation of opt. memb.

</

li

-

ZJ

Unprojection

ANALYTICAL
Unprojection

Optimal form

Approximation of opt. vault
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Numerical Approximation of Optimal Vaults

Optimal membrane

1 NUMERICAL

Approximation of opt. memb.

Unprojection

ANALYTICAL
Unprojection

Optimal form

Approximation of opt. vault
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Approximiation of Optimal Vaults — simulations
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Approximiation of Optimal Vaults — simulations
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Approximiation of Optimal Vaults — simulations
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Approximiation of Optimal Vaults — simulations
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Approximiation of Optimal Vaults — simulations
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Approximiation of Optimal Vaults — simulations




KB: On optimality of surface structures. Benasque, August 23rd 2022

Open problems

#1 How to prove the vault’s optimality when (u,w) are not Lipschitz continuous?

Construction of (¢, F) #”A ) v L_ZTFE=\/EZ v FeT(Q f) v —Divg=F inR*\Y, ?

#2 Are there solutions (Q,E) of the relaxed problem that do not constitute vaults?
#3 What about potentials different than p(&) = max‘ﬂ,, (é)‘ ?

m y \ E D (nolink to the

v>—1 ° membrane problem)

PO =((He.)" 7 PO=((HEE)”
v <0 v=_1 .
N / \ |<:>_,0(_§ )— r;ax_| /1_( 5)_|I Q/

#4, #5, #6,... Open problems concerning the Optimal Membrane Problem itself.
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THANK YOU
FOR YOUR ATTENTION




