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Introduction
[ Jelele)

Origins of the Random Batch Method

Initial Motivation: Simulation and control of large interacting
particle systems can be computationally demanding.

Daniél Veldman IX workshop on Partial Differential Equation, Optimal Design, and Numerics 2022, Benasque, Spain

Random Batch Methods for the Efficient Solution of Optimal Control Problems on Networks



Introduction
[ Jelele)

Origins of the Random Batch Method

Initial Motivation: Simulation and control of large interacting
particle systems can be computationally demanding.

There are N(N — 1)/2 interaction forces between N particles.
= Computational cost grows rapidly when N is large.
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Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

Daniél Veldman IX workshop on Partial Differential Equation, Optimal Design, and Numerics 2022, Benasque, Spain

Random Batch Methods for the Efficient Solution of Optimal Control Problems on Networks



Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

m Divide the N particles randomly into batches of size P > 2.
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0000

Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

m Divide the N particles randomly into batches of size P > 2.
m Consider only interactions between particles in the same batch.
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0000

Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

m Divide the N particles randomly into batches of size P > 2.
m Consider only interactions between particles in the same batch.

m Do a simulation over a short time interval of length h.
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Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

® ®
PY o
Divide the N particles randomly into batches of size P > 2.

Consider only interactions between particles in the same batch.

Do a simulation over a short time interval of length h.

Repeat.

Daniél Veldman IX workshop on Partial Differential Equation, Optimal Design, and Numerics 2022, Benasque, Spain

Random Batch Methods for the Efficient Solution of Optimal Control Problems on Networks 3/28
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Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

o
PY o
Divide the N particles randomly into batches of size P > 2.

Consider only interactions between particles in the same batch.

Do a simulation over a short time interval of length h.

Repeat.
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Origins of the Random Batch Method

Proposed simulation method: The Random Batch Method
[Shi Jin, Lei Li, Jian-Guo Liu, J. of Computational Physics 400, 108877, 2020]

Divide the N particles randomly into batches of size P > 2.
Consider only interactions between particles in the same batch.

Do a simulation over a short time interval of length h.

Repeat.
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[e]e] le}
In formulas

First-order particle dynamics: For each particle i € {1,2,..., N}

Xi( quxj ) = xi(t))-

Random Batch Method. j;éi
1 Set k =0 and set X;(0) for all i € {1,2,..., N}.
2 Partition {1,2,..., N} into batches of size P > 2, i.e.

- N/P X K
{t.2.....Ny =, B By =
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[e]e] le}
In formulas

First-order particle dynamics: For each particle i € {1,2,..., N}

XI Zﬁj XJ _X’ ))

Random Batch Method. J;é,
1 Set k =0 and set X;(0) for all i € {1,2,..., N}.
2 Partition {1,2,..., N} into batches of size P > 2, i.e.

NP .
{t.2.....Ny =, B B| =
3 For each i, solve on [kh, (k + 1)h]
: 1 . .
Xp,i(t) = 1 Z fii(xnj(t)—xn.i(t)), b(i)s.t.i€ Bll;(i)-
€By ), J#i

4 Set k < k+ 1 and go to step 2.
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The Random Batch Method in Optimal Control

Instead of computing the minimizer u*(t) of

J= / f(x(t), u(t)) dt,

subject to

M
xi(t) = qu xi(t) = xi(£))+ Y gin(xi(t)) ux(t),
k=1

J#l
it is faster to compute the minimizer u}(t) of J subject to

. 1
Xp,i(t) = P_1 Z fij(xn () — xn,i(t +Zg:k xi(t))un k(1)
J€By)
J#i
[D. Ko, E. Zuazua, Math. Models Methods Appl. Sci., Vol. 31, No. 8, 2021].
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The RBM in linear-quadratic optimal control (1/2)

RBM to approximate the minimizer u*(t) of

-
u€L2rg2)i7r7]';R‘7) H) = /0 () = Xd(t)% i IU(t)ﬁ?) &

x(t) = Ax(t) + Bu(t), x(0) = xo.
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The RBM in linear-quadratic optimal control (1/2)

RBM to approximate the minimizer u*(t) of

;
in  J(u)= t) — xq(t)|2 t)|%) dt
omin @) = [ (e = + lu) ) o
x(t) = Ax(t) + Bu(t), x(0) = xo.
Step 1 Split the matrix A as
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The RBM in linear-quadratic optimal control (1/2)
RBM to approximate the minimizer u*(t) of
T 2 2
[ J(u) = t) — xq(t t)|g) dt
omin @) = [ (e = + lu) ) o

x(t) = Ax(t) + Bu(t), x(0) = xo.
Step 1 Split the matrix A as

M
A= Z An.
m=1

Step 2 Enumerate the 2 subsets of {1,2,..., M} as 51, S5, ... Sou.
Assign to each subset S, a probability p,,.

Daniél Veldman IX workshop on Partial Differential Equation, Optimal Design, and Numerics 2022, Benasque, Spain

Random Batch Methods for the Efficient Solution of Optimal Control Problems on Networks



The RBM in linear-quadratic optimal control (1/2)

RBM to approximate the minimizer u*(t) of

-
i J(u) = t) — xq(t)[% t)|%) dt
omin @) = [ (e = + lu) ) o
x(t) = Ax(t) + Bu(t), x(0) = xo.
Step 1 Split the matrix A as

M
A= Z An.
m=1

Step 2 Enumerate the 2 subsets of {1,2,..., M} as 51, S5, ... Sou.
Assign to each subset S, a probability p,,.

Step 3 Divide [0,T] into K subintervals [tx_1, tx) of length < h. For
each [tx_1, tx), randomly choose an index wy € {1,2,...,2M}
according to the probabilities py. Set w = (w1, w2, ..., wk).
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The RBM in linear-quadratic optimal control (2/2)

Step 4 Define the matrix Ap(w, t)

A
Ap(w,t) = > =, t € [ti-1, 1),

meS,,, m

where 7, is the probability that m is an element of the
selected subset, i.e.

Tm = Z Puw-

we{w|meS,, }
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The RBM in linear-quadratic optimal control (2/2)

Step 4 Define the matrix Ap(w, t)

A
Ap(w,t) = > =, t € [ti-1, 1),

meS,,, m

where 7, is the probability that m is an element of the
selected subset, i.e.

Tm = Z Pw-

we{w|meS,}

Step 5 Compute the minimizer uj(w, t) of the ‘simpler’ LQR problem

T
u€L2r(r(1)i,rJf;Rq) Jh(w7 u) - /0 (’Xh(w? t) B Xd(t)’% + ‘u(t)ﬁ?) dt’

>'<h(w, t) = Ah(w, t)xh(w, t) + Bu(t), xh(w, 0) = Xp.
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[e]e] lelelelelelee]e]e)
An example

Split A into M = 2 pieces as
A=A+ A.
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[e]e] lelelelelelee]e]e)
An example

Split A into M = 2 pieces as
A= A1+ A
Then there are 2M = 4 subsets S,,, w € {1,2,3,4}.
S = {1}, S = {2}, S3=1{1,2}, Sy =0.
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[e]e] lelelelelelee]e]e)
An example

Split A into M = 2 pieces as
A= A1+ A
Then there are 2M = 4 subsets S,,, w € {1,2,3,4}.
S = {1}, S = {2}, S3=1{1,2}, Sy =0.
We assign the probabilities p,,, w € {1,2,3,4}.

pr=3  p=35  p3=0,  ps=0.
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The RBM in LQOC
00®000000000

An example
Split A into M = 2 pieces as
A=A+ A.
Then there are 2M = 4 subsets S,,, w € {1,2,3,4}.
S = {1}, S = {2}, S3=1{1,2}, Sy =0.
We assign the probabilities p,,, w € {1,2,3,4}.

_ 1 _ 1 _ —
P1L= 35, P2 =3, P3—07 P4—0
The probabilities 7, m € {1,2} are then
1 1
M =p1+pP3=3, T = P2+ p3 = 3.
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The RBM in LQOC
00®000000000

An example

Split A into M = 2 pieces as
A=A+ A.
Then there are 2M = 4 subsets S,,, w € {1,2,3,4}.
S = {1}, S = {2}, S3=1{1,2}, Sy =0.
We assign the probabilities p,,, w € {1,2,3,4}.
pr=3%  p=3%  p3=0, ps=0.
The probabilities 7, m € {1,2} are then

1 1
M =p1+pP3=3, Ty =p2+p3=s35.
The randomized matrix A-matrix is thus given by
Ah(w, t) = 2Awk> t e [tk—l’ tk),wk S {1,2}.
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An intuitive convergence argument

In addition to the previous example, assume that

m A; and Ay commute,

m that the time grid is uniform, i.e., ty = kh, where h = T /K.
Then,

;
olo An(w,t) dt _ g2Auh 2Auyh 2Aush | G2Auch

— e2A1 T142A2 T,

where
K K
T = hZXl(w;), T = hZX2(wi)-
i=1 i=1

By the law of large numbers, T1, T — T /2 for K — oc.
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Properties of the matrix Ap(w, t)

m The construction of Ap(w, t) assures that
E[An(t)] = A

Proof: For t € [ty_1,tk), An(w,t) = cs.
depends on wk Therefore

E[An( r)]—ZZ—pw—z S Ay,

An only

k Tm

m
w=1meS, m=1we{w|meS,}
" A " A
m
:E = E szg 7T7Tm:§ Am = A

m m

m=1 we{w|meS,} m=1 m=1
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Properties of the matrix Ap(w, t)

m The construction of Ap(w, t) assures that
E[An(t)] = A

Proof: For t € [ty_1,tk), An(w,t) = cs.
depends on wk Therefore

E[An( r)]—ZZ—pw—z S Ay,

An only

Wi Tm

w=1 meS,, m=1we{w|/meS,} M
M Moa
ZZ > Pw:ZE”m—ZAm—A
m= we{w\mesw} m=1 m=1
= We also deflne oM A 2
Var[An] = ElllAx(6) — AP = > | 30 22— Al b
w=1|lmes, "™
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Introduction The RBM in LQOC Numerical example

000008000000

Theorem (D.V., E. Zuazua, Numerische Mathematik, 2022)

m For a deterministic control u(t)
E[|xx(t) — x(t)|?] < hVar[Ap]([|Al|t* + 2t)(|x0| + |Bul.1)?.
m For a stochastic control up(w, t) satisfying |Bup(w)|2 < U
E[|xx(t) — x(t)[?] < Cir | hVar[Ap] (xo + UV't).

m Optimality gap

E[|Jy(u}) — J(u)|] < C (x/hVar[Ah] + hVar[Ah]) .

m Convergence in the controls

E[|uj — u*[2.] < ChVar[Ay].
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Structure of the proof (1/2)

1 We give a bound for E[|x,(t) — x(t)|?] where
xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w,0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.

Note: the control u(t) is deterministic (independent of w).
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Structure of the proof (1/2)

1 We give a bound for E[|x,(t) — x(t)|?] where
xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w,0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.

Note: the control u(t) is deterministic (independent of w).
2 We give a bound for E[|x(t) — x(t)|?] where

xp(w, t) = Ap(w, t)xp(w, t) + Bup(w, t), xp(w,0) = xo,
x(w, t) = Ax(w, t) + Bup(w, t), x(w,0) = xo,

Note: the control u(w, t) is stochastic.
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Structure of the proof (1/2)

1 We give a bound for E[|x,(t) — x(t)|?] where
xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w,0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.
Note: the control u(t) is deterministic (independent of w).
2 We give a bound for E[|x(t) — x(t)|?] where
xp(w, t) = Ap(w, t)xp(w, t) + Bup(w, t),  xp(w,0) = xo,
x(w, t) = Ax(w, t) + Bup(w, t), x(w,0) = xo,
Note: the control u(w, t) is stochastic.

3a Using 2 we obtain a bound for E[|Jy(up) — J(up)|] for any
stochastic control u,. A [-convergence argument then gives

E[|Jn(up) = J(e)[]-

Daniél Veldman IX workshop on Partial Differential Equation, Optimal Design, and Numerics 2022, Benasque, Spain

Random Batch Methods for the Efficient Solution of Optimal Control Problems on Networks 12/28



Structure of the proof (2/2)

3b Using 2 we obtain a bound for

E{|6Jn(u; vi) = 6J(u, )| < €/ VarlARIE[ Vb 2 1 ey

for any deterministic control u and any stochastic control vp,.

Setting u(t) = u*(t) and vy(w, t) = uj(w, t) — u*(t),
the convexity of the functional Ju(w, -) yields a bound for

Efluj — U*|i2(o,T;Rq)]'
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Structure of the proof (2/2)

3b Using 2 we obtain a bound for

E{|6Jn(u; vi) = 6J(u, )| < €/ VarlARIE[ Vb 2 1 ey

for any deterministic control u and any stochastic control vp,.

Setting u(t) = u*(t) and vy(w, t) = uj(w, t) — u*(t),
the convexity of the functional Ju(w, -) yields a bound for

* * |2
Ellup — u"[2(0,7.r9))-
As a consequence, we also get a bound for

E[|J(uh) = J(@)]-
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The RBM in LQOC
000000008000

Sketch of proof for Step 1 (1/4)

xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w, 0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.
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Sketch of proof for Step 1 (1/4)

xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w, 0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.

Define ep(w, t) := xp(w, t) — x(t). Then

én(w, t) = Ap(w, t)xp(w, t) — Ax(t)
= Ap(w, t)ep(w, t) + (Ap(w, t) — A)x(t), en(w,0) =
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Sketch of proof for Step 1 (1/4)

xp(w, t) = Ap(w, t)xp(w, t) + Bu(t), xp(w, 0) = xo,
x(t) = Ax(t) + Bu(t), x(0) = xo.

Define ep(w, t) := xp(w, t) — x(t). Then

én(w, t) = Ap(w, t)xp(w, t) — Ax(t)
= Ap(w, t)ep(w, t) + (Ap(w, t) — A)x(t), en(w,0) =

and also (for t € [tx_1, tk))

%\eh(w, D) = en(w, ) An(w, t)en(w, £)
+ en(w, te) " (An(w, t) — A)x(t)
+ (eh(w, t) — eh(w, tk))T(Ah(w, t) — A)X(t).
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Sketch of proof for Step 1 (2/4)

(w, 1)]? = ep(w, t) T Ap(w, t)ep(w, t)

+ eh(w, tk)T(Ah(w, t) — A)X(t)
+ (en(w, t) — en(w, t)) T (An(w, t) — A)x(t).

prll
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The RBM in LQOC
000000000800

Sketch of proof for Step 1 (2/4)

(w, 1)]? = ep(w, t) T Ap(w, t)ep(w, t)
+ en(w, te) " (An(w, t) — A)x(t)
+ (en(w, t) — en(w, t)) T (An(w, t) — A)x(t).

The first term is bounded by a (quasi-)dissipative assumption:
m Assumption: the matrices A,, are dissipative, i.e.

(x,Amx) <0, Vme {1,2,...,M},x e RV,
Then Ap(w, t) = Zmeswk #Am is also dissipative.

prll
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The RBM in LQOC
000000000800

Sketch of proof for Step 1 (2/4)

(w, 1)]? = ep(w, t) T Ap(w, t)ep(w, t)
+ en(w, te) " (An(w, t) — A)x(t)
+ (en(w, t) — en(w, t)) T (An(w, t) — A)x(t).

The first term is bounded by a (quasi-)dissipative assumption:
m Assumption: the matrices A,, are dissipative, i.e.

(x,Amx) <0, Vme {1,2,...,M},x e RV,
Then Ap(w, t) = Zmeswk #Am is also dissipative.

prll

m Alternative: there exists a a € R such that

1
> — AR <alx]?, Vwe{1,2,...,2M}, x e RV,
T

m
meS,,
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Sketch of proof for Step 1 (3/4)

d
Zlen(w. ) <0

+ eh(wv tk)T(Ah(wa t) - A)X(t)
+ (en(w, t) — en(w, te)) T (An(w, t) — A)x(t).
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The RBM in LQOC
000000000080

Sketch of proof for Step 1 (3/4)

2
— w,t <0
dt‘eh( ) )‘ >~

+ en(w, ti) T (An(w, t) — A)x(t)
+ (en(w, t) — en(w, t)) " (An(w, t) — A)x(t).
The second term vanishes in expectation.
Observe: For t € [tk, tkt1),
m Ap(w, t) depends only on wy
m ep(w, tx) depends only on wy, wo, ..., Wk_1.
Therefore,

Elen(t) " (An(t)—A)] = Elen(ti) 'JE[An(t)—A] = E[en(tx) ']-0 = 0.
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The RBM in LQOC
000000000080

Sketch of proof for Step 1 (3/4)

SEllen(t)?] <0

+ Elen(tx) " (An(t) — A)lx(t)
+E[(en(t) — en(ti) " (An(t) — A)lx(t).
The second term vanishes in expectation.
Observe: For t € [tk, tkt1),
m Ap(w, t) depends only on wy

m ep(w, tx) depends only on wy, wo, ..., Wk_1.
Therefore,

Elen(t) " (An(t)—A)] = Elen(ti) 'JE[An(t)—A] = E[en(tx) ']-0 = 0.
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The RBM in LQOC
000000000008

Sketch of proof for Step 1 (4/4)

@ Ellen(t)] <0

+0
+E[(en(t) — en(te)) " (An(t) — A)lx(2).
The third term can be bounded as follows.
E[(en(t) — en(te)) " (An(t) — A)lx(1)
< E[len(t) — en(ti)[l| An(t) — All]|x(2)]
< \JEllen(t) — en(t) PIE[IAn() — Al2]Ix(2)
< C[”A”’T,u]hVaI"[Ah].
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The RBM in LQOC
000000000008

Sketch of proof for Step 1 (4/4)

@ Ellen(t)] <0

+0
+E[(en(t) — en(te)) " (An(t) — A)lx(2).
The third term can be bounded as follows.
E[(en(t) — en(te)) " (An(t) — A)lx(1)
< E[len(t) — en(ti)[l| An(t) — All]|x(2)]
< \JEllen(t) — en(t) PIE[IAn() — Al2]Ix(2)
< C[”A”’T,u]hVaI"[Ah].

Conclusion:
Elxh(t) ~ x(1)] < Cray, . hVarlAs]
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Numerical example
[ JeJe]e]

Numerical example

Consider a heat equation on V = [—L, L]3,

yt(tvs) = Ay(taé)) £ € [_L7 L]37
V}’(taﬁ) -h = U(t), E S Stopa
Vy(t,€) -n=0, &€ € OV\Siop,

y(0,€) = &I/,

where Siop = {(¢1,&,&) € [-L, L]? | & = L}. Minimize

J:1000/0T//5

side

where Sgige = {(&1,62753) S [—L, L]3 ‘ & = —L}

.
(v(t,€))% ¢ dt+/0 (u(t))? dt,
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Numerical example
[o] Je]e]

Spatial discretization and splitting

The PDE is discretized by finite differences.
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Introduction . in LQOC Numerical example

0@00

Spatial discretization and splitting

The PDE is discretized by finite differences.
The A-matrix is the graph-Laplacian for

iesiet et I
EEOR] e

11,520 edges
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Numerical example
[o] Je]e]

Spatial discretization and splitting

The PDE is discretized by finite differences.
The A-matrix is the graph-Laplacian for

N =163 = 4,096
11,520 edges

The splitting A = Z,’:’Zl An is obtained by (randomly) dividing
the edges in the graph into M(< N) subgroups of equal size.
(These subgroups are fixed during the application of the RBM)
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Numerical example
[e]e] o]

Convergence rate

E[|uj — u*|%2(07T;Rq)] < ChVar[Ap]

S —e— (M, P)=(2,1) —a— (M,P) = (3,1) | h time interval
g 100 —A- (M,P)=(3,2) (M, P) = (4,1) n eac Ime Interva
= (M, P) = (4,2) (M, P) = (4,8) [tk—1, tk), we P of the

*

% i x ] M submatrices A, are
€ 10-11 ¥ § used simulteneously.
5 g ie 1
3 - x 8 8

= I 2% 3 A
E i r/%/ 27 |
‘ 10~2 E X1 =

Py F Al :

\3/ [ -

*§ [ |

= 10—3 Ll [

101 10°
hVaryy [A]
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Numerical example
[e]e]e] )

Computational cost

—k— Original —@— (M, P) =(2,1)
= —A— (M, P)=(3,1) - 4- (M, P) = (3,2) In each time interval
— M, P) = (4, M, P) = (4,
— 102 ( ) B b ¢ )= [tkfl, tk), we P of the
3 (M, P) = (4,3) .
= F = M submatrices A,, are
i - 3 used simulteneously.
< 10t | E
o) F 3
g : ]
= i B .
= The computational cost
2 oL i
o 107 ¢ ¥ E can be reduced by a
L | | | | | ] factor 3.
275 276 9-7 9-8 979
h
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Open questions

m Extension to infinite dimensional systems
Main obstruction in Step 1:

|A|| appears when estimating E[|ep,(t) — en(tx)|?]

';c‘ _ T T T T T ]
'g 1073
>
=107 ]
S —o— Var[A]
= Varyy [A]
*§ 10—7 L -
I
3
= 1077 i
i | | | | |

31 61 121 241 481

N
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Open questions

m Extension to infinite dimensional systems
Main obstruction in Step 1:
|A|| appears when estimating E[|en(t) — en(tx)[?]

m Extension to nonlinear systems
Relevant for interacting-particle systems and neural ODEs.
Main obstruction in Step 2: stochastic controls

Also convexity is lost = Step 3b does not apply anymore.
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Open questions

m Extension to infinite dimensional systems
Main obstruction in Step 1:
|A|| appears when estimating E[|en(t) — en(tx)[?]

m Extension to nonlinear systems
Relevant for interacting-particle systems and neural ODEs.
Main obstruction in Step 2: stochastic controls

Also convexity is lost = Step 3b does not apply anymore.

m Combination with Model Predictive Control
Novel analysis of MPC in the LQ-setting was developed.
[Veldman, Zuazua, https://arxiv.org/abs/2206.01097, 2022]
Convergence of RBM-MPC in the LQ setting in the MSc
internship Alexandra Borkowski. Nonlinear setting still open.
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The RBM for hyperbolic systems

Consider the transport equation
ye(t,x) + v(x)yx(t,x) =0, te(0,T),x €R,
y(07X):_y0(X)7 XGR,

where v(x) is bounded an Lipschitz and yp is C?.

Note: the operator V(X)a% is unbounded.
= Convergence proof from before breaks down.
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The RBM for hyperbolic systems

Consider the transport equation
ye(t,x) + v(x)yx(t,x) =0, te(0,T),x €R,
y(O7X):_y0(X)7 XGR,

where v(x) is bounded an Lipschitz and yp is C?.

Note: the operator V(X)a% is unbounded.
= Convergence proof from before breaks down.

The solution y(t, x) is given by
y(t,x) = yo(§(0; t, x)),
where £(s; t, x) is the solution of the ODE
%5(5; t,x) = v({(s; t,x)), &(t; t,x) = x.
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Perspectives
00®0000

The RBM for hyperbolic systems

We split the generator of the semi-group as

M
= 3 ()

—— m=1 N——
A Am

where the vp,(x) are Lipschitz and bounded and consider as before

Z Am
Ah(w7 t) = 71_77 S [tk717 tk)'
m
meS,,
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The RBM for hyperbolic systems

We thus consider the randomized transport equation
yi(w, t,x) + vp(w, X)yx(w, t,x) =0, t€(0,T),x €R,
y(w,O,x) :}’O(X); XGR)

where

vh(w,x) = > vnl), t € [ti, te).

T
meS,,, m
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The RBM for hyperbolic systems

We thus consider the randomized transport equation
yi(w, t,x) + vp(w, X)yx(w, t,x) =0, t€(0,T),x €R,
y(w,O,x) :}’O(X); XGR)

where

vh(w,x) = > vnl), t € [ti, te).

mes,, M
The solution y,(w, t, x) is given by
ya(w, t,x) = yo(§(w, 0; £, x)),
where &p(w, s; t, x) is the solution of the ODE
%gh(w,s; t,x) = vp(w, &p(w, s; t, x)), (w, t; t,x) = x.
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The RBM for hyperbolic systems

Consider the two systems of characteristics
&(sit,x) = v(E(si t,x)), (tt,x) = x,

%gh(w’S; t7X) = Vh(waé-h(wa S; t,X)), 5(‘-0, t; t,X) = X.
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The RBM for hyperbolic systems

Consider the two systems of characteristics
&(sit,x) = v(E(si t,x)), (tt,x) = x,
%fh(w, S t7X) = Vh(wv {h(wa s, t, X))7 5("‘)7 t, t, X) = X.

Lemma

If v(x) and the vm(x) are bounded and Lipschitz, 3 a C s.t.

E[[én(si t, x) = &(si t,x)*] < Ce—gph.
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The RBM for hyperbolic systems

Consider the two systems of characteristics
&(sit,x) = v(E(si t,x)), (tt,x) = x,
%fh(w, S t7X) = Vh(wv {h(wa s, t, X))7 5("‘)7 t, t, X) = X.

Lemma

If v(x) and the vm(x) are bounded and Lipschitz, 3 a C s.t.

E[[én(si t, x) = &(si t,x)*] < Ce—gph.

As a consequence
lyn(w, t,x) — y(t. x)| = [yo(&n(w, 0; t, x)) — ¥0(£(0; t, x))|
< Iyolc1lén(w, 0; £, x) — £(0; £, x)].
Ellyn(t, x) = y(t,x)|] < [yolz2 G h.
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Visualization

v(x) = v = vi(x) + vo(x)

—&  +€
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Visualization

—&  +€

X
a5 . . . . " . . . .
05 04 03 02 01 0 01 02 03 04 05
X
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Perspectives
0000000

Remarks and outlook

‘Easy’ extensions:
m bounded domains x € (0, L).
m n-dimensional spatial domains
yt(tv)?) = ‘7()?) ’ V)?}/(tv)?)
m systems of linear transport

equations

yt(t?x) = A(X)VX(t> X)'
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Perspectives
0000000

Remarks and outlook

‘Easy’ extensions:
m bounded domains x € (0, L).
m n-dimensional spatial domains

ye(t,X) = V(X) - Vzy(t, X).

m systems of linear transport
equations

yve(t, x) = A(x)yx(t, x).
(Much) more challenging:
m Removing the Lipschitz conditions
(networks of transport equations)
m Weaker notions of solutions.
m Nonlinear transport equations / conservation laws
In particular, networks of incompressible Euler equations
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Perspectives
0000000

Remarks and outlook e~0,h=0.02

‘Easy’ extensions: . time = 1
m bounded domains x € (0, L).
m n-dimensional spatial domains

yt(tv)?) = ‘7()?) ’ V)?}/(tv)?)
m systems of linear transport
equations
Ve(t, x) = A(x)yx(t, x).
Much more challen in : 05 -04 03 02 -01 o 01 02 0.3 04 0.5
ging <
m Removing the Lipschitz conditions
(networks of transport equations)
m Weaker notions of solutions.

m Nonlinear transport equations / conservation laws
In particular, networks of incompressible Euler equations

%) (analytical)
Yy(tX) (@nalytical)

y(tx)
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