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The convection-diffusion problem



∂tu(t, x) =
∫
HN

J(d(x, y))(u(t, y)− u(t, x))dy

+

∫
HN

G(x, y) [f(u(t, y))− f(u(t, x))] dy, x ∈ HN, t ≥ 0;

u(0, x) =u0(x), x ∈ HN.
(1)

Both J = Jε and G = Gε are shrunk as ε→ 0 to obtain:{
ut(t, x) = A∆u(t, x)− div(f(u(t)) · X)(x), x ∈ HN, t ≥ 0;
u(0, x) = u0(x), x ∈ HN.

(2)

where A > 0 depends on J, X is a bounded C1 vector field,
depending on G.
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The transport problem

{
∂tu(t, x) =

∫
HN G(x, y)(u(t, y)− u(t, x))dy, x ∈ HN, t ≥ 0

u(0, x) = u0(x), x ∈ HN (3)

Shrinking G = Gε, ε→ 0 to obtain:{
∂tu(t, x) = −div(u(t) · X)(x), x ∈ HN, t ≥ 0
u(0, x) = u0(x), x ∈ HN (4)

X bounded C1 vector field
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The diffusion case

[Bandle et al., 2018] – diffusion equation

{
∂tuε(t, x) :=

∫
HN ε−N−2J

(
d(x,y)

ε

)
(u(t, y)− u(t, x))dy , x ∈ HN, t ≥ 0

uε(0, x) = u0(x) , x ∈ HN

(5){
∂tu(t, x) := −q ·∆u(t, x) , x ∈ HN, t ≥ 0
u(0, x) = u0(x) , x ∈ HN (6)

q =
1

2N

∫
HN

J(d(0, x)) · (d(0, x))2dx
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The euclidean case I

[Ignat and Rossi, 2007] – convection-diffusion equation on RN



∂tu(t, x) =
∫
HN

J(x− y)(u(t, y)− u(t, x))dy

+

∫
HN

G(x− y) [f(u(t, y))− f(u(t, x))] dy, x ∈ RN, t ≥ 0;

u(0, x) =u0(x), x ∈ RN.
(7)

f(r) = |r|q−1r, q ≥ 1

J is a radial function, G is not radial.
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The euclidean case II



∂tuε(t, x) =
∫
HN

ε−N−2J
(

x− y
ε

)
(u(t, y)− u(t, x))dy

+

∫
HN

ε−N−1G
(

x− y
ε

)
[f(u(t, y))− f(u(t, x))] dy, x ∈ RN, t ≥ 0;

uε(0, x) =u0(x), x ∈ RN.
(8)
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The euclidean case III

{
∂tu(t, x) = A∆u(t, x) +∇xf(u)(t, x) · X , x ∈ RN, t ≥ 0
u(0, x) = u0(x) , x ∈ RN (9)

A =
1

2N

∫
RN

J(x)|x|2dx

X = −
∫
RN

G(x) · x dx ∈ RN constant vector.

Essential property for the convergence:∫
RN

[G(y− x)− G(x− y)]dx = 0, ∀y ∈ RN
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The Hyperbolic space I

The Poincaré ball model
BN ⊂ RN the unit ball.

gi,j = (λ(x))2δi,j,

λ(x) = 2
1− |x|2e

,

The half-space model
RN
+ =

{
x = (x′, xN) ∈ RN : xN > 0

}
gi,j =

1
x2

N
δi,j.
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The Hyperbolic space II

Isometry between models
Cayley transform C : RN

+ → BN:

C(x′, xN) =

(
2x′

1 + |x|2e + 2xN
,
|x|2e − 1

1 + |x|2e + 2xN

)
, ∀x = (x′, xN) ∈ RN

+.
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Defining G on the Hyperbolic space I

Definition (Geodesic flow)

(x,V) ∈ THN

γx,V be the unique geodesic s.t. γ(0) = x, γ′(0) = V

expx : TxHN → HN

expx(V) = γx,V(1)

Φt(x,V) : THN → THN

Φt(x,V) = (γx,V(t), γ′x,V(t))

The vector Vx,y ∈ TxHN such that expx(Vx,y) = y accounts for y− x.
Moreover, |Vx,y| = d(x, y).
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Defining G on the Hyperbolic space II

Remark

Φ1(x,Vx,y) = (y,−Vy,x)

This relation accounts for

(y− x) = −(x− y)

We define
G(x, y) = G̃(x,Vx,y)

G̃ : THN → [0,∞)

G̃ (Φt(x,V)) = (x,V)
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An important property of G

G̃(x,Vx,y) = G̃(y,−Vy,x)

Proposition ∫
HN

[G(x, y)− G(y, x)]dx = 0, ∀y ∈ HN

Proof idea. ∫
HN

[G̃(y,−Vy,x)− G(y,Vy,x)]dx = 0

equivalent to ∫
TyHN

[G̃(y,−V)− G(y,V)]
∣∣∣Jexpy(V)

∣∣∣ dV = 0
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Concentrating the kernel G

Gε(x, y) = ε−N−1 G̃
(

x, 1
ε

Vx,y

)
Still invariant to the geodesic flow.

Particular case: G compactly supported around the diagonal of HN ×HN:

d(x, y) > M⇒ G(x, y) = 0

G̃(x,V) = 0, if |V| > M

d(x, y) > εM⇒ Gε(x, y) = 0
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The non-local and local transport problems


u ∈ C1([0,∞), L2(HN))

∂tuε(t, x) = LGε(uε(t))(x) = ε−N−1 ∫
HN G̃

(
x, 1

εVx,y
)
(uε(t, y)− uε(t, x))dy,
x ∈ HN, t ≥ 0

u(0, x) = u0(x), x ∈ HN

(10){
∂tu(t, x) = −div(u(t) · X)(x) , x ∈ HN, t ≥ 0
u(0, x) = u0(x) , x ∈ HN (11)

X(x) = −
∫

TxHN
G̃(x,W) ·W dW

Dragoș Manea (IMAR) Non-local conv.-diff. on Hyperbolic August 24, 2022 14 / 31



Weak formulations for the transport problems

For every φ ∈ C1
c([0,∞),H1(HN)),∫ ∞

0

∫
HN

uε∂tφdxdt = −
∫
HN

u0φ(0)dx−
∫ ∞

0

∫
HN

uεL∗
Gε
(φ)dxdt (12)

L∗
Gε
(φ)(x) =

∫
HN

Gε(y, x)(φ(y)− φ(x))dy

∫ ∞

0

∫
HN

u∂tφdxdt = −
∫
HN

u0φ(0)dx−
∫ ∞

0

∫
HN

u∇φ · Xdxdt (13)

Remark

∇φ · X = X(φ)
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Transport: convergence non-local → local I

∥uε(t)∥L2(HN) ≤ ∥u0∥L2(HN)

uε ε→0−−−⇀ U in L2((0,T)×HN)

It is enough to prove

∥L∗
Gε
(φ)− X(φ)∥L2(HN)

ε→0−−−→ 0, ∀φ ∈ H1(HN).
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Transport: convergence non-local → local II

Proof of convergence

L∗
Gε
(φ)(x) = ε−N−1

∫
HN

G̃
(

y, 1
ε

Vy,x

)
(φ(y)− φ(x))dy

= ε−N−1
∫
HN

G̃
(

x,−1
ε

Vx,y

)
(φ(y)− φ(x))dy

C.V. W = Vx,y, that is y = expx(W)

L∗
Gε
(φ)(x) = ε−N−1

∫
TxHN

G̃
(

x,−1
ε

W
)
(φ(expx(W))−φ(x)) |Jexpx(W)| dW.

Denote Fx = φ ◦ expx, C.V. W← −εW

L∗
Gε
(φ)(x) = ε−1

∫
TxHN

G̃ (x,W) (Fx(−εW))− Fx(0)) |Jexpx(−εW)| dW.
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Transport: convergence non-local → local III

Leibniz-Newton formula:

L∗
Gε
(φ)(x) =

∫
TxHN

G̃ (x,W) ·W
∫ 1

0
∇Fx(−τεW)dτ |Jexpx(−εW)| dW.

d
dsFx(sW) = dFx(sW)(W) = W · ∇Fx(sW)
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Transport: convergence non-local → local IV

W(φ)(x) = W(x) · ∇Fx(0)

Remember
X(φ)(x) = −

∫
TxHN

G̃(x,W) ·W(φ)(x) dW

The studied difference ∥L∗
Gε
(φ)− X(φ)∥L2(HN) is equal to:

∫
HN

(∫
TxHÑ

G (x,W) ·W
[∫ 1

0
∇Fx(−τεW)dτ |Jexpx(−εW)| − ∇Fx(0)

]
dW

)2
dy

|Jexpx(0)| = 1
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Transport: convergence non-local → local V
Ingredients for the general case:
We assume

G(x, y) ≤ k(d(x, y))

M(G) =
∫ ∞

0
k(r) · r · e2(N−1)rdr <∞.

We obtain:

∥L∗
Gε
(φ)∥L2(HN) ≤ M(G)∥∇φ∥L2(HN), ∀φ ∈ H1(HN) (14)

Half-space model: ∀V ∈ RN, ∃CV ∈
[
e−|V|e , e|V|e

]
∥∇φ(expx(xNV))∥L2x(HN) ≤ C

N−1
2

V ∥∇φ∥L2(HN) (15)

Accounts for:
∫
RN
|f(x + a)|2dx =

∫
RN
|f(x)|2dx, ∀a ∈ RN
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The non-local and local non-linear convection-diffusion
problems
u0 ∈ Y = L1(HN) ∩ L∞(HN), f(r) = |r|q−1 · r, q ≥ 1.

∂tuε(t, x) = ε−N−2
∫
HN

J
(

d(x, y)
ε

)
(uε(t, y)− uε(t, x))dy

+ ε−N−1
∫
HN

Gε(x, y) [f(uε(t, y))− f(uε(t, x))] dy, t ≥ 0, x ∈ HN;

uε(0, x) =u0(x), x ∈ HN.
(16){

ut(t, x) = A∆u(t, x)− div(f(u(t)) · X)(x), x ∈ HN, t ≥ 0;
u(0, x) = u0(x), x ∈ HN.

(17)

A =
1

2N

∫ ∞

0
J(r) · rN+1dr X(x) = −

∫
TxHN

G̃(x,W) ·W dW
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Weak formulations for non-local convection-diffusion
problem
uε ∈ C([0,∞), L2(HN)) ∩ L∞([0,∞)×HN)

∫ ∞

0

∫
HN

uε∂tφdxdt +
∫
HN

u0φ(0)dx

= −
∫ ∞

0

∫
HN

uε(t, x)ε−N−2
∫
HN

J
(

d(x, y)
ε

)
(φ(t, y)− φ(t, x))dydx

−
∫ ∞

0

∫
HN

f(uε(t, x))
∫
HN

Gε (y, x) (φ(t, y)− φ(t, x))dydx

= −
∫ ∞

0

∫
HN

uεL̃ε
J(φ)dxdt−

∫ ∞

0

∫
HN

f(uε)L∗
Gε
(φ)dxdt

(18)
for every φ ∈ C1

c([0,∞),H1(HN)).
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Weak formulations for local convection-diffusion problem

u ∈ C([0,∞), L2(HN)) ∩ L2
loc([0,∞),H1(HN)) ∩ L∞([0,∞)×HN)∫ ∞

0

∫
HN

u · ∂tφ(t, x)dxdt +
∫
HN

u0φ(0)dx

=

∫ ∞

0

∫
HN

[A∇u · ∇φ− f(u)X · ∇φ] dxdt
(19)

for every φ ∈ C1
c([0,∞),H1(HN)).

One can prove uniqueness of the weak solution for the local problem.
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Compactness result for the sequence (uε)ε I

Inspired from [Ignat et al., 2015] – Euclidean case.

M is a N-dimensional complete connected Riemannian Manifold.
J : [0,∞)→ [0,∞) continuous function, J(0) ̸= 0.

Jε(r) =
1
εN J

( r
ε

)
(uε)ε a bounded in L2([0,T]×M)

A = lim inf
ε→0

ε−2
∫ T

0

∫
M

∫
M

Jε(d(x, y))|uε(y)− uε(x)|2dVg(x)dVg(y)dt <∞
(20)
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Compactness result for the sequence (uε)ε II

Then
1 If uε ⇀ u in L2([0,T], L2(M)), then:

u ∈ L2([0,T],H1(M))∫ T

0
∥∇u(t)∥2L2(M)dt ≤ C · A.

2 If D ⊆ M open, bounded and

∥∂tuε∥L2([0,T],H−1(D)) uniformly bounded in ε > 0

then (uε)ε converges strongly in L2([0,T]× D) on a subsequence.
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Convection-diffusion: convergence non-local → local I

Aim:
−
∫ ∞

0

∫
HN

uεL̃ε
J(φ)dydt−

∫ ∞

0

∫
HN

f(uε)L∗
Gε
(φ)dydt

↓

A
∫ ∞

0

∫
HN
∇u · ∇φdxdt−

∫ ∞

0

∫
HN

f(u)X · ∇φdxdt
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Convection-diffusion: convergence non-local → local II

From the compactness result:

f(uε) ⇀ f(u) in L2([0,T]×HN).

Since
∥L∗

Gε
(φ)− X(φ)∥L2(HN)

ε→0−−−→ 0, ∀φ ∈ H1(HN).

it follows that:∫ ∞

0

∫
HN

f(uε)L∗
Gε
(φ)dydt→

∫ ∞

0

∫
HN

f(u)X · ∇φdxdt
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Convection-diffusion: convergence non-local → local III

We are left to prove:∫ ∞

0

∫
HN

uεL̃ε
J(φ)dydt→ −A

∫ ∞

0

∫
HN
∇u · ∇φdxdt

∥L̃ε
J(φ)− A∆φ∥L2(HN)

ε→0−−−→ 0, for φ ∈ C∞
c (HN)

It can be done similarly to the proof of:

∥L∗
Gε
(φ)− X(φ)∥L2(HN)

ε→0−−−→ 0
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Convection-diffusion: convergence non-local → local IV

In the general case, φ ∈ C1
c([0,∞),H1(HN)), we need to impose on J the

following:

Hypothesis
J : [0,∞)→ [0,∞) continuous and J(0) ̸= 0.∫ ∞

0
J(r) · r2 · e2(N−1)rdr <∞, if N ≥ 3;

∫ ∞

0
J(r) · (r2 · e2r + sinh(r))dr <∞, if N = 2.
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Further directions of research

1 Study the convergence of uε → u in other Lp or Sobolev norms.
2 Study the long-time asymptotic behaviour of the difference

∥U(t)− u(t)∥Lp(HN)

U is the solution of the non-local convection-diffusion equation with
initial data u0 and some fixed J and G.
u is the solution of the local convection-diffusion equation with the
same initial data and the corresponding A and X.
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