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The convection-diffusion problem

Ot ) = | Hdbey))(u(t,y) = ul(t, x))dy

+ / Glx,y) [Au(t,y)) — Ru(t, )] dy, xeHY, > 0;
HN

u(0, x) =up(x), x € HN.

(1)

Both J= J. and G = G, are shrunk as ¢ — 0 to obtain:
ue(t, x) = AAu(t, x) — div(fu(t)) - X)(x), xeHN t>0;
u(0, x) = up(x), xe HN.

where A > 0 depends on J, X is a bounded C! vector field,
depending on G.
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The transport problem

Oru(t,x) = [on Gx, ¥)(u(t,y) — u(t, x))dy, xe€ HN t>0
{ o) Lol " em G)

Shrinking G = G, ¢ — 0 to obtain:

8tU(t, X) = —diV(u(t) . X)(X), = HN, t> 0 .
{ u(va) = UO(X), x € HN ( )

X bounded C! vector field
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The diffusion case

[Bandle et al., 2018] — diffusion equation

{ Oetf (£, %) := [ne N~ (d(z’y)) (u(t,y) — u(t,x))dy ,xcHN t>0
u(O,x):uo() ,x € HV
(5)
Owu(t,x) = —q- Au(t,x) ,xc HV t>0 6
{ u(0, x) = up(x) ,x € HV (6)
0= 557 |, H0.) - (d0.x)

Dragos Manea (IMAR) Non-local conv.-diff. on Hyperbolic August 24, 2022 4/31



The euclidean case |

[Ignat and Rossi, 2007] — convection-diffusion equation on RV

Deu(t, x) = /H = )t y) ~ u(t,x))dy

+ / Glx— y) [ult, v)) — Au(t, )] dy, x€ RV, > 0;
HN

Lu(0, x) =uo(x), xe RN,

(7)

f)=d""rqg>1

Jis a radial function, G is not radial.
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The euclidean case |l

Dot (£ x) = /HNgMJ <X;y> (u(t,y) — u(t, x))dy
+/HN5—’V 1G<X€ y) [fu(t,y)) — Au(t )] dy, xRN ¢> 0;

U (0, x) =up(x), xe RN
(8)
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The euclidean case |l

Oru(t, x) = AAu(t, x) + Vifu)(t,x) - X ,xe RN t>0 .
{ u(0, x) = up(x) X E RN (9)

L 2
A= 2/\I/RN J(x)|x|=dx

X=— G(x) - x dx € RN constant vector.
RN

Essential property for the convergence:

RN[G(Y— x) — G(x — y)]dx=0,Vy € RN
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|
The Hyperbolic space |

The Poincaré ball model
BN ¢ RN the unit ball.

2
A =
() =1— P
The half-space model
RY = {x=(X,xn) € RV : xy > 0}
1
8ij = —0ij.
X
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|
The Hyperbolic space Il

Isometry between models
Cayley transform C : Rﬂ — BN

2X Ix2 -1
14 X2+ 2xn" 1+ X2+ 2xpy

C(X,xn) = ( > x = (X, xn) € RY.
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-
Defining G on the Hyperbolic space |

Definition (Geodesic flow)

(xx V) e THV
7x,v be the unique geodesic s.t. v(0) = x, 7/(0) = V

expy : THN — HN
expx(V) = 7, (1)
®i(x, V) : THN — THV

<I>t‘(Xv \/) = (PYX,V(t)7/Y)/<,V(t))

The vector V, , € T, HN such that exp,( V) = y accounts for y — x.
Moreover, |V, | = d(x, y).

oS,
g@:t
£ 3
v

£
i
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-
Defining G on the Hyperbolic space |l

Remark

¢1(X7 Vx,y) = (.y) - Vy,X)

This relation accounts for

We define

G: THN — [0, 00)

o é
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|
An important property of G

E(X7 VX7y) = E(y’ - V}’;X)
Proposition

/HN[G(X,Y) — G(y,x)]dx=0,Vy € v

Proof idea.
HN[E(% _Vy,x) - G(% Vy,x)]dx =0

equivalent to

/ [G(y, ~V) — Gly, V)]
T, HN

Joxp, (V)] @V =0
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-
Concentrating the kernel G

Ge(x,y) =e N1 G (X, ivx,y)
Still invariant to the geodesic flow.
Particular case: G compactly supported around the diagonal of HV x HV:
d(x,y) > M= G(x,y) =0

G(x, V) =0, if [V > M
d(x,y) >eM= G.(x,y) =0

V&
e
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The non-local and local transport problems

w e CI([0,00), L2(HM)) i
0uF(£) = Le. (F(0)(X) = = [ G (x LV (1F(2y) — (6,
xeHN t>0
u(0, x) = wp(x), x € HN
(10)

O:u(t, x) = —div(u(t) - X)(x) ,xc HN, t>0
{ u(0, x) = up(x) ,x € HN (11)

X(x) = —/THN G(x, W) - WdW

nonsr,
RS,

& 3

P V&
%

*
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Weak formulations for the transport problems

For every ¢ € CL([0, 00), H*(HN)),

/ / ueatgodxdt:—/ uocp(O)dx—/ UL (p)dxdt  (12)
0o JHN HN o JuN

L)) = [ G000 — o)y

/ / uatapdxdt:—/ uogo(O)dx—/ / uVe - Xdxdt  (13)
o Jmn HN o Jmw

Remark
V- X= X(‘P) |
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Transport: convergence non-local — local |

1 ()| 2gaamy < Nluoll 2 ey
=% Uin 12((0, T) x HVY)

It is enough to prove

1L (9) — X9l 2y =% 0,V € H(HM).
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Transport: convergence non-local — local Il

Proof of convergence

500 == [ B0 ) (60 - p)ay

K <X, = v) () — ¢(x))dy

CV. W=V,,, that is y = exp, (W)

b)) == [

THN

& (%~ 2W) (e W)~ (09) Harn (W]

Denote Fx = p o expy, C.V. W< —cW

sl =c" [

T HN

Glx W) (Ful=eW)) = F(0)) o (~= W) a0

3
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Transport: convergence non-local — local lll

Leibniz-Newton formula:

_ 1
0= [ G W) W [ VE(reW)dr o (W] W

diSFX(sW) = dFE(sW)(W) = W- VF(sW)

v,
ST,
& "«
P N

¥ e

*
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Transport: convergence non-local — local IV

W(p)(x) = W(x) - VF«(0)
Remember
X)) =~ [ G W) W) dw
T, HN
The studied difference ||L_(¢) — X() || 2(umy is equal to:

2

/HN</I'XHN x, W) - W[/ VF(—meW)dT | Jexp (—eW)| — VF,(0 )] dW) dy

[Jexp,(0)] = 1

nonsr,
RS,

& 3

P V&
%

*
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Transport: convergence non-local — local V

Ingredients for the general case:

We assume
Glxy) < k(d(x,y))
M(G) = /OO k(r) - r- N Drdr < 0.
We obtain: :
IL6. ()| 2amy < M(G) Vol 2geamy, Yoo € HH(H") (14)

Half-space model: YV e RN, 3Cy € [e‘Me,eMe}
N—-1
2

IVeo(expxnV) 2@y < CF IVl 2qamy (15)

Accounts for: / |Ax+ a)\2dx:/ |x)|?dx, Va € RV
RN RN
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The non-local and local non-linear convection-diffusion
problems

up € Y=L HN)nL>*MmN), Ar=|d91-rg>1

Dutf (£, ) = =2 / J ("(ng)> (F(t,y) — 1 (t X))dy

H
b [ G (e (6) - (] dye £ 0xe B
¥ (0, x) =up(x), xe HN.
(16)

(17)

{ut(t, x) = AAu(t, x) — div(Au(t)) - X)(x), xe HN, t>0;
u(0, x) = wup(x), xe HN.

A= 0 Mldr  X(x) = — G(x, W) - WdW ¢ !
0 T, HN R
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Weak formulations for non-local convection-diffusion
problem

i € ([0, 00), L2(HN)) N L([0, 00) x HN)

/ / uaﬁtgodxdt—i—/ up(0)dx
o JuN HN

— [T [t [ (D) (et - ot )

[ R [ 60 (alen) — ol )
0 HN HN

__ /0 /H ()l - /0 [ )L (o)

1 1 N
for every ¢ € C([0, 00), H*(H"Y)).
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Weak formulations for local convection-diffusion problem

ue ([0, 00), L2(HN)) N L2

loc

/ / u- Oep(t, x)dxdt+/ up(0)dx
o Jmw HN
:/ / [AVu- Vo — lu)X- V] dxdt
0o JHN

for every ¢ € CL([0, 00), H*(HN)).

([0, c0), HY(HN)) N L°°([0, 00) x HN)

(19)

One can prove uniqueness of the weak solution for the local problem.

nonsr,
RS,

& 3

P V&
%

*
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Compactness result for the sequence (vF)- |

Inspired from [Ignat et al., 2015] — Euclidean case.

M is a N-dimensional complete connected Riemannian Manifold.
J:[0,00) — [0, 00) continuous function, J(0) # 0.

Je(n = 5’\"/(5)
(f)e a bounded in L2([0, T] x M)

—I|m|nf€ / //J 06 YU (y) — o (x)|2dV(x)dVi(y)dt < oo
(20)

nonsr,
RS,

& 3

P V&
%

*
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Compactness result for the sequence (vf): Il

Then
Q If ¥ — win L2([0, T], L2(M)), then:

u e L2([0, T], HY(M))

T
| IVt < -
@ If DC M open, bounded and

|0t || i2(10, 71,1-1(p)) uniformly bounded in e >0

then (F). converges strongly in L2([0, T] x D) on a subsequence.

nonsr,
RS,
& *
P V&
%

*
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Convection-diffusion: convergence non-local — local |

A R O A R T
0 JHN 0 JHN
!

A/ Vu- chdxdt—/ lu)X - Vpdxdt
o Juw o Juw

V&
e
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Convection-diffusion: convergence non-local — local Il

From the compactness result:

fluF) — Ru) in L2([0, T] x HY).

Since
" 0
ILE () = X() | i2gmy — 0,V € H(HV).

it follows that:

/0 o lu°)Ls. (p)dydt — /0 /HN flu)X - Vdxdt
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Convection-diffusion: convergence non-local — local Il

We are left to prove:

/ / u523(g0)dydt — —A/ Vu- Vdxdt
0 HN 0 HN

IL5(0) — AD@ | oamy % 0, for € C(HM)

It can be done similarly to the proof of:

e—0

1. (#) = X(0)l 2 (gavy — 0
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Convection-diffusion: convergence non-local — local IV

In the general case, ¢ € CX([0,00), H*(H")), we need to impose on J the
following:

Hypothesis
J:[0,00) — [0, 00) continuous and J(0) # 0.

/ Jr)- P NDrgr < oo, if N> 3;
0

/ Jr)- (P - € +sinh(r))dr < co, if N=2.

& Cio,p
& "«
W wam F
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Further directions of research

@ Study the convergence of u* — u in other LP or Sobolev norms.

@ Study the long-time asymptotic behaviour of the difference

[ U(t) — u(E)| Loqmy
U is the solution of the non-local convection-diffusion equation with
initial data up and some fixed J and G.

u is the solution of the local convection-diffusion equation with the
same initial data and the corresponding A and X.
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