Averaged turnpike property for differential equations with

random constant coefficients

IX Partial differential equations, optimal design and numerics

Author: Martin Herndndez Salinas.
Work in collaboration with: S.Zamorano y R.Lecaros.

Friedrich-Alexander-Universitat Erlangen-Niirnberg

- s Chair . .
|E Friedrich-Alexander-Universitat DYNAMICS, CONTROL DAAD 32:ﬁ::ii:féﬁl"?iﬁ.i}'}”:;fﬁd'e"“ A E D E t
Erlangen-Niirnberg AND NUMERICS ]
I /am\ FAU

September, 2022

Author: Martin Herndndez Salinas. Averaged Turnpike Property



Introduction
Index

e Introduction
@ Turnpike Property

@ Motivation

e Averaged turnpike property
@ Random differential equations
@ Finite dimensional average turnpike

@ Open problems

Author: Martin Hernandez Salinas. Averaged Turnpike Property



Introduction Turnpike Property

e Introduction

@ Turnpike Property

Author: Martin Hernandez Salinas. Averaged Turnpike Property



Introduction Turnpike Property

Turnpike Property

Consider the Evolutive problem
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Turnpike Property

Consider the Evolutive problem

L {J%) -3 (/ "o+ () - 2P dr) b

where x(t) is the solution of

{xt(t) + Ax(t) = Bu(t) te(0,T),
x(0) = xo.
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Turnpike Property

Consider the Evolutive problem

L {J%) -3 (/ "o+ () - 2P dr) b

where x(t) is the solution of

{xt(t) + Ax(t) = Bu(t) te(0,T),
x(0) = xo.

Also, consider the stationary problem

min {JS(u) = 2 (Jal + 1o - z||2)},

uc
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Introduction Turnpike Property

Turnpike Property

Consider the Evolutive problem

L {J%) -3 (/ "o+ () - 2P dr) b

where x(t) is the solution of

{xt(t) + Ax(t) = Bu(t) te(0,T),
x(0) = xo.

Also, consider the stationary problem

min {JS(u) = 2 (Jal + 1o - z||2)},

uc

where x is the solution of Ax = Bu.
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Turnpike Property

Assume that there exists

= (x”,uT): Optimal evolutive pair.
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Then we will say that the turnpike property holds if:
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Turnpike Property

Assume that there exists

= (x”,uT): Optimal evolutive pair.
» (X, u): Optimal stationary pair.
Then we will say that the turnpike property holds if:

There exist two positive constants C and 6,
independent of the time horizon T, such that

uT(t)—a

< C(ef‘St + e*‘S(T*t))
U - )
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Turnpike Property

Assume that there exists

= (x”,uT): Optimal evolutive pair.
» (X, u): Optimal stationary pair.
Then we will say that the turnpike property holds if:

There exist two positive constants C and 6,
independent of the time horizon T, such that

uT(t)—a

< C(ef‘St + e*‘S(T*t))
U - )

with t € (0, T).
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Introduction

Propiedad de Turnpike

Turnpike Property

Assume that there exists

» (x”,u"): Optimal evolutive pair.
» (X, u): Optimal stationary pair.
Then we will say that the turnpike property holds if:

There exist two positive constants C and 6,
independent of the time horizon T, such that

u'(t)—T

< C(eiét—{— efS(Tft))
U f— )

with t € (0, T).

_ C(E—of+e—b(r—r))

-+ Evolutive Trayectory
~ — Stationary Trayectory
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Introduction Motivation

Why turnpike is interesting?

1. When the turnpike property is verified, and we are in a large time context, then it
makes sense to use stationary dynamics instead of evolutionary dynamics.
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Introduction Motivation

Why turnpike is interesting?

1. When the turnpike property is verified, and we are in a large time context, then it
makes sense to use stationary dynamics instead of evolutionary dynamics.

2. Stationary control is not very different from evolutionary control.
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Random differential equations (RDE)

Following the book

@ T. Soong. (1973).

Random differential equations in science and engineering.
Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London.

Let us consider the probability space (2, F, 1) with w € Q
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Random differential equations (RDE)

Following the book

@ T. Soong. (1973).

Random differential equations in science and engineering.
Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London.

Let us consider the probability space (2, F, 1) with w € Q
1. RDE with random initial condition
x¢e(t,w) = f(x(t,w), t),
x(ty) = xo(w).
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Averaged turnpike property Random differential equations

Random differential equations (RDE)

Following the book

@ T. Soong. (1973).

Random differential equations in science and engineering.
Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London.

Let us consider the probability space (2, F, 1) with w € Q

1. RDE with random initial condition

{xt(t,w) = f(x(t,w), t),
x(ty) = xo(w).

2. RDE with random coefficients
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Random differential equations (RDE)

3. Nonhomogeneous RDE with random initial condition

{xt(t,w) = f(x(t,w), t) + g(t.w),

x(ty) = xo(w).
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Random differential equations (RDE)

3. Nonhomogeneous RDE with random initial condition

{xt(t,w) = f(x(t,w), t) + g(t.w),

x(ty) = xo(w).

iHow can we introduce a control function to these problems?
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Control system of random differential equations

Some possibilities can be
1. RDE with random initial condition

{xt(t,w) = f(x(t,w), t) + B(w)u(t),

X(to) = Xo(w).

2. RDE with random coefficients

{Xt(t,w) = f(t,w)x(t,w) + B(w)u(t),

X(to) = Xp.

3. Nonhomogeneous RDE with random initial

{xt(t,w) = f(x(t,w), t) + g(t,w) + B(w)u(t),
x(to) = xo(w)-
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Main questions

Is possibly to prove the turnpike property when x” and x are random
trajectories?
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Main questions

Is possibly to prove the turnpike property when x” and x are random
trajectories?
What is the meaning of the turnpike property in this context?

Author: Martin Hernandez Salinas. Averaged Turnpike Property



Averaged turnpike property Finite dimensional average turnpike

Evolutive random problem

Consider the following evolutive problem with random coefficients

{xt(t,w) + A(w)x(t,w) = B(w)u(t) te(0,T),
x(0) = xo,
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Evolutive random problem

Consider the following evolutive problem with random coefficients

{xt(t,w) + A(w)x(t,w) = B(w)u(t) te(0,T),
x(0) = xo,

and the minimization problem
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Evolutive random problem

Consider the following evolutive problem with random coefficients

{xt(t,w) + A(w)x(t,w) = B(w)u(t) te(0,T),
x(0) = xo,

and the minimization problem

i L@ =5 ([Mnnaaes [ [ 1eentce - i aner) |

(2)

with x(t,w) the solution of (1) and z € R".
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Stationary random problem

Also, consider the following minimization stationary problem

min { (@) = 5 (10l + [ 1CEI() = 2l )}, )

with x(w) the solution of A(w)x(w) = B(w)u.
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Turnpike inequality

Let us assume that

» (x",u") : The optimal pair of the evolutive problem.
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Turnpike inequality

Let us assume that
» (x",u") : The optimal pair of the evolutive problem.

» (X, u) : The optimal pair of the stationary problem.
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Turnpike inequality

Let us assume that
» (x",u") : The optimal pair of the evolutive problem.
» (X, u) : The optimal pair of the stationary problem.

We will say that the average turnpike property hold, if the optimal pairs satisfy in
average the exponential turnpike property, that is,
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Turnpike inequality

Let us assume that
» (x",u") : The optimal pair of the evolutive problem.
» (X, u) : The optimal pair of the stationary problem.

We will say that the average turnpike property hold, if the optimal pairs satisfy in
average the exponential turnpike property, that is,

HXT(t) - ?‘ JT() =] < @(e T 4 ety

RrRm

L2(Q;RM)
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Turnpike inequality

Let us assume that
» (x",u") : The optimal pair of the evolutive problem.
» (X, u) : The optimal pair of the stationary problem.

We will say that the average turnpike property hold, if the optimal pairs satisfy in
average the exponential turnpike property, that is,

HXT(t) - ?‘ JT() =] < @(e T 4 ety

RrRm

L2(Q;RM)

for all t € (0, T).
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Turnpike inequality

Let us assume that
» (x",u") : The optimal pair of the evolutive problem.
» (X, u) : The optimal pair of the stationary problem.

We will say that the average turnpike property hold, if the optimal pairs satisfy in
average the exponential turnpike property, that is,

HXT(t) - ?‘ JT() =] < @(e T 4 ety

RrRm

L2(Q;RM)

for all t € (0, T). In particular, the previous inequality implies

< (é)(e_é(T_t) + e—(5t)7

Rm

[EGT (1)) - B)|

70 ~7]
. u' (t)—m

where [E denote the mathematical expectation.
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Problem formulation

Let us consider the previews optimal control problems and suppose that
A, C e C(Q2; L(R")) and B € C(Q2; L(R™,R™)), and are uniformly bounded.
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Problem formulation

Let us consider the previews optimal control problems and suppose that
A, C e C(Q; L(R™)) and B € C(Q2; L(R™,R")), and are uniformly bounded. Also
u € L%(0, T;R™) and xp € R".

Author: Martin Hernandez Salinas. Averaged Turnpike Property



Averaged turnpike property Finite dimensional average turnpike

Problem formulation

Let us consider the previews optimal control problems and suppose that
A, C e C(Q; L(R™)) and B € C(Q2; L(R™,R")), and are uniformly bounded. Also
u € L%(0, T;R™) and xp € R".

Theorem (Existence, Uniqueness and Characterization of the optimal control)

There exist a unique optima control 1’ € L?(0, T;R™) for the problem of minimize

the functional J”, and unique optimal state x” associated to u .
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Problem formulation

Let us consider the previews optimal control problems and suppose that
A, C e C(Q; L(R™)) and B € C(Q2; L(R™,R")), and are uniformly bounded. Also
u € L%(0, T;R™) and xp € R".

Theorem (Existence, Uniqueness and Characterization of the optimal control)

There exist a unique optima control 1’ € L?(0, T;R™) for the problem of minimize
the functional J”, and unique optimal state x” associated to u'. Furthermore, the
optimal control u” can be characterized by

B e N T —p +A*(w)e" = CH(CxT - 2),
uT(0) == [ BT (tw)dn, {J(T):O. @

v
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The following two hypotheses allow us to conclude the turnpike property
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Necessary hypotheses

The following two hypotheses allow us to conclude the turnpike property

» Hypotheses 1: There exist an feedback operator K¢ € C(€2; L(R")) and a
positive constant ( such that

(A+ KcCv, V) pqmm = ClIVIT@pn Vv € (R
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Necessary hypotheses

The following two hypotheses allow us to conclude the turnpike property

» Hypotheses 1: There exist an feedback operator K¢ € C(€2; L(R")) and a
positive constant ( such that

(A+ KcCv, V) pqmm = ClIVIT@pn Vv € (R

= Hypotheses 2: There exist two constants A > 0 and s € R such that

/ B*vdu
Q

This hypotheses are motivated by the notions of exponentially stabilizable and
detectable.

2
> MvIBaomn WV € LAQR).

</4*V7 V> LZ(Q;Rn) + K "
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Evolutive estimations

Assuming the previous hypotheses, there exist a constant K > 0 such that

= Evolutive primal inequality

2 T 2
|<"(7)] +/ <71 dt
L2(;R") 0 L2(;R")
T
< k([ ol + T g 0 ol ).
0 L2(QR")

= Evolutive adjoint inequality

2 T 2
+ [ )]
L2(Q;R™) 0

BT

L2(Q;R")

.
< K(/ Juln + || - 2]
0

2
dt> |
L2(Q;R")
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Stacionary estimations

= Stationary primal inequality
2 2 2
X[ 72 (immy < K( [AX L2 umm) + HCX”L2(Q;R")> vx € L2(QR").

= Stationary adjoint inequality

2

ol < K (1A + | [ Epe| ) o @um)

Rm
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Stationary problem

As a consequence of the energy estimations shown above, we have

Theorem (Existence and uniqueness of the stationary problem)

Under the Hypothesis 1 the functional J° has a unique minimum @ € R™. Moreover,
there exist a unique optimal trajectory x € L?(2;R") associated to ©.
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Stationary problem

Theorem (Adjoint stationay system)
There exist ¢ € L2(€;R") such that for every w € Q satisfy

Af(w)p = C(w)(C(w)x — 2).
Moreover, 1 the unique solution of the stationary problem is characterized by
<H, V>Rm + <$, BV>L2(Q;R") == O VV E D

where

D={veR™: B(w)v e Ran(A(w)), for each w € Q}
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Main theorems

In the following, we present our first main result

Theorem (Integral turnpike property)

Under the Hypotheses 1 and 2 the optimal pair (x”,u") and (x, ) satisfy
L T T - 2 n
7 x'(t,)dt — x(-) en L(;R"),
0

1 T
/ u'(t)dt — T en R™.
T Jo

when T — oo.
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Main theorems

Theorem (Exponential turnpike property)[M.H, S.Zamorano, R.Lecaros|

Let us assume that Hypothesis 1 and 2 hold. Let (u",x”, ") be the solution of the
evolutive system and (1, x, ) the corresponding stationary solution of the stationary
system.
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Main theorems

Theorem (Exponential turnpike property)[M.H, S.Zamorano, R.Lecaros|

Let us assume that Hypothesis 1 and 2 hold. Let (u",x”, ") be the solution of the
evolutive system and (1, x, ) the corresponding stationary solution of the stationary
system. Then, there exists two positive constants K and J (independent of T) such
that
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Main theorems

Theorem (Exponential turnpike property)[M.H, S.Zamorano, R.Lecaros|

Let us assume that Hypothesis 1 and 2 hold. Let (u",x”, ") be the solution of the
evolutive system and (1, x, ) the corresponding stationary solution of the stationary
system. Then, there exists two positive constants K and J (independent of T) such
that

HXT(t) _x

Rm — ’

oo

AT t)— 0o
L2(Q;1Rn)+H*Q () -% L2(R")

for every t € (0, T).
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Main theorems

Theorem (Exponential turnpike property)[M.H, S.Zamorano, R.Lecaros|

Let us assume that Hypothesis 1 and 2 hold. Let (u",x”, ") be the solution of the
evolutive system and (1, x, ) the corresponding stationary solution of the stationary
system. Then, there exists two positive constants K and J (independent of T) such
that

HXT(t) _x

Rm — ’

oo

AT t)— 0o
L2(Q;1Rn)+H*Q () -% L2(R")

for every t € (0, T). In particular, we obtain an averaged exponential turnpike as
follows

< K(efé(Tft) + eféif)7

)~ ) -

w * BN ~E@, + o0

for every t € (0, T).
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Proof (Sketch)

[@ L. Griine and M. Schaller and A. Schiela (2019).
Sensitivity Analysis of Optimal Control for a Class of Parabolic PDEs Motivated by Model
Predictive Control.
SIAM Journal on Control and Optimization.
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Proof (Sketch)

[@ L. Griine and M. Schaller and A. Schiela (2019).
Sensitivity Analysis of Optimal Control for a Class of Parabolic PDEs Motivated by Model
Predictive Control.
SIAM Journal on Control and Optimization.

= Step 1: Let m=x" —Xand n= ¢’ —@. We write the system that satisfy m, n
in a matrix structure
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Proof (Sketch)

[@ L. Griine and M. Schaller and A. Schiela (2019).

Sensitivity Analysis of Optimal Control for a Class of Parabolic PDEs Motivated by Model
Predictive Control.

SIAM Journal on Control and Optimization.

T

= Step 1: Let m=x" —Xand n= ¢’ —@. We write the system that satisfy m, n

in a matrix structure

-c'c -4 4a 0
0 Et < m > | onr
d * - )
% TA B(fQB -d,u) n 0
EO 0 Z mo
~~ SN———
A Yy

where Egm := m(0) y Ern:= n(T).
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Proof (Sketch)

@ L. Griine and M. Schaller and A. Schiela (2019).
Sensitivity Analysis of Optimal Control for a Class of Parabolic PDEs Motivated by Model
Predictive Control.
SIAM Journal on Control and Optimization.

= Step 1: Let m=x" —Xand n= ¢’ —@. We write the system that satisfy m, n
in a matrix structure

NZ=).

We prove that A~1 is well defined and that there exists K > 0 independent of the
time horizon such that

HAilHz:((B(Q;R"))?,(XF) <K,

where X = C([0, T]; L2(2; R")).
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Proof (Sketch)

= Step 2: We consider a new variable change

m n

rlh — ﬁ _=
e—0(T—t) 4 g—0t’ e—0(T—t) 4 og—0t’
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Proof (Sketch)

= Step 2: We consider a new variable change

o m ~ n
m = n =
e—0(T—t) 4 g—0t’ e—0(T—t) 4 og—0t’

and we prove that there exist K > 0 independent of the time horizon such that

Il + 1Al < K,

Author: Martin Hernandez Salinas. Averaged Turnpike Property



Averaged turnpike property Finite dimensional average turnpike

Proof (Sketch)

= Step 2: We consider a new variable change

o m ~ n
m = n =
e—0(T—t) 4 g—0t’ e—0(T—t) 4 og—0t’

and we prove that there exist K > 0 independent of the time horizon such that
1Al + 18l x < K,

X = C([0, T]; L2(; R™)).
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Proof (Sketch)

= Step 2: We consider a new variable change

n m ~ n
m = n—=
e—0(T—t) 4 g—dt’ e—0(T—t) 4 og—0t’

and we prove that there exist K > 0 independent of the time horizon such that
1A 20z + 1A 2y < 0l + Ly < K,

X = C([0, T]; L?(2;R™)). We conclude the proof by returning to the original
variables.
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Numerical Simulations

Consider the minimization problem
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Numerical Simulations

Consider the minimization problem

i 0@ =3 (/ Ju(e)I de + / [ 1€(t.e) - 2l due) |,

subject to

xt(t,w) + A(w)x(t,w) = B(w)u(t) te€(0,T),
x(0) =xp € Rz,

Here we take

aw) =a)- (5 02). @ =) (3). cw=rw- (] o). 2= (5)
a, B, A~ Bin(7,1/2), T = 300.
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Numerical Simulations

Using Gekko library in Python, we obtain the following simulations

10
T i
=== |IEXTIEN] | 010 S A
w w i
508 L |
] ——= XTI |2
E B oos | | Hiim[ M=
pol £EST=== m== ! [|E(®] ==
o 50 100 150 200 250 300 o 50 100 150 200 250 300
08 100
=== |IE@] =
06 075 ] .
o o !
2 04 3050 | -
E E i === |uTit)]
|
T —— 025 i m
0.0 T T T T T T T 000 1 T T T T T T
o 50 100 150 200 250 300 o 50 100 150 200 250 300
Time Time

(a) In color, the norm in space of the different (b) 1) Average of the evolutive and stationary
realizations of the random variables. states. 2) Optimal controls

Martin Hernandez Salinas. Averaged Turnpike Property



Averaged turnpike property Finite dimensional average turnpike

Numerical Simulations

E(xT(t) ~E®)|| < |xT(t) -x
R

+ HUT(t) _HHRm < K(e—5(T—t) + e—5t)_

L2(;R")
12—
i - KT 4 mETo 1) ||
10 i [12(8) = F)l 20,27 + [ JulE) —Tla I
: —— IEO) ~ £ [z +[Jult) T :
08 1 1
I i
] I [
i 06 1 I
| I
04 | I
| |
I I
02 1 1
\ i
% i
00 e — T T T T T
o 50 100 150 200 250 300
Time

Figura: Averaged turnpike property, with constants K = 3,5 and 6 = 0,25.
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Article

@ M. Herndndez and R. Lecaros and S. Zamorano (2022).
Averaged turnpike property for differential equations with random constant coefficients.
Mathematical Control and Related Fields.
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e Averaged turnpike property

@ Open problems
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Open problems

1. Turnpike and average control:
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Open problems

1. Turnpike and average control: We say that the system

xt + Alw)x = B(w)u te(0,T),
x(0) = xo,

is average controllable, if for every xp and x; exist u such that E(x(T)) = xy.
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1. Turnpike and average control: We say that the system

xt + A(w)x = B(w)u te (0, T),
x(0) = xo,

is average controllable, if for every xp and x; exist u such that E(x(T)) = xy.

Under average controllability assumptions, is possible to prove the average

turnpike?

2. It is possible to prove this property when A(w) is an unbounded operator, and
B(w) a bounded for each w € Q7
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