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Suspensions
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Microscopic dynamics for spherical particles in a Navier-Stokes flow

o N particles B; c R® pairwise disjoint, center of mass X;,
translational /rotational velocities V;,$;, mass density pp.

e Incompressible fluid with constant mass density pr, viscosity u, velocity u,
pressure p.

e Gravitational acceleration g.
pr(Oru+u-vVu) - pAu+Vp=0, divu=0 in RS\LNJE,
i1
u(x) >0 as x — oo, u=Vi+Qix(x=-X;) inB.
e Newton's laws for the particles
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o I; ¢ R¥® moment of inertia of B;,

o ofu,p] = u(Vu+ (Vu)") - pld fluid stress.



A single spherical particle

e Single particle B = Bg(0) with velocity V

“Au+Vp=0, divu=0 inR*\B,
u=V in B,
u(x) = Uoo as |x| » oo.
o Explicit solution (Stokes 1845): In R*\ B
2 Uoo =0
U= Uso +6TR(V - oo) (¢ + ?Acb)
where @, is the fundamental solution
-AP + VP =1ds
e Equivalent problem
~Au+Vp=6rR(V - ux)dos in R?,
divu=0, u(x) > U as |x| - oo,
Uso =0
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The Vlasov-Navier-Stokes equations

Formally, the limit for many small particles with identical radii R is given by

O+f + v - Vxf + Adiv, (§f+ gfy(u— v)f) =0,

(VS)
Re(Oiu+u-Vu) - Au+Vp= 6#7/3(v —u)fdv, divu=0, “Brinkman eq.”
R

o = % “interaction strength”, where L is the diameter of the particle cloud,

5
o Stokes number St = -1 = W'

3

e Reynolds number Re = %‘;—p”)lgl

Derivation of the Brinkman equations:

Allaire '90, Desvillettes-Golse-Ricci '09, Feireisl-Namlyeyeva-Ne&asova '16,
Hillairet-Moussa-Sueur '19, Giunti-H. '19, Carrapatoso-Hillairet '20,
H.-Jansen '20, ...

Formal derivation from Boltzman equations: Bernard-Desvillettes-Golse-Ricci '16
Derivation from mollified approximated dynamics: Flandoli-Leocata-Ricci '18

Derivation for almost inertialess particles: H.-Schubert '22
Theorem (H. '18)
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Microscopic dynamics of inertialess particles in a Stokes flow

N
~Auy+Vpy=0, divuy=0 inR)\{B;,
i=1
LIN:V,'+(X—X,')><Q,' inB;, 1<i<N, %)(,‘(t):\/i7

/ a[uN,pN]ndH2 = —é, / olun, pn]n x (x—X,-)d"r'-l2 =0.
88 N 08

The particle velocities V; and €2, are not given but determined though solving the
fluid equations.

Weak formulation: Find uy € V,
Vi={veH' (R*) :divv=0, Dv=0in y; B},
such that

/VUN:VV:2/ Dun:Dv =3 v=>v(X;) forallveV.
R3 R3
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Rigorous derivation of the transport-Stokes system

Jabin-Otto '04: If A(0) = B0 < oo, then

|Vi = Visi| < CA(0)| Vise for all 1< < N.

Note that dmin < CLN™'/3, thus A(0) >~ = 2&.

H. '18: Assume pn(0) = %Z, 0x.(0) = po and

dmin Z CN71/37 (Al)
dlog N := NR*log N = 0, (A2)
NR — v € (0, 00]. (A3)

Then pn(t) — p(t) which solves the transport-Stokes system.

Oep+ (u+ (677)'8) - Vup =0, (TS)
-Au+Vp=pg, divu =0.

Mecherbet '19: Relaxation of (Al) in the case 7 < €9, quantitative convergence in
Wasserstein distance, particle rotations included.



Additional O(¢py) correction due to an increased effective viscosity

Theorem (H. & Schubert '20)

Assume
Armin > CN_%,
onlog N — 0,
Wee (pn(0), po) = o(¢n)  for some po € WH™(R?).

where W,, 1 < p < oo denotes the Wasserstein distance.
Let p be the unique solution to

Oep + (e + (67NR) ') - Vp =0, p(0,-) = po,
div (2 (1 + gqb/vp) DUeff) +Vp=pg, divue=0.
Then, for all 1 < p < oo and all T >0, for all N sufficiently large and all t < T

W (on(t), p(t)) < C (¢]log énl + Wp(pn(0), p(0))) e

Moreover, for g <3 and p > max{1, %’q}

lun(t) — verrlls < C (illog én| + Wa(pn(0), p(0))) e



First step: explicit approximation of the particle velocities

Using the method of reflections, one can show
d

—Xi(t) = Xi

LX) = an(X)

&
S o NZ}(D(X Xj)g - 5¢NN2§§JD¢(X X)DO(X; - Xi)g,

where

1 (Ild x®x
M”:ﬁ(*+VP)

x|

is the fundamental solution of the Stokes equations.

The convergence of the method of reflections for uy in L (R?) relies on the
assumption ¢y log N < 1.

The estimates for the method of reflections are based on a previous analysis in the
case of Dirichlet boundary conditions in [H.-Velazquez '18].



Second step: adaptation of a result by Hauray

Let K satisfies divK =0, |K| + |x||[VK]| < C|x|™® for some av < d - 1.

Theorem (Hauray '09)

Let d 1

—Xi(t) = — > K(Xi-X;).
SXi(0) = 1 KOG X))

J#i
Let p be the solution to d:p + (K * p) - Vp = 0 with initial datum pg € L nP. Denote
Wea (£) = Wee (pn(£), p(£)). Then,
(We (0))¢

W»o = VT>03INgeNVN>Ny VEST Wao(t) < Woo(0)e.
min

Theorem (H.-Schubert '20 (rough statement))
Let d 1
—Xi(t) = = > K(Xi = Xj) + on(X;) + Ei(2).
dt N
Assume div ¢y =0 and let p be the solution to 9:p + (K * p+ ¢n) - Vp = 0 with initial

datum pg € L nP. Assume there exists a monotone function ey (t) such that

drin(0)  Wea(t)
din(8) T W (@) ren(n) < T O =en(®),

VYA>0 3Ny eN VN> Ny
Then,
(Weo (0) + ey (t))?-(1¥e)
(dmin (0))1+a NQQ+a)/d

vt>0 50 = VT>0... We(t)<C(We(0)+en(t)e.



First application of the abstract theorem

Recall

Xi(t) ~ Zd)(X Xj)g - 5¢NNQZZD<D(X X)) DO(X; - X )g

i#j J#i k%)

6 RN N
Treat last term as error to deduce

Wea (pn(£), 7(2)) < C(¢n + Wee (p(0), p0) )"
where 7 is the solution to

O + (V + (671'7/)713—) VT = 07 T(Ov ) = po,
-Av+Vp=71g, divv=0

Using this,

Zd)(X Xj)g —5¢pnDP + (T(DdPg * 7)) (Xi)

i#]

6gRN Nz¢(x X:)g - 5¢pnD® + (rDv)(X;)

’(t) 6RN N

1#)



Conclusion of the argument

We apply again the abstract theorem, this time to

Xi(t) Z¢(X Xj)g —5¢onDP * (TDv)(Xi)

i#]

N6RN N

We observe that 5¢pyD® * (7Dv)(X;) is the solution to the Stokes equations with
source term 5¢y div(TDv).

Thus we obtain as the mean field limit
Oep+ (ii+ (6xNR)'g)-V3=0, §(0,-) = po,
div(2Di +5¢nTDv) + Vp = pg, divi=0.
Finally, we compare this to the desired limit system

Bep + (uerr + (6NR) g) - Vp =0, p(0,-) = po,
div (2Dueff + 5¢NpDueff) +Vp=pg, div uesr = 0.

and show that |i — e | + W, (5, p) < Co*.
Thank you!



