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Motivation

Consider the optimization problem

min  f(x)
st P(g(x,&§) <0)>a

with objective function f, constraint g, decision vector x, random variable ¢ (with
probability distribution and density function) and probability level «.

P(g(x.£) < 0) = /M L

with
M(x) = {w € Q| g(x,¢{(w)) < 0}.

Michael Schuster, Elisa Strauch, Martin Gugat, Jens Lang - FAU Erlangen-Nirnberg, TU Darmstadt - Probabilistic Constrained Optimization on Gas Networks



NATURWISSENSCHAFTLICHE

Motivation

Consider the optimization problem

min  f(x)
st P(g(x,&) <0)>a

with objective function f, constraint g, decision vector x, random variable ¢ (with
probability distribution and density function) and probability level «.

P(g(x.€) < 0) = /M L

with
M(x) = {w € Q| g(x,¢{(w)) < 0}.

Is there a ,better” way to compute this probability?
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Kernel Density Estimation

Definition: Kernel Density Estimator

Let Y = {y1,--- ,¥yn} C R"be i.i.d. samples of the random variable Y, which
has an absolutely continuous distribution function with probability density
function o. Let K be a kernel function.

Then the kernel density estimator gn corresponding to the bandwidth
h € (0, c0) is defined as
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A Stationary Gas Transport Model

e Consider a connected, directed, tree-structured graph G = (V, £) with
vertex set V and setofedges £ CV x V

e From the root the graph is numbered using breadth-first search or depth-first
search

The stationary isothermal Euler equations for ideal gases:

qX — 07
> A qlq|

“P=Tap 7,

Gugat et al. (2015): Stationary States in Gas Networks. Netw. Heterog. Media 10(2): 295-320

Domschke et al. (2021): Gas Network Modeling: An Overview. Preprint
https://opus4.kobv.de/opusé-trrib4/frontdoor/index/index/docId/411
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A Stationary Gas Transport Model

Boundary Conditions:

Inlet pressure _Gasoutflow

bi € Ry represents the con-
p%(0) =po € Ry Ve e & (v) sumers gas demand at node v;

(i:17"'7n)

Coupling conditions at the nodes:

De\ De\
Zq( ) b"+2q( )WVVEV\V().

ecE_(v) ec&i(v)

Continuity in pressure

p®(L%) = p*%(0) Ve € E_(v), e € & (V).
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A Stationary Gas Transport Model

e Let p € R" be the vector of pressures at the nodes vy, --- , v,
e We assume box constraints for the pressures at the nodes: p; € [p"", p|

Set of feasible loads

( )

(p,q) € R" x R" satisfies:

stationary semilinear isothermal Euler equations ,
inlet pressure and gas outflow, >
conservation of mass and continuity in pressure,
pressure bounds.

M =« bERgo
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A Stationary Gas Transport Model

e Let p € R" be the vector of pressures at the nodes vy, --- , v,
e We assume box constraints for the pressures at the nodes: p; € [p"", p|

Set of feasible loads

\

f (p, q) € R” x R” satisfies:
e stationary semilinear isothermal Euler equations ,

M:=<¢ beRL,| e inletpressure and gas outflow, >
e conservation of mass and continuity in pressure,

e pressure bounds. )

\

e Assume that the consumers gas demand is random in the sense, that there is a
random variable
gb ~ N(:ua z)a

on an appropriate probability space. We identify b with the image &p(w) for w € Q.

For a given inlet pressure, can we guarantee, that every consumer receives their
demanded gas, s.t. the gas pressure in the network is neither too high nor too low,
in at least a% of all scenarios?
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(b) Unknown distribution (grey),
well-known set of feasible pressures
(orange)

(a) Well-known distribution (colored),
unknown set of feasible loads (grey)

Figure: The two different ways to compute the probability for a random load vector to be
feasible

see Schuster et al. (2021): Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 2021,
https://doi.org/10.1007/s11081-021-09619-x.
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Application of the KDE

o Let B={ b5 ... pb>Nee} C R, beindependent and identically distributed
samples of the random variable &,

o Let Pg = { p(b5"),--- , p(bSMee) } C R" be the corresponding pressures at the
nodes (also independent and identically distributed)

Gaussian kernel

bandwidth matrix

Hii = B (Znoe )i

]
ow s
(n i 2)NKDE

kernel density estimator (hj2 = H;})

Nkpe n

Q,O,NKDE(Z) Nioe Hj 1h ZH

i=1 j=1

(5
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Application of the KDE

IP)NKDE(p S PrTu‘?]X) — /max QpaNKDE(Z) az

B NZ ﬁ 1 (2=pb3)\°
eXP 5 , az
Pmax NKDE H] 1 _ _: 2 hj
1 Aﬁ:DE ﬁ / (. 1 (Zf - pj(bS”)> Y\ o
- exp | —= .
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Application of the KDE

IP)NKDE(p S Prr:uix) — /max QpaNKDE(Z) az

min

NKDE n S 2
1 1 1 (z-pb ’))
= exp | —= az
/Pnr?iarn]x NKDE H;’:.I ] ; H V 27T < 2 ( hj

1 Af:%lﬁ[/f?}““ P | (Zj_pj(bs’i)>2 dz.
NKDE H pmin A/ 27T 2 hj J

11//111

Gauss error function: erf(x \/, / exp t2 at

probability via KDE

Nkpe n max S.i min S.i
max _ _pj(b 7) — P —pj(b ’)
IP’NKDE(P € Pmm NKDE2n Z H I:erf < \/E hj erf \/é hj

i=1 j=1
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Probabilistic constrained optimization

Example: Probabilistic constrained optimization on GasLib-11

Qutflow

Outflow

€4
(O
compressor 1 ~

~valve

~

a
Inflow Inflow ° @
€3

Qutflow

Inflow —P

Figure: A scheme of the GasLib-11 (https://gaslib.zib.de/)

deterministic optimization probabilistic optimization

- max - E : max
gr‘n'ar)] E :pdet 7 grLLQ Pprob:
det prob
st pie o™, phail st. P(pie [, phasi] ) >0.75.
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Probabilistic constrained optimization

Po p™" p )3 Paot. o
60 40 20 2 00 46.10
58 40 15 020 52.04| | 75%
60 40 18 002 51.08
Table: Values for the GasLib-11
P(be M(pis¥)) | Test1 | Test2 | Test3 | Test4 | Test5 | Test6 | Test7 | Test8
MC 36.02% | 35.66% | 35.91% | 35.86% | 35.34% | 35.48% | 35.98% | 35.90%
KDE 35.72% | 35.41% | 35.48% | 35.39% | 34.92% | 35.08% | 35.75% | 35.47%

Table: Probability P(b € M(p53*)) for the optimal deterministic upper pressure bounds
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Probabilistic constrained optimization

Po p™" p )3 Paot. o
60 40 20 2 00 46.10
58 40 15 020 52.04| | 75%
60 40 18 002 51.08
Table: Values for the GasLib-11
P(be M(pis¥)) | Test1 | Test2 | Test3 | Test4 | Test5 | Test6 | Test7 | Test8
MC 36.02% | 35.66% | 35.91% | 35.86% | 35.34% | 35.48% | 35.98% | 35.90%
KDE 35.72% | 35.41% | 35.48% | 35.39% | 34.92% | 35.08% | 35.75% | 35.47%

Table: Probability P(b € M(p53*)) for the optimal deterministic upper pressure bounds

Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8
47 .51 47 .51 47.52 47.52 47 .51 47 .51 47.53 47.52
Porob | | 93-33 53.34 53.33 53.34 53.35 53.35 53.33 53.33
52.44 52.45 52.46 52.46 52.46 52.45 52.44 52.46
Table: Stochastic optimal upper pressure bounds pgc,
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Dynamic Gas Transport

The isothermal Euler equations for ideal gases:

pt+qX207

2 F
2, 4 __2dd
qt+(c,o+p)x— 2D p

Inlet density & Gas outflow Initial condition

o(t,0) = po(t), p(0, X) = pini(X),
q(t, L) = b(t). (0, x) = qini(X).

see Gugat and Ulbrich (2018): Lipschitz solutions of initial boundary value problems for balance laws. Math.
Models Methods Appl. Sci., 28(5): 921-951
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A Dynamic Gas Transport Model

5 2 5

density in kg m™

o
o

160

=y
(9)]
o

flow in kg m? s’
=
o

—_
(%]
o

Density att=0h

0 10 15 20 25 30
length in km
Flowatt=0h
0 10 15 20 25 30
length in km

(K]« D>][>]
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Time dependent Uncertainty

e Write a function f as Fourier series

=57 &) wm(t)
m=0

e For random variables ¢, ~ N (1, o) define

me f) ¥m(?)

2 -1

gas oufflow g in kg

-
=]
o

-
=
o

-
(=]
o

-
o
o

140

-
[
o

120

15 random gas demand scenarios

deterministic gas outflow
random scenarios

1 1 |
0 5 10 15 20

timetinh
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Time dependent Uncertainty

e Write a function f as Fourier series

=57 &) wm(t)
m=0

e For random variables ¢, ~ N (1, o) define

me f) ¥m(?)

2 -1

gas oufflow g in kg

Time dependent probabilistic constraint

P(f* e M(t) VvtelO,T]

-
=]
o

-
=
o

-
(=]
o

-
o
o

140

-
[
o

120

15 random gas demand scenarios

deterministic gas outflow
random scenarios

. . :
5 10 15 20
timetinh

) 2 @

,We want to guarantee that a percentage o of all possible random scenarios is
feasible in every point in time t € [0, T].“
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Application of KDE

e Let B={ b5'(t), -, b>Ne(t) } be independent and identically distributed

random boundary functions
o Let Py = { p(t; b5), - -, p(t; b5MoE) 1 be the corresponding densities at the end

of the pipe
tnF()inT] ,O(t, L) c [pmin7pmax]
min _max _ €lY, .

kernel density estimator for bandwidths /™" and A"
N«pe 2
1 1 (z— p(bi)
QPaNKDE(Z) NkpE fmin ymax Z\/_ eXp ( ( fmin ) >

oo (3 (552))
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Probabilistic Constrained Optimization

Example: Probabilistic constrained optimization on a single edge

pvo(t)\Q(D (/801) @bv‘(t)

Figure: Dynamic setting on a single edge

po(t) pm c NLoD L T
46.75kg/m® | 34kg/m® | 343m/s | 0.1 | 0.5m | 30km | 24h

Table: Values for the dynamic example

deterministic optimization probabilistic optimization

min - Pt s MmN Porob

Pdet prob

st. p(t,L) € [p™, pT. st. P(p(tL) € [p0™, ppss] Ve e[o, T]) > 0.
= gt = 4215 kg/m’ = poor = 42.49 kg/m’
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