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Insensitizing control for the Navier-Stokes system

> ) bounded connected regular open subset of RY, (N = 2,3).
» 00 is regular enough, T' > 0.
> w C Q (control set), Q :=Q x (0,7), ¥ :=0902 x (0,T).
We consider the Navier-Stokes system with incomplete data:
Yy —Ay+(y-V)y+Vp=f+ol,, V-y=0 inQ,
y=0 on 3,
y(0) = y°+790 in Q.
where 7 is a small constant and HgOHLQ(Q)N = 1. Unknown.

Insensitizing control problem: To find control v in L?(w x (0, T))" such that the
functional (Sentinel)

J-(y) == [[ |V xy|’xdzdt, O C Q (Observation set),

2O><(0,T)

XECT(0):0<x<1,x=1in 0O €0.
is not affected by the uncertainty of the initial data, that is,

0J+(y)
or

=0, Vjo € L* ()" st. [[follpeyy = 1.
=0



A cascade system

The previous condition is equivalent to the following null controllability problem:
To find a control v such that z(0) = 0, where

w — Aw+ (w-V)w+Vpo = f+vly,, V-w=0 in Q,
= , V-z=0 inQ,

—z—Az+(z-VYw — (w-V)z+ Vpr =

with boundary and initial conditions:
w=2z2=0 on E,
w(0)=y", 2(T)=0 in Q.

We are interested in controls of the form:
1. v = (v1,v2,0) or v = (v1,0,v3) or v = (0, v2,v3) instead of v = (v1, v2, v3).



Previous results

First results (using N scalar controls)

1. Heat equation:
-[Bodart,Fabre - 1995], [De Teresa - 2000], [Bodart, Gonzélez-Burgos,
Pérez-Garcia - 2002], [Guerrero - 2007].

2. Stokes system:
-[Guerrero, 2007], uses as observation functionals the L?-norm and the
L2-norm of the rotational of Stokes solution.

3. Navier-Stokes equation:
-[Gueye - 2013] uses all components of the control function.



Previous results

Reduced number of scalar controls.

1. Navier Stokes system:
-[Carrefio, Gueye - 2014]: They reduce one scalar control.

2. Boussineq system:
-[Carrefio, Guerrero, Gueye - 2015]: they work in the system in 3D and reduce
two scalar controls.
-[Carrefio - 2017]: where reduce one scalar control with no control on
temperature equation.



Principal result: Case v = (v, v2,0)

wr — Aw + (w - V)w + Vpo = f + (v1,v2,0) 1, V-w=0 1inQ,
—z—Az+(z-VYw—(w-V)z+Vp =V x (Vxw)x), V-z=0 inQ,
w=2z=0 on X,
w(0) = 4%, 2(T) =0 in Q.

Theorem®. Let 4° = 0, and O Nw # (). There exists § > 0 such that if

HeK/thHLz(Q)s < &, there exists control v in L*(w x (0,T))* of the form
v = (v1,v2,0) such that z(0) = 0.
Observation: We can choose v = (v1,0,v3) or v = (0, v2,v3).

IN. Carrefio and J. Prada, “Existence of controls insensitizing the rotational of the solution of
Navier-Stokes system having a vanishing component”, submitted.



Method of the proof

1. Linearization around zero.

2. Null controllability of the linearized system (Main part of the proof).
Main tool: Carleman estimate for the adjoint system with source terms.

3. Inverse mapping theorem for the nonlinear system.




Linearized system

The linearized system around zero with source terms:

we — Aw + Vpy = f* + v, V-w=0 inQ,
-2t —Az+Vpri=fF+Vx(Vxw)y), V-z=0 inQ,
with
w=2=20 ODE,
w(0)=0, 2(T)=0 in Q.

We want to prove z(0) = 0 with controls of the form

v = (v1,v2,0) or
v = (vi,v2,v3) and v = (v1,0,v3) or
v = (0,v2,v3)

We prove an observability inequality for the adjoint system




Adjoint system and observability inequality

Dual variables: ¢ <> w, ¥ < 2

—pt —Ap+Vmp, =97 +V x ((Vx¥)x), V-¢=0 inQ,
wt_Aw'i_Vﬂ-w:gwa sz() inQ7
with
p=9v=0 on %,
@(T) =0, $(0) =4° inQ
For general control v = (v1,v2,v3):
2
2 2) « ‘ , ¢ W '
S o (ier 1) < st o)|
+¢ [ no (ol +1ef +1eaf?)
wXx(0,T)

for some C > 0 where p; (1) ~ exp(—C,/t" (T —)"") and X is certain space.



Observability inequality

Our Case:
—pr = Ap+Vm, =92+ V x (Vx¥)x), V-o=0 inQ,
Y — AY 4+ Vmy = g¥, V.= in Q.
with
p=9v=0 on %,
¢(T)=0, ¥(0)=7° mnQ

» For controls v = (v1,v2,0): only local terms ¢ and .

. < ...+c// (|<,91|2+|<,92|2).
wx(0,T)



Proof Sketch. Case: v = (v1,v2,v3)

Observation functional

= [[ Pded
Ox(0,T)

—pt —Ap+Vrmp, =g¥ +Ylo, V-p=0
Y — AP + Vmy = g¥, V=0 inQ.

» Carleman for ¢ = (@1, Y2, ¥3).
» Carleman for ) = (11,15, 13) (with local term like ¥ x ).

» Estimate the local term ¥ x ¢, in terms of ¢ using:
Vxi=—=Vxehr—AVXxp)—(Vxg¥)inwnO.

» Combine the Carleman of ¢ and ).



Proof Sketch. Case: v = (v1,v2,0)

Observation functional

J(y) = // |V x y|*xdz dt
Ox(0,T)

—por = Dp+Vm, =92+ V x (Vx9)x), V-o=0 inQ,
e — A+ Vg = g%, V-y=0 inQ
» Carleman for ¢ and .
» Carleman for ), and 1> (with local terms like and ).
» Estimate the local terms in terms of ¢, (j = 1,2), using:

AQ = (AQPJ)t + Aztpj + Agip - alv . g‘p inwn Oo.

» Combine the Carleman of ¢» and ¢;, j =1, 2.



Perspectives and open problems

» The method reduces the quantify of vanishing components to one (some cases
to two).

» Possible extension problem: Insensitizing control for the Boussinesq system:

Y — Ay + (y,V)y+Vp=f+vlu+0ey, V-y=0 inQ,

0 — AO+y-VO = fo+wvoly, in Q,
y=0,6=0 on X,
Yli=o = y° + 74, 0]i=0 = 6° + 76° in Q.
Here,
[ (0,1) if N =2,
N = (0,0,1)  if N =3,
Insensitize the functional

J-(y) == 1 // |V x y2dz dt + 1 // |VO|*dz dt,
2 01 x(0,T) 2 O5 % (0,T)

with O1, 02 € Q such that O1 N O2 Nw # 0.
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