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Existing work about the stability of the damped
wave equation with internal damping:
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- “A new method to obtain - "LP-estimates of solutions to some
decay rate estimates for nonlinear wave equations in one space

dissipative systems with . . )
localized damping”, Patrick dimension”, Alain Haraux (2009)

Martinez (1999)

- “Exponential stability for the - “LP-asymptotic stability analysis of a 1D
wave equation with weak wave equation with a nonlinear
nonmonotone damping”, damping”, Yacine Chitour, Swann Marx,

Patrick Martinez, Judith

Vancostenoble, (2000) and Christophe Prieur (2019)

For extended references:
“LP-asymptotic stability of 1D
damped wave equations with

localized and linear damping”,
Meryem Kafnemer and al. (2022)

For extended references:
“On Some Recent Advances on
Stabilization for Hyperbolic
Equations”, Fatiha Alabau (2012)
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damping given by:
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(P)

Stabilizing feedback Different types of stability
2o — Az +a(x)z, =0 in Q x R, Strong stabilization: E(t) — 0 whent — oo
z =0 on 02 x R4, Polynomial stability: 3C,y > 0, E(t) < CE(0)t™
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Exponential stability: 3C,y >0, E(t) < CE(0)e™ "t
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Multipliers method:
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Energy Estimate Using the multiplier z, :
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Exponential stability
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Haraux (2009), E, is non-increasing with an explicit expression of E, along strong solutions.




Geometrical conditions:

for (t,z) € Ry x (0,1),

2(t,9) = #Z,1) =10 £>0, (1)
2(0,) =25, 2(0,:) =2
— 0 W 1
a: Q=R a>0 onl0,1] and Fay >0, a>ay on w

Geometrical conditions: unnecessary

(Hy) a:[0,1] — R is a non-negative continuous function such that

Jag >0, a>ag on w=le,d[C]0,1],
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Well-posedness

Theorem (Well-posedness) Let p € [1,00). For any initial data (zo,z1) € X, (resp. Y,),
there exists a unique weak (resp. strong) solution z such that

2 e LRy, Wo(0,1)) N W2 (R, LP(0, 1)),

(resp. z e LRy, W2(0,1) N W, (0,1)) N WE2 (R, W, (0,1)).)

The proof is based on D’Alembert formula and fixed point theory
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Exponential stability:

Theorem 4.1 (Exponential stability) Fiz p € (1,00) and suppose that Hypothesis (Hy) is
satisfied. Then the CV-semigroup (Sy(t))i>0 is exponentially stable.

v0<S<T. / E,(t)dt < CC,E,(S),

Energy estimate

[fMx (zzp — Az~ a(x)zp=0




Exponential stability:

Theorem 4.1 (Exponential stability) Fiz p € (1,00) and suppose that Hypothesis (Hy) is
satisfied. Then the CV-semigroup (Sy(t))i>0 is exponentially stable.

1 1
Bylt) = [ (Jzat sl +12e = al")da |
0

Riemann coordinates:

p(t,x) = z.(t, x) + z(t, x) |
E(t,x) = z,(t, ) — z(t, x) ‘ l
[ pt— pz = —%agf{r)(p —J{} in R, x %0, 13?
&+ & =ta(z)(p—¢ in R, x (0,1), _1 ! » -
p(t,0) — £(£,0) = p(t, 1) — £(t, 1) = 0 vt € R, E,(t) p/ﬂ (Ipl” + 1€7)de.
L Po = ﬂ({]v )= ‘-u + 21, §:=¢(0,.) = ‘"u - 21,
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Exponential stability:

[ pt — pr = —%ﬂ:(i‘)(]{) — ) in R, x (
4+ & = %{1.(;1:){;} — ) in R, x(
p(t,0) —&(1,0) =p(t,1) —&(t, 1) =0 Vie Ry,

L po=p(0,.) =25+ 2, & :=&(0,.) = z5 — 21,
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B S
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Case p>2: Generalizing the multipliers
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Case 1<p<2:

O Problem in the second multiplier:

(p— DlplP~2z; (p— DP|EIP 2

O Solution ?

15



Casel<p<?2:
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Casel<p<?2:

Proposition 4.3 Fiz p € (1,2) and suppose that Hypothesis (Hy) is satisfied.

positive constants C' and C,, such that, for every (z29,21) € Y, verifying
Ep(o) S 1?

we have the following enerqy estimate:

T
VO<S<T, / E,(t)dt < CC,E,(S).
S

Eplt) < Ep(0)e ! < e,
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D |

Then there exist

(105)

(106)

Exponential stability
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Case of a global constant damping

a(x) =2a, VY xe(0,1),

Proposition 5.1 Forp =1 or p = 0o, the semi-group (S(t))i>0 s exponentially stable for a global
constant damping if a € (0,2).

Idea of proof: z(t,z) = e *v(t,z), =€ (0,1), t>0,

(U — Vpp = Q20 in R, x (0,1),
< v(t,0)=v(t,1) =0 t >0,
L v(0,-) = 20, v(0,-) = 21 + az.

E,(t) <e 7 (2? b p2) V(). >

1 o 25 _ @
%(t)g%(O)easzEt. M, =—a+a"K) =—a|l QP% .
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Conclusion:

O Generalizing the multiplier method in the LP framework.
O Exponential stability for 1 < p < oo.

O Conjecture forp =1,p = oo.
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