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The Steklov-Dirichlet eigenvalue problem

Au=0 in Q = Qo\Bg,
ou

i o(Q)u  on 0

u=0 on 0Bg,,
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The Steklov-Dirichlet eigenvalue problem

o Qy < R" is an open bounded, connected

L and Lipschitz set
Au=0 in Q = Qo\Bg, . C
@ Bg, is the ball centered at the origin with
? =o(Qu on i radius Ry > 0 and Bg, € Qo;
v
_ e Q:=Qy\Bg, and v is the outer unit
4= on 0Br,, normal to 0€Qq;

J e ue H(%BRI(Q);

G. Paoli Eigenvalue problems in doubly connected domains FAU



The Steklov-Dirichlet eigenvalue problem

o Qo < R" is an open bounded, connected

L and Lipschitz set
Au=0 in Q = Qo\Brg,
@ Bg, is the ball centered at the origin with

% =o(Qu on i radius Ry > 0 and Bg, € Qo;
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Q := Qo\Bg, and v is the outer unit

- B ° 0\ERy

4 el Gty normal to 0€Qq;
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The Steklov-Dirichlet eigenvalue problem

o Qo < R" is an open bounded, connected

L and Lipschitz set
Au=0 in Q = Qo\Brg,
@ Bg, is the ball centered at the origin with

% =o(Qu on i radius Ry > 0 and Bg, € Qo;

v

Q := Qo\Bg, and v is the outer unit

- B ° 0\ERy

4 el Gty normal to 0€Qq;

J e ue H(%BRI(Q);

The spectrum is discrete; the eigenvalues can be ordered in ascending order

diverging to +o0 0<01(Q) <02(Q) < ... » 40
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The Steklov-Dirichlet eigenvalue problem

o Qy < R" is an open bounded, connected

L and Lipschitz set
Au=0 in Q = Qo\Bg, . o
@ Bg, is the ball centered at the origin with
? =o(Qu on i radius Ry > 0 and Bg, € Qo;
v
y— on 3Bg,, o Q:=Q¢\Bg, and v is the outer unit
normal to 0Qq;

J e ue H(%BRI (Q);
The spectrum is discrete; the eigenvalues can be ordered in ascending order
diverging to +0 0 < 01(Q) < 02(Q) < ... — 40

Ul(Q) >0 if Rl # 0.

G. Paoli Eigenvalue problems in doubly connected domains FAU



The Steklov-Dirichlet eigenvalue problem

o Qo < R" is an open bounded, connected

L and Lipschitz set
Au=0 in Q = Qo\Bg, . o
@ Bg, is the ball centered at the origin with

? = o(Qu  on radius Ry > 0 and Bg, € Qo;

v

Q := Qo\Bg, and v is the outer unit

— B ° 0\BR,

4 on 0B, normal to 0€Qq;

J e ue H(%BRI (Q);
The following scaling invarian property holds, ¥t > 0:
o1(tQ) = t 1oy (Q).
Aim

We want to study a shape optimization problem for o1 (2) under volume
and perimeter constraints;
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Motivation

The Steklov- Dirichlet and its related eigenvalue problems are of importance from
both theoretical and applied perspectives.

@ Partially free vibration modes of a thin planar membrane without mass on the
interior and with mass on the boundary can be interpreted as
Steklov-Dirichlet eigenfunctions;

@ this problem has been studied in relation to hydrodynamics such as the
sloshing problem (oscillations of fluid in a container).
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The first Steklov-Dirichlet eigenvalue 01(£2)

J |Vv|? dx
(@)= nf o
VEH}}BRI () J V2 dHn_l
v#0 oQ
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The first Steklov-Dirichlet eigenvalue o1(£2)

J |Vv|? dx
@ = inf 2
veHéBR1 () J V2 dHn_l
v#0 oQ

@ There exists a function u € H3g, (Q) which achieves the minimum, 01(Q) is
1
simple and the relative eigenfunctions have constant sign in €.
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The first Steklov-Dirichlet eigenvalue o1(£2)

J |Vv|? dx
@ = inf 2
veHéBR1 () J V2 dHn_l
v#0 oQ

@ There exists a function u € H3g, (Q) which achieves the minimum, 01(Q) is
1
simple and the relative eigenfunctions have constant sign in €.

@ When Qo = Bg,, R» > Ry, i.e. Q = Ag g, u(x)=w(|x]) = w(r),

—i n=2
R
Inr—InR; n=2 R '°g(R%)
W(r): 1 1 01 (ARl,Rz) = n— . n> 3.
(R{’_2 N rn—Z) m= RZ[(%) _1]

[& [A] [PPS], [SV], [F], [D], [HLS].
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The first Steklov-Dirichlet eigenvalue o1(£2)

J |Vv|? dx
@ = inf 2
veHéBR1 () J V2 dHn_l
v#0 oQ

@ There exists a function u € H3g, (Q) which achieves the minimum, 01(Q) is
1
simple and the relative eigenfunctions have constant sign in €.

@ When Qo = Bg,, R» > Ry, i.e. Q = Ag g, u(x)=w(|x]) = w(r),

L n=2
R
Inr—InR; n=2 R '°g(R%)
w(r)= 1 1 1(ARy k) s n>=3
<W m) s ”| ()" 1]

UI(ARI,RQ) — O If Rl — 0
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Upper and lower bounds for 01(£2)

R n—1 RM n—1
o 01 (AR R,) < 01(Q) < | 5— o1(ARy,Ru )
R Rm

The equality case holds if and only if Q is a spherical shell.
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Upper and lower bounds for 01(£2)

R n—1 RM n—1
(ol 01 (AR R,) < 01(Q) < | 5— o1(ARy,Ru )
R Rm

The equality case holds if and only if € is a spherical shell.

where

@ po(x) =sup{\ = 0: Ax € Qo} with x € S"~1  is the radial function of Q. So,
Q0 = {xpo(x),x € S"~1};

@ Ry, = minga.—1 pg; minimal distance of 0y from the origin

@ Ry = maxga—1 pg; maximal distance of €y from the origin
1
o C=

V7 pgl?
maxgn_1 (\/1+ %)
o

@ [GPPS].
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Upper and lower bounds for o1(2)

R n—1 RM n—1
(ol 01 (AR17Rm) < Ul(Q) < |5 UI(ARLRM)?
Ry Rm

The equality case holds if and only if € is a spherical shell.

where
@ po(x) =sup{A = 0: Ax e Q}, xe€S" L is the radial function of Qo;
@ R, = mingn—1 po;
® Ry = maxgn—1 po;

o C= L

2
Maxgn-1 ( 1+ %)
0

@ 01(Q) > 0 being Ry > 0 fixed.
@ 01(2) > 0as Ry — 0. J
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Upper and lower bounds for 01(£2)

01(Q) < 2 H

@& [pPs].
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Upper and lower bounds for 01(£2)

a1() < 2 ,

) (V(Q) >i 2 (V(Q))
nwﬁ( o, + Ry —R1>

@& [pPs].

@ 01(Q) is bounded from above when R; and V/(Q) are fixed
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Upper and lower bounds for 01(£2)

(@) < 2 (V@)

1 V(Q n "
nwg (( 25%) +R1> — R1>

@& [pPs].

@ 01(Q) is bounded from above when R; and V/(Q) are fixed

(@) < Gy PENZT
1

& [GPPS].
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Upper and lower bounds for 01(£2)

(@) < 2 (V@)

(42 r5)' )

S5-

nw

@& [pPs].

@ 01(Q) is bounded from above when R; and V/(Q) are fixed

(@) < Gy PENZT
1

& [GPPS].

@ 01(Q) is bounded from above when R; and P(y) are fixed
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An optimization problem for o1(£2)

Questions

@ Does there exist an optimal set that maximizes o1 () when
Ry and V/(Qp) are fixed?

o If yes, what is the shape of the miximiser?
@ What about the perimeter constraint? What happens?
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An optimization problem for o1(£2)

Questions

@ Does there exist an optimal set that maximizes o1 (2) when
Ry and V/(Qp) are fixed?

@ If yes, what is the shape of the miximiser?

@ What about the perimeter constraint? What happens?

The optimization problem under volume constraint has been studied when

@ Q = Bg,\Bg,(x0), where Bg, is a ball centered at the origin and Bg, (xp) is a
ball centered at xp € R” such that Bg, (xo) € Bg,.
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An optimization problem for o1(£2)

Questions

@ Does there exist an optimal set that maximizes o1 (2) when
Ry and V/(Qp) are fixed?

@ If yes, what is the shape of the miximiser?

@ What about the perimeter constraint? What happens?

The optimization problem under volume constraint has been studied when

@ Q = Bg,\Bg,(x0), where Bg, is a ball centered at the origin and Bg, (xp) is a
ball centered at xp € R” such that Bg, (xo) € Bg,.

R2
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An optimization problem for o1(£2): annular sets

Theorem

Among all doubly connected domains of R"”, n > 2 of the form
Br,\Br, (x0), with Bg, (x0) € Bg, and Ry, R: fixed, 01(Q2) achieves its
maximal value if and only if when the two balls are concentric.

@ [F] (n=2), [SV](n > 2) (see also [S])

G. Paoli Eigenvalue problems in doubly connected domains FAU



The optimization problem: Existence
Let Ry >0, Kk > no.),,,‘?l”_1 and w > 0 be fixed and let

Ag (w) == {Q = Q\Br,, Q0 < R" open, convex : Bg, € K: V(Q) = w}.
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The optimization problem: Existence
Let Ry >0, Kk > no.),,,‘?l”_1 and w > 0 be fixed and let

Ag (w) == {Q = Q\Br,, Q0 < R” open, convex : Bg € K: V(Q) =

~ i},

Bg, (k) := {D = K\Bg, , K < R", open, convex : Bg, € K, P(K)
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The optimization problem: Existence
Let Ry >0, Kk > no.),,,‘?l”_1 and w > 0 be fixed and let

Ag (w) == {Q = Q\Br,, Q0 < R” open, convex : Bg € K: V(Q) =

= x}.

Br, (k) := {D = K\Bg, , K < R", open, convex: Bg, € K, P(K)

Theorem [GPPS]

There exists E € Ag, (w), such that  sup 01(Q) = 01(E).
QEARI (w)

Theorem [GPPS]

There exists Q € Bg, (), such that sup 01(D) = 01(Q).
DGBR1 (K)
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The optimization problem: Existence
Let Ry >0, Kk > no.),,,‘?l”_1 and w > 0 be fixed and let

Ag (w) == {Q = Q\Br,, Q0 < R” open, convex : Bg € K: V(Q) =

Bg, (k) := {D = K\Bg, , K < R", open, convex: Bgr € K, P(K) =

Theorem [GPPS]

There exists E € Ag, (w), such that  sup 01(Q) = 01(E).
QEARI (w)

k).

Theorem [GPPS]

There exists Q € Bg, (), such that sup 01(D) = 01(Q).
DGBR1 (N)

— Let K < R" be a convex body such that K < Qg and let
Qx = Qo\K. The existence result still holds in this case.
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The optimization problem: Shape of the optimal set

Theorem [GPPS]

Let Ry > 0, Q9 < R" be an open, bounded and convex set, n > 2, such
that Br, < (2 S Bg, where Bg is the ball centered at the origin with
radius R given by

RieV? ifn=2

1

R = 2
Rl[("‘”“”n‘_zivz("‘”] if n> 3.

Then,
01(R) < 01(Ary,R,);

where Q = QO\ERI, AR, R, is the spherical shell of radii Ry < R, having
the same volume as €.
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Idea of the proof

f |Vul? dx f |Vw|? dx

01(Q) = inf 2 , < A2
ueH;BR1 (Q)J w2 dH ! J w? dH" 1

uz0 a0y aQy
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Idea of the proof

f |Vul? dx f IVwl|? dx
01(Q) = inf 2 , < A2
ueHzg, () f u? dH J w? dH"!
u0 Rlol Rlo

Inr —InRy n=2

1 1
-——|n=s
RI=2 =2 "

Test function: W(r)—{
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Idea of the proof

f |Vul? dx f |Vw|? dx

01(Q) = inf 2 , < A2
ueH;BR1 (Q)J w2 dH ! J w? dH" 1

uz0 a0y aQy

° J |Vw|? dx < J |Vw|? dx.
Q Y
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Idea of the proof

f |Vul? dx f IVw/|? dx
01(Q) = inf 2 , < A2
ueHzg, () f u? dH f w? dH"!
u#0 o o

° J |Vw|? dx SJ |Vw|? dx.
Q AleRz

|[Vw/|? is a non-negative radially symmetric decreasing function for any n > 2. Then it follows by
the Hardy-Littlewood inequality
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Idea of the proof

f |Vul? dx J |Vw|? dx

01(Q) = inf 2 , < A2
ueH;BR1 (Q)J w2 dH ! J w? dH" 1

uz0 a0y aQy

° J |Vw|? dx < J |Vw|? dx.
Q Y

° J w2 dH" > J w2 dH" L
FIoN 2Bg,
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Idea of the proof

f |Vul? dx f |Vw|? dx
01(Q) = inf 2 , < A2
ueH;E,R,1 (Q)J w2 dH ! J w? dH" 1
u#0 Q0 Q0
° J |Vw|? dx sj |Vw|? dx.
Q ARI,Rz
° J w2dH" > J w? dH" L.
o

2Bg,

The radial representation dQg = {x po(x), x € S"~1},

Jensen's inequality (The restrictions on © allow us to use the convexity of a one-dimensional function )
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Idea of the proof

f |Vul? dx f IVwl|? dx
01(Q) = inf 2 , < A2
ueHzg, () J u? dH J w? dH"!
u0 Rlol Rlo

° J |Vw|? dx sj |Vw|? dx.
Q

ARy Ry
° J w2 dH" > J w2 dH" L
EIoN

2Bg,

The second claim cannot holds under perimeter constraint!
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A numerical counterexample

o Let R, =1and R, = 1073,

o Let Qo be an ellipse with the same perimeter as Ag, 1 and let a and b its
semi-axes.
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A numerical counterexample

o Let R, =1and R, = 1073,

o Let Qo be an ellipse with the same perimeter as Ag, 1 and let a and b its
semi-axes.

In order to compute the integral over the ellipse, we used the formula
P(Qp) =27 #, which is an approximation by excess for the perimeter of the
ellipse.
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A numerical counterexample

o Let R, =1and R, = 1073,
o Let Qo be an ellipse with the same perimeter as Ag, 1 and let a and b its
semi-axes.

In order to compute the integral over the ellipse, we used the formula

P(Qp) = 274/ #, which is an approximation by excess for the perimeter of the

ellipse. Chosen b = 1.1 we obtain

D(Ag, 1) ~ 832,820208 > 828,919156 ~ D(Ly),

where D(Qp) = J- w?ds and w is the eigenfunction of 01(Ar1)-
Qo
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A numerical counterexample

o Let R, =1and R, = 1073,
o Let Qo be an ellipse with the same perimeter as Ag, 1 and let a and b its
semi-axes.
In order to compute the integral over the ellipse, we used the formula
P(Qp) = 274/ #, which is an approximation by excess for the perimeter of the
ellipse. Chosen b = 1.1 we obtain

D(Ag, 1) ~ 832,820208 > 828,919156 ~ D(Ly),

where D(Qp) = J- w?ds and w is the eigenfunction of o1 (Ag, 1).
Qo

This means that we cannot study separately the numerator and denominator to
obtain inequality under perimeter constraint.
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Works in progress

@ Remove the restriction on g in the isoperimetric result by using a new
technique.

@ Prove the isoperimetric result also with the perimeter constraint.
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Thank you for your attention!
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