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RNA–RNA interaction is a dynamic process

In principle, the interaction process can be studied:

1. Model as Continuous-time Markov Process
(by States and Transition rates)

2. Solve Master Equation
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Final objective: kinetics of interaction process

Definition (Markov process)

The Markov process (X ,R,P0) is
the stochastic process governed by
the master equation

dP

dt
= RP,

Solve as

Pt = exp(tR)P0.

Pt(x) = probability of x at t
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Joint (secondary) structures

1 n

1m

i1 j1

k1 l1

i2 j2

k2 l2

Hybridization sites i1, j1, k1, l1 and i2, j2, k2, l2
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Joint (secondary) structures

1 n

1m

i j

k l

Single hybridization site i , j , k , l

E(joint structure) =
E(structure 1) + E(hybridization) + E(structure 2)1

1+Eduplex init if hybridization is non-empty
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The joint secondary structure landscape

Given two RNAs A and B.

Energy landscape Lj = (X ,N ,E)

• state space X = set of joint secondary structures (of A and B)

• neighborhood N defined by single base pair moves;
i.e. neighbors differ by 1 base pair

• energy function E on jss

1 n

1m

i j

k l
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The joint structure state space explodes quickly

Example: CGCAAUGCGAAUGCC and CGCGAUUCG

CGCAAUGCGAAUGCC

.((.........)).

.((..(....).)).

.((.(......))).

.((.((....)))).

.(((.......))).

.(((.(...).))).

.(((.(....)))).

......(......).

......((....)).

..((.......))..

.......(....)..

....((....))...

((.....))......

(((...)))......
...

×

CGCGAUUCG

(.......)

((.....))

..(.....)

..((...))

.(.....).

...(...).

.........

×

CGCAAUGCGAAUGCC&CGCGAUUCG

.......(((((((.&.)).)))))

.......(((((((.&.))).))))

........((((((.&.)).)))).

(((...((....)).&.))).....

(((............&.))).....

......(((......&)))......

........((((((.&.))).))).

((.((((((......&))).)))))

.((...))((((((.&.)).)))).

.....((((......&)))).....

((...((((......&))))...))

((.((((((......&)))).))))

.((...))((((((.&.))).))).

.......(((((...&....)))))
...

⇒ Apply coarse graining (here, even several levels)
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Energy landscapes and general coarse graining

Coarse graining acts on landscapes L and yields macro-landscape L′.

Coarse graining assigns states x ∈ X to macro-states α ∈ X ′.

Definition (Coarse graining matrix)

C ∈ R|X ′|×|X |; Cαx = Pr [ x assigned to α ]

Remarks:

• in discrete case, C ∈ {0, 1}|X ′|×|X |.

• columns of C sum to 1 (stochastic)
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Energy landscapes and general coarse graining

Coarse graining acts on landscapes L and yields macro-landscape L′.

Coarse graining assigns states x ∈ X to macro-states α ∈ X ′.

discrete continuous

Definition (Coarse graining matrix)

C ∈ R|X ′|×|X |; Cαx = Pr [ x assigned to α ]

Remarks:

• in discrete case, C ∈ {0, 1}|X ′|×|X |.

• columns of C sum to 1 (stochastic)
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General coarse graining II

(Re)define energy landscape as L =: (X , Z̃ ,Z ), where
• X is a set of states x

• Zx are Boltzmann weights of states exp(−E(x)/RT )

• Z̃xy are Boltzmann weights of transition states

Then,

• states x and y are connected if Zxy > 0.

• rate (constant) from y to x : rx←y = Z̃xy/Zy (Arrhenius rate).

E
Ea

x

y

xy

rx←y = exp(−Ea /RT )

= exp(−(Exy −Ex)/RT )

Example:

Metropolis rates

Exy = max(Ex ,Ey )
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General coarse graining III

General coarse graining: L = (X , Z̃ ,Z ) −→C L′ = (X ′, Z̃ ′,Z ′)

CG matrix C ∈ R|X ′|×|X |

Then: • CG by C determines state weights:

Z ′ = CZ ≡ Z ′α =
∑
x∈X

CαxZx

• CG by C determines transition weights:

Z̃ ′αβ =
∑

x,y∈X
Cαx · Cβy · Z̃xy (canonical CG)
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General coarse graining III
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General coarse graining III

General coarse graining: L = (X , Z̃ ,Z ) −→C L′ = (X ′, Z̃ ′,Z ′)

CG matrix C ∈ R|X ′|×|X |

Then: • CG by C determines state weights:

Z ′ = CZ ≡ Z ′α =
∑
x∈X

CαxZx

• CG by C determines transition weights:

Z̃ ′αβ =
∑

x,y∈X
Cαx · Cβy · Z̃xy (canonical CG)

discrete case: rα←β =
∑

x∈α,y∈β Pr [y | β]rx←y
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General coarse graining III

General coarse graining: L = (X , Z̃ ,Z ) −→C L′ = (X ′, Z̃ ′,Z ′)

CG matrix C ∈ R|X ′|×|X |

Then: • CG by C determines state weights:

Z ′ = CZ ≡ Z ′α =
∑
x∈X

CαxZx

• CG by C determines transition weights:

Z̃ ′αβ =
∑

x,y∈X
Cαx · Cβy · Z̃xy (canonical CG)

general case: rα←β =
∑

x ,y∈X Cαx · CβyPr [y | β]rx←y
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RNAup-like model

1 n

1m

i j

k l

joint structure
with hybridization site (i,j,k,l)
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RNAup-like model

i j

k l

1

m
1

n

hybdridization site state (i,j,k,l)
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RNAup-like model

i j

k l

1

m
1

n

hybdridization site state (i,j,k,l)

G

F
re

e
 e

n
e
rg

y



R
R
I
K
in
et
ic
s·

S
.
W

il
l

RNAup-like model

i j
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RNAup-like model

i j

k l

1

m
1

n

hybdridization site state (i,j,k,l)

G
A

u

G
B

u

Gh

G

F
re

e
 e

n
e
rg

y

∆G (i , j , k , l) := ∆GA
u (i , j) + ∆GB

u (k , l) + ∆Gh(i , j , k , l)



R
R
I
K
in
et
ic
s·

S
.
W

il
l

RNAup-like model

i j

k l

1

m
1

n

hybdridization site state (i,j,k,l)

G
A

u

G
B

u

Gh

G

F
re

e
 e

n
e
rg

y

Zh(i , j , k , l) :=
∑

joint structure x with site (i , j , k, l)

exp(−E (x)/RT )
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RNAup-like model
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Zh(i , j , k , l) := ZA(i , j) · ZB(k, l) · Zhyb(i , j , k , l)
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RNAup-like model

i j

k l

1

m
1

n

hybdridization site state (i,j,k,l)

G
A
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B

u

Gh

G

F
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Zh(i , j , k , l) := ZA(i , j) · ZB(k, l) · Zhyb(i , j , k , l)

Hybridization site states coarse grain joint structures: Zh = ChZ j
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RNAup-like model

i j

k l

1
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hybdridization site state (i,j,k,l)

G
A
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B

u

Gh
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Zh(i , j , k , l) := ZA(i , j) · ZB(k, l) · Zhyb(i , j , k , l)

+ Fewer States + Efficient + Complex interactions
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Transition rates for the hybridization site states

1

m 1

n

1

m 1

n

state x

state y

E

Metropolis rate

Transition rates defined by weights of (complex) transition states
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Transition rates for the hybridization site states

1

m 1

n

1

m 1

n

state x

state y

E
1

m 1

n

transition state
   of x and y

Transition rates defined by weights of (complex) transition states
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Grow and Shrink Moves

1

m 1

n

state x

i j

l k

1

m 1

n

state y

j

k

i'

l'

1

m 1

ni j

l k

i'

l'

transition state
   of x and y
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Shift Moves

1
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n

state x

i j

l k
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state y

j
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i'

1

m 1

ni j

l k

i'

l

transition state
   of x and y
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Association and Dissociation

1

m
1

n

open state ε

1

m 1

ni j

l k

transition state
   of ε and x

state x

1

m 1

ni j

l k
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Further coarse graining

Continous CG with ’traditional’ discrete CG as pre-processing

1. Discrete: partition into gradient basins

2. Continous: dissolve ’shallow’ basins; distribute proportional to
rate (or equivalently, transition state weight)

distribute

Dissolve &

Both steps fit the concept of general coarse graining
w/ corresp. matrices Cgb and Cc; landscapes Lgb and Lc
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Quick validation w/ FRET experiments
• kinetic mutation study: Salim et al., Biophys J, 2012

• 3 RNA fragments: HP1, HP2 from DsrA–rpoS; HP3 = HP1-variant

• HP1–HP2 can form kissing hairpin and full duplex

• HP3–HP2 cannot form complete duplex

side remark: reproducing the results works only at correct temperature

1e−01 1e+01 1e+03 1e+05 1e+07

Time

S
ta

te
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b
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ty

Full Duplex
Dissociated State
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Kissing Hairpin (ext.)

Time
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Example: E. coli MicA–ompA

>Mic A

GAAAGACGCGCAUUUGUUAUCAUCAUCCCUGAAUUCAGAGAUGAAAUUUUGGCCACUCACGAGUGGCCUUUU

>ompA 5’UTR

CUUUUUUUUCAUAUGCCUGACGGAGUUCACACUUGUAAGUUUUCAACUACGUUGUAGACUUUACAUCGCCAG

GGGUGCUCGGCAUAAGCCGAAGAUAUCGGUAGAGUUAAUAUUGAGCAGAUCCCCCGGUGAAGGAUUUAACCG

UGUUAUCUCGUUGGAGAUAUUCAUGGCGUAUUUUGGAUGAUAACGAGGCGCAAAAAAUGAAAAAGACAGCUA

UCGCGAUUGCAGUGGCACUGGCUGGUUUCGCUACCGUAGCGCAGGCCGCUCCGAAAGAUAACACCUGGUACA

CUGGUGCUAAAC

• Enumerate hybridization site states 416992 states
• discrete coarse graining 40772 gradient basins
• continuous coarse graining 255 continuous macro states
• Solve macro-transition system

Total computation time: several minutes
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Interpretation of results (MicA–ompA)
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Kinetics  b0957−MicA

Time
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0  ( 0.998 )
1  ( 0.999 )
10  ( 0.128 )
12  ( 0.067 )
14  ( 0.195 )
18  ( 0.089 )
20  ( 0.106 )
23  ( 0.065 )
27  ( 0.038 )
30  ( 0.056 )
40  ( 0.037 )
49  ( 0.029 )
81  ( 0.031 )

Interaction probabilities vs. time
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16C CT TT TT TT TT TT TT TT TC CA AT TA AT TG GC CC CT TG GA AC CG GG GA AG GT TT TC CA AC CA AC CT TT TG GT TA AA AG GT TT TT TT TC CA AA AC CT TA AC CG GT TT TG GT TA AG GA AC CT TT TT TA AC CA AT TC CG GC CC CA AG GG GG GG GT TG GC CT TC CG GG GC CA AT TA AA AG GC CC CG GA AA AG GA AT TA AT TC CG GG GT TA AG GA AG GT TT TA AA AT TA AT TT TG GA AG GC CA AG GA AT TC CC CC CC CC CG GG GT TG GA AA AG GG GA AT TT TT TA AA AC CC CG GT TG GT TT TA AT TC CT TC CG GT TT TG GG GA AG GA AT TA AT TT TC CA AT TG GG GC CG GT TA AT TT TT TT TG GG GA AT TG GA AT TA AA AC CG GA AG GG GC CG GC CA AA AA AA AA AA AT TG GA AA AA AA AA AG GA AC CA AG GC CT TA AT TC CG GC CG GA AT TT TG GC CA AG GT TG GG GC CA AC CT TG GG GC CT TG GG GT TT TT TC CG GC CT TA AC CC CG GT TA AG GC CG GC CA AG GG GC CC CG GC CT TC CC CG GA AA AA AG GA AT TA AA AC CA AC CC CT TG GG GT TA AC CA AC CT TG GG GT TG GC CT TA AA AA AC C

1.0

0.0

Probabiltities of interaction base pairs:

Pr [(i , j) | t] =
∑

xc∈X c,xgb∈X gb

xh∈X h,x j:(i,j)∈x j

Pr [α | t] · Cc
xcxgb · C

gb

xgbxh
· Ch

xhx j

Interaction probability of mRNA positions: Pr [i | t] =
∑

sRNA pos. j Pr [(i , j) | t]
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Interpretation of results (MicA–ompA)
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Probabiltities of interaction base pairs:

Pr [(i , j) | t] =
∑

xc∈X c,xgb∈X gb

xh∈X h,x j:(i,j)∈x j

Pr [α | t] · Cc
xcxgb · C

gb

xgbxh
· Ch

xhx j

Interaction probability of mRNA positions: Pr [i | t] =
∑

sRNA pos. j Pr [(i , j) | t]
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Interpretation of results (MicA–ompA)
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Take home

• Kinetics model for fairly complex RNA–RNA interaction

• Kinetic analysis of sRNA–mRNA 5’UTR interaction “in minutes”

• Tailored coarse graining enables feasible computation

• Procedure for continuous coarse graining

• Generalized coarse graining offers unified perspective:
from discrete CG (e.g. gradient basin) to continuous CG (e.g.
Stadler&Stadler, 2010)

• ... and allows ’back propagation’

• Interpretation at base pair resolution

• [WIP] software will be made availabe


