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Controlled bond expansion into truncated orthogonal subspace achieves 2-site accuracy at 1-site costs!
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DMRG / methods for 1D ground state search & time evolution 2/23

DMRG / MPS methods are gold standards for 1D ground state searches and time evolution 6020892)92 gggczﬂar

1992  Steve White, /nvention of DMRG > 7100 citations
1993 > 3100 citations
2004  Frank Verstraete, Diego Porras, Ignacio Cirac, Reinvention of DMRG in MPS language > 700 citations
2004 Steve White, Adrian Feiguin, 7ime-dependent DMRG > 1300 citations

2004 Andrew Daley, Corinna Kollath, Ulrich Schollwock, Guiffre Vidal, 7ime-dependent DMRG > 1000 citations

2005 Ulrich Schollwock, DMRG review (RMP) > 3200 citations

2011 Ulrich Schollwock, DMRG review in MPS language (Annals Phys.) > 3200 citations

2011 Jhuto Haegeman, Ignacio Cirac, Tobias Osborne, I1ztok Pizorn, Henri Verschelde, Frank Verstraete
Tangent space methods — Time-dependent variational principle (TDVP) > 460 citations

2016  Jutho Haegeman, Christian Lubich, Ivan Oseledets, Bart Vandereycken, Frank Verstraete
Unifying time evolution and optimization with MPS > 370 citations

2019 Sebastian Paeckel, Thomas Kohler, Andreas Swoboda, Salvatore Manmana, Ulrich Schollwock,
Claudius Hubig, Review of MPS methods for time evolution > 290 citations
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= CBE-DMRG for ground state search — results [slides by Andreas Gleis]

= CBE-TDVP for time evolution — results  [slides by Jheng-Wei Li]



MPS basics: MPS, MPO, local Hamiltonians

Basis: |o) = [o01)]0a) -+ [o)
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Projection of Hamiltonian into local subspace:
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One-site Hamiltonian:
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Two-site Hamiltonian:
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MPS basics: minimize energy by local optimization of MPS

Update MPS locally, by finding ground state of local Schrédinger equation (e.g. by Krylov methods):

1-site;
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2-site:
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[Haegemann et al/, PRL 2011]

tangent space: spanned by vectors
tangent to curves running within a
smooth geometric structure

cost convergence
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tangent space of MPSs
having one updated tensor

2-site explores
orthogonal space:
larger bond dimensions,

new quantum numbers

A Hw(M))

1-site confined
to tangent space

full Hilbert space
H of dimension dZ

ps  space of MPS with
specified dimensions




Bond expansion 6/23
orthogonal complement

2-site can be formulated as 1-site, with expanded bond: 1
P * \\ f//
D d d D Dd d D Mgfull-exp ME Mg \ tzggggt
¢ {41 {41
expanded tangent orthogonal
bond space complement
instead, d D M;Xp M tr . truncated complement
truncate! ~ 3 _(P_ = _q)_
@ _|+_ D 4'D+D D 4" D \
truncated

complement

How should we truncate the complement?

= White [PRB 2005]: density matrix perturbation (add noise) f"77H|‘1’[M]>

= Hubig, McCulloch, Schollwéck, Wolf [PRB 2015]: apply H on only one of two sites, \
"add zeros” for other site

= Gleis, Li, von Delft [2022]: apply H on both sites, retain maximal weight parts



Identify orthogonal complement
Ay Ap_y Ay Ay By By

Bond-canonical form: ~ Y Y YD - y y r

Isometry conditions: AEAE =1, . O: — D( Be Bg = 1,_, :D _ ]D

Orthonormality: Q_: [, Cj:: 0 _O = ] , :D — 0
Completeness: <D + %{3 — c> + (_J’; — | =
¢ ¢ ¢ 0 ¢
Ay is an isometric map A A1 A varying A, explores \
into tangent space B h YD d‘ D tangent space of
of MPS defined on —_— _ MPS dlefmedeonl
sites1,...,/—1 Uii14) @ e [Ag]a*;, = Uy o) sites 1,...,0— B
— pA
A¢ is an isometric map A1 A A _
into orthogonal N N N DY D= D@ —1) varying Ay explores
complement of ~ — d orthogonal complement
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Which part of 2-site Hamiltonian is missing from 1-site Hamiltonian?

(I)DdD o D d d D
Local Hamiltonians, H,” = E—H and H,” = E+ +i
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are matrix elements of Pél)HP(l) and P, HP(Q)
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with left an right environments Ly E E R£3 E}

Projector identities reveal essential difference between 1-site and 2-site Hamiltonians:
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Controlled bond expansion (CBE) algorithm (sweeping right to left)

Wavefuncti £ |0 A¢ Ay By Ay Cet1
avefunction o ; =
Yor - Yot
14 (+1 ¢ {+1
fg Ag Eg
Wavefunction of P HIT % full computation requires 2-site costs, since
avefunction of P, H|¥): (g orthogonal complement is huge: D = D(d + 1)
D D
Z’EI‘
. . E ~
(i) Truncate this to % |n.voIV|ng truncated complement D——D
4 I with D= D4, <1 d
D D
(i) Do bond expansion: D a7 D(1+6) = D D & D _tr D
i paders
. D(1+9) ,
(i) Construct expanded 1-site Hé+pr) = H—+—] E—H compute' 'ts ground state
and use it to update Cy i
exp
4, Crr1 Ce  Bev1 yruncate bond back to D

(iv) Shift orthogonality center by SVD ‘1 D1+ 5)f =~ Yp?

error measure: discarded weight &
(+1 ¢ 0+1
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When computing truncated complement, try to minimize truncation error, while maintaining 1-site costs!
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To keep numerical costs low: prune central MPS bond
cut MPO bond

(i) incorporate weights from R, Ly * Ay Ry Ly U151 * V1 (i) U2 52 +U2
DD (i) 55D ~ s
(i) prune central bond v . w wd d w
fromD to D' = D/w pY,” P oY, I i)
D'=D/w<D=wD'<D=D(d-1 &Q_
(iii) redirect MPO bond to obtain — / — ( ; ) %TDTUD’ wD, v &T
pruned complement, A} Ly Ay Ry Usa 54 Uy !
D ; D (i) 5 y D Zpr Ztr Zpr m
(iv) truncate pruned complement to , D = T|_| —
obtain truncated complement A}’ wD’ D wD D= DS D_;Fw D_c?_D
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Free fermions in one dimension: singular values spectra (RVZE

L=1 d =4, w=6, D™ =30, Di* = 43, D' = ceil[D™ /w] = 8, D = 18
Hi=-Y Y (C;racmd n h,c,) 0.08 — . . ~ . . —~1003
i=1 o=1,] (1) 1 (1) 2
| 0.06} - 1004
L=N=100,8=0 '
! 10.03
0.04 i
3 {0.02
=t
(i) incorporate weights from R, 0.02] Dinit 11K 10.01
DI
0 M M L M # 2 M M 2 0
(i) prune central bond 20 40 60 80 20 40 60 80
’ 0.04 - . . - . 0.02
fromD to D' = D/w 551K v S,
0.03 --\ : 10.015
(iii) redirect MPO bond to obtain \ —full 2-site
pruned complement, A} 0.02} \ with pruninglfo gy
kept
. 0.01¢ {1} < 10.005
(iv) truncate pruned complement to ~
obtain truncated complement A}’ 0 D;_ 0

80 20 40 60 80



Free fermions in one dimension 12/23

L—-1 _ _ _ NLanczos =3
Hy==%_ >, (Czacﬂ—la‘i‘h'c') P S0
i) E.. = —126.6023783108... SU(2),, ® U(1)y,

ns: number of half-sweeps

10—1 . > e e | M 10—4
10—2 ECBE 10~ [ o gCBE (5 — 01)
—5 10_3 |: =21—)81te _ 10_4 [ ©® SCBE (5 = 03) ) ®
E 10—4 \ == 150 ]_0_6 [ ‘ 62-site o g
~ . \\ — 300 — |' variance dat'a fOl"
Lﬂé 10 ) v == 600 10°° exjFapolation
10~ f ot
Lqu 10-TF bt - - - - - 024 7?3 810 ! linear fits:
]
_10—8 \y__\ EI' L -l)ma,xe
------- " — [300, 600]
10—9 L . ataammlosssnmndoasssend aas
0 1000 2000 10°° 1077 10® 1073
CPU time [s] error measure
m CBE faster than 2-site! B (.pp' €rror measure suitable

. . ion!
m similar convergence with ny! for extrapolation!



Hubbard-Holstein model in one dimension

Hyy = —Z (clycipip e ) + szzwm U =08, wo=0.5, g =102

“’025 z+92(nn+nz¢_1) (bl'LJsz') N=1L=250,5=0 SUR)y © U,
maximum allowed local phonon occupation: NJ*—s d = 4| o w = 6
L EO extrapolated energy for DmaX C [1000 1200 5= 0.1
max ___ ?
o 10—1 Nph =3 D _ i D = 500 ] 1.5?;‘: NLanczos =3
g 10-2 —CBE ==200 fits: o,
~ S sosite ——a00  J —ar’ et g
o 10—3 == —= 800 [ 1 =
€3 ax + b 2
ab s == o)
qu oy N T e 2-site 0.5 g
100 CBE =
10—6 A S : < TO 8‘
0 5 10 15 2 4 6

N Ngflax + 1
B CBE converges even faster with n, than 2-site!

2 : |
m Possibly due to much larger variational space W dvsd® scaling!

In 2-site, Nianczos > 3Should be used.
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Kondo-Heisenberg (KH) lattice model on a 10x4 cylinder

NLanczos =3
SU(2)sp ® U(]')ch

Ly L,— L, L,
- 1 i L " o ; . electrons
D) 3D I CHERIETPIED S) 3) DI GRS IS onshis
o y=1 z=1 o y=1z=1
2Jk ZSW Say T /H Z Z Say - Sary Heisenberg interaction
_ , 22 {9:y') between spins
Kondo interaction between I —10
electrons and spins z N=125-Ly,-L,=50,5=0

L,=4 w==06

relevance: heavy-fermion materials (Coleman 2007)

local dimension d MPO dimension w

Ju =0

8 (4 multiplets) 18 (10 multiplets)

Ju # 0

8 (4 multiplets) 30 (14 multiplets)

B possible to keep 10000/8000 multiplets!

B ¢(-pg: reliable and cheap error measure!



Kondo-Heisenberg-Holstein (KHH) lattice model on a 10x4 cylinder

Hyxyn = Hxu +H
g . g

Wph Z bl:yb:cy +9 Z (nﬂcyT + Nzyl — 1) (b:rvy + bxy)
z,Yy

L,y

NLanczos = 3 optical phonons Holstein interaction between

J J
GK (K SU(2),, ® U(1),
JH ;Iflang
Elo_ ‘?{
& Z
| | Xé JKNg?laXJH
M 1076 e 25 3 0
' e 25 3 05
T T
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electrons and phonons
N=125-L,-L,=50,5=0
= wpn = 0.5, g = 0.5

local dimension d MPO dimension w
Ju = 32 (16 multiplets)| 18 (10 multiplets)
Juy # 0 32 (16 multiplets) 30 (14 multiplets)

B possible to keep 4000/3000 multiplets despite huge d and w!

B (-pg: Only computable error meassure!
Even the 2-site variance is too expensive!



What are heavy fermion materials?

Basic ingredients:

., ._. itinerant conduction electrons
c-electrons

c-f hybridization leads to Kondo coupling between f-spin and c-electrons

"f-spins” localized f-orbitals, strong local repulsion prevents double occupation
— only spin degree of freedom left at low energies
f-f hopping leads to Heisenberg coupling between f-spins

Kondo-Heisenberg lattice model

Rudermann-Kittel-Kasuya-Yosida (RKKY) correlations Kondo correlations

small Kondo coupling: f-f entanglement dominates large Kondo coupling: c-f entanglement dominates

«—=¢

FS volume of the c-electrons: “small” FS ~ QCP  f-spins are included in Fermi surface (FS) volume: “large” FS

competing correlations

f-spins “remember” their electronic origin
and behave like itinerant charge carriers

Ruderman, Kittel, PR 96 (1954) ; Kasuya, PTP 16 (1956) ; Yosida, PR 106 (186(&man, “Heavy Fermions: Electrons at the Edge of Magnetism” (



Fermi surface reconstruction in the Kondo-Heisenberg model 17/23

L, =10 N=125-L,-L,=50,8=0

Ju
.l_

to detect FS reconstruction: compute (p1p) 5 = > _(chocs,) with @, 8= (2,y)

RKKY o Kondo
expectation: J;/@Z 25 filled orbitals expectation: (N + L - Ly)/2 = 45 +@fi|led orbitals
due to spin degree of freedom completely filled hybrid c-f band ﬁially fill\ed hybrid c-f band

2

2 . :
—j «— "large” FS

—
ot

“small” FS N\

FS reconstruction 5 filled orbitals

eigenvalues of pj,
eigenvalues of pj,
—_

Jx Ju captured on cylinder &|in partially filled band
25 filled orbitals — 250
0 - - - 0 - - -
10 20 30 40 10 20 30 40

# eigenvalue # eigenvalue



One-Site TDVP

Time dependent variational principle: T,
B sweeping error
T[M]) 1st order

Lgy = Ry —

H 2"d order
Ldt/2 - Rdt/2 ...

42 = pyH |¥)

Projector-splitting integrator:

=M L0
Py=) P, =) P
£=1 /=1
s 3 order

1 L R
P-()=Pe 1®H£®P£+1="'# I by Lgtja = Ragj2 = Lagja = - -

14
(0)
P, =P/ ® P}, = L
¢ ® Pryy = 4%‘3 #} m projection error (I — Py)H |¥)

£ global subspace expansion
Sweeping (Lie-Trotter scheme): _
(Yang & White 2020)

t
—‘ilﬁ C

Cy(t)Bys1(t) -I_ I rank-adapti bust int t
0 M c ank-adaptive robust integrator
= Cy(t + dt) By (t) I I (Ceruti, Kusch, and Lubich 2021)
= Ay(t + dt)Ay(t + dt) By, (1) All controlled bond expansion (CBE)
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CBE-TDVP 19/23

Bond expansion:

How to find the B ?

A B

\
|

global projection error %

B Obvious choice : ; I
do SVD to find the right singular vector B ( } i

with non-zero singular values (s > 107°) —® ©

B Memory saving choice:
pruning (s > 10~2) prior doing SVD
consider this for large d



Example 1: XX model — domain wall motion 20/23

e L =100,dt = 0.05,
H = Z SySy., +SYSY. M Ballistic diffusion : L ) o U(1) symmetry
‘ (T. Antal, etal. 1999) Rank-adaptive

W) = [T 1L 1) . ol o Dfn =D+ D
Se(t) = —1/2 z Tn(t) slow increase from D =1

n=1-¢
-0.5 0 0.5 (b)EE ‘ ! 1
1 Finite Dy, effect: (a) 0.6
accuracy x< tDMRG | (1).220
C
(D- Gobert et al. 2005) ©) b, L 80
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il (d) Method I (e) Method 1T | m Why CBE-TDVP?

o3 / A 21 1 1
s R B 1o . .
o/ o [ et 65° /_,J“’WM: eeed /ﬂ_/.‘/wf""’"“ linear increase of D

| L=100, dt = 0.05

§, deviation
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Example 2: One-axis twisting model — quantum revival

B Numerical stability?

® Why CBE-TDVP?

‘ S = (L)2)cos™ ' (t/2)  long-ranged interactions
|Uig) = |—2— ... o) 5<(d—1)D
50 F o ,
B Finite At errors (a) Sy (b)EE
large but don’t accu-
mulate 0

Can we improve?
Yes, time-adaptive C
BE-TDVP

' ((d)
m Symplectic: Drin
L_ato Rap =1
0F =0 5

up to truncation error
(G. Ceruti etal. 2021)

MMW‘“"“M""'W".

e ,’

T Vg OIS ity

Time Time

500

1400
1300
1200

100

27 47 6w 8w 107 127 27 4w 67 8w 107w 12«

L =100,dt = 0.01,
Z, symmetry

Yang and White (2020)

0.15
t/2

0.25



Example 3: SU(2) Haldane-Shastry model --- spectral function

-0.5 0 0.5

L = 40,dt = 0.05,
SU(2) symmetry

2
7 Sg'Sg'
H=1J Z 2. 2m ;
£<£’5LL sin 3(6—6)

(PBC)

10 Re[C(x,t)]

® D* = 500 multiplet

C(xz,t) = (ole™'S,e 'Sy ) 0 No linear prediction!

2572
10 (a) (b) tS(mw/QJO)
. . . R
Previous works at light-cone regime m[CCx O] 2t o 60
M. P. Zaletel et a/ 2015 10 ’ Analytical
P. Secular et a/ 2020 (T. Yamamotc
o 1 0 O et al. 2000)
X, t
|C(x, t)] - 10 3 ‘.II lll"
(1] 1 i1
1072 1074 . . . : : || T ||
-100 107 1 0-6 i 0.5} III
1078 0
10! 0 05 1 1.5 Relative Intensity
1 0'10 L k’/ﬂ'
) . ! .
0 10 Y 1 12 [ e

Hime't 0 10 20 30 40 50 60
Time



Example 4: Peierls--Hubbard model --- scattering dynamics

H == (c] jCir1o +he) +UY ngng, +wy bib, B Non-perturbative L = 100,dt = 0.05,
0,0 i i U=10,0=3g=1 U(1)termion SYmmetry

t9g Z(CI,UC?:+1,O‘ + h-C-)(bJ;L +b; — sz+1 —bit1)

|\IJG : i; = A Z e(xe—xo)Q/W2€ik$icz |O> M Large local dim. d
i =36,n"" =8
40| (a) §%(z,1) g=0 (D) S(z,t) g=1 max
20 Elastic scattering
o>< — s

20 Bi-polaron formation

"“-0]‘“ '0-1-0]0-1 (J. Sous et al. 2018)
-40

' - - 2000
40 (C) nph(m,t) g = 1 (d) - —-" -j 1500 -
m) D < (d-1)D

11000
500

110°

| 5 B Speedup after reaching D,,,,?
: limit complementary space — finite D effect
110712 if D = 0 — one-site TDVP

12 speed vs. accuracy [user’s discretion]




