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Bound state: an well documented feature …

• Already pointed out by Hans Bethe (Journal Z. Physik 71, 205 (1931)), 
• Was again revisited with spin wave analysis by F. Dyson (Phys. Rev. 102, 1217(1956)) 
• A complete bound state computation was done by Wortis (Phys. Rev. 132, 85 (1963))
• Early attempts to observe the bound state by Date, Motokawa (PRL 16,1111(1966)), Torrance and 

Tinkham (Phys.Rev. 187, 595 (1969)) – but they were indirect detection by studying resonances 
near k=0.

• Our proposal is to perform the experiment at finite temperature to observe the bound state 
directly.

• Inelastic Neutron Scattering experiments always observe single spin-flip processes, but are 
conducted at very low temperatures. 

• So finite temperature populates the spin-wave states on which an additional spin-flip results in 
bound state.



Method

• We start from MPDO ansatz to represent the thermal ensemble where one denotes physical and 
auxillary degrees of freedom. 

• From imaginary ^me evolu^on Suzuki-Tro_er operators, the thermal ensemble is obtained. 
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Computing the observables …
• By simply taking the trace over the auxillary indices (dotted legs ) , one computes the 

observables.
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Ĥ

⇢̂�
2

hEi� = Tra
h
⇢̂�Ĥ
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Thermodynamics of spin-1/2 Ferromagnet

*) Red dashed line represents the 
curve due to spin-wave theory.

*) Blue dotted line represents the 
curve due to modified spin-wave 
theory (Takahashi, PTP supplement 
87, 233(1986)).

*) MonteCarlo simulations using 
ALPS package.
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At low temperatures, 
the leading order 
dependency is  :



Finite temperature DSF

Dynamical structure factor is fourier transform of ^me-dependent real space 
correla^ons

Using the cyclicity of Trace and using the Heisenberg picture, one finds it is equivalent to : 

So one computes the thermal density matrix upto half the inverse temperature instead of full 
computation, and one needs then real time evolution   

Where, �,↵ 2 {z,+,�}
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Spin-1/2 FM chain

Increasing temperature 



Spin-1/2 FM chain

J(1� cos k)
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Bound state dispersion 
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De-excitaMon from spinwave to aligned state 



Characterizing the bound state 

• Maximum distance between the bound state and the spinwave excitation is at ! = # .

• Finite temperature results in more spectral weights to the bound state but at the same time there 
is thermal broadening of the mode too.

• We compared the section cuts at ! = # and decided the lower bound of the temperature when 
the bound state spectral weight is 5% of the total spectral weight in the DSF section cut.

• Therefore, the best possibility to observe it is between J/12 < T < J/3.



Characterizing the bound state (contd.)

• Varying the temperature shows a dependency of spectral weights of bound 
state as !'/).



In presence of magne=c field ..

• The model loses its isotropy.

• Spectral weights of the bound state is present in the transverse component 
of the DSF.

• The spectral weights in the longitudinal component DSF is mostly 
concentrated at k = 0,& = 0.

H = �J

X

i

Si · Si+1 � h

X

i

S
z
i

<latexit sha1_base64="DbXOIOYz1wfZjSuWmdQD0iLd3OM="></latexit>

(J = 1)
<latexit sha1_base64="f/zBo3H+xa0FNaujtg+jnlOuy94=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL2IpwquLbRLyabZNjTJLklWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzzqOFWE+iTmsWqHWFPOJPUNM5y2E0WxCDlthaObqd96okqzWD6YcUIDgQeSRYxgYyW/enflnfbKFbfmzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2O3aCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdFlkDGZpIZKMl8UpRyZGE0/R32mKDF8bAkmitlbERlihYmx+ZRsCN7iy8vksV7zzmr1+/NK4zqPowhHcAxV8OACGnALTfCBAINneIU3RzovzrvzMW8tOPnMIfyB8/kDWS6NuQ==</latexit>



S�,+(k,!)
<latexit sha1_base64="swi5TgQc8VhBoz1CVaVRBOPCrlw=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBiGQGTXRJdOMSozwSGEmndKChnU7ajoaMfIobFxrj1i9x599YYBYKnuQmJ+fcm3vv8SNGlXacbyuztLyyupZdz21sbm3v2PndhhKxxKSOBROy5SNFGA1JXVPNSCuSBHGfkaY/vJr4zQciFRXhnR5FxOOoH9KAYqSN1LXzt/fJSel4XByWOoKTPjrq2gWn7EwBF4mbkgJIUevaX52ewDEnocYMKdV2nUh7CZKaYkbGuU6sSITwEPVJ29AQcaK8ZHr6GB4apQcDIU2FGk7V3xMJ4kqNuG86OdIDNe9NxP+8dqyDCy+hYRRrEuLZoiBmUAs4yQH2qCRYs5EhCEtqboV4gCTC2qSVMyG48y8vkkal7J6WKzdnheplGkcW7IMDUAQuOAdVcA1qoA4weATP4BW8WU/Wi/VufcxaM1Y6swf+wPr8AXEwktM=</latexit>

component
In

cr
ea

sin
g 

m
ag

ne
Mc

 fi
el

d

Increasing temperature



Spin-1 FM chain
• Similar to spin-1/2 FM chain, we also find the bound 

states in the finite-temperature DSF. 

• In the section cut, one can compare the bound state 
spectral peak sizes as compared to main spin-wave 
excitation of spin-1/2 and spin-1 FM chain.



Quadrupolar structure factor (DQSF)

• In order to access the two magnon spectrum (at 0K) of spin-1 FM 
chain, quadrupolar structure factor should be computed.

• There are 3 components – i) Longitudinal, ii) Transverse , and iii) 
Pairing component. They are the same in an isotropic model.

• So , we focus only on Pairing component. 

• Fourier transform of this component leads to the Quadrupolar 
Structure Factor.
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Comparison between zero and finite temperature

DQSF plot for obtaining the two-
magnon spectrum



In order to understand the resonance …

• Consider n.n. biquadratic interactions along with the existing Heisenberg interactions

HBLBQ = J
X
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cos ✓Si · Si+1 + sin ✓(Si · Si+1)
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Spin-1 FM Heisenberg chain



Two magnon spectrum of BLBQ chain in FM phase



Two magnon spectrum of BLBQ chain in FM phase

Just considering  spin-
waves on ferromagnets



Two magnon spectrum of BLBQ chain in FM phase

Bound states (stars) and 
anM-bound states 
(crosses) using WorMs’s 
method (1963)



BLBQ chain’s finite temperature simulaGons

• Just for completeness,
note the effect of finite
temperature on the BLBQ
chain.

• We compare the effect of
biquadratic interaction on
the the thermal DSF. The
finite temperature
ensemble is at T = J/10.



In real materials … 

• Often, in real materials that are modelled after spin-1 Heisenberg 
model also include easy axis single-ion anisotropy interaction. 
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Zero temperature results

The three components of the
DQSF are no longer same. We
focus on pairing component
which captures the spectral
weight on the bound states.

R. Silbergli8 and J. B. Torrance, PRB 2, 772 (1970)
N. Papanicolaou and G. C. Psaltakis, PRB 35, 342 
(1987)



Finite temperature effects 

componentsS�+(k,!)
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Conclusion

• Upon exploring the realistic scenarios of ferromagnetic spin chains, we propose that the best 
possibility to observe the bound state is in spin-1/2 chain compound.

• The early Neutron Scattering experiments were conducted at low temperatures infact , 
experiment at T=J/16 had been conducted but our numerical simulations indicate that if an 
experiment is conducted above T > J/12, the bound state could possibly be detected.
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