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Photochemistry
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image from quora.com

Sun, Q.; Mosquera-Vazquez, S.; Lawson Daku, L. V. M.; Gu n e, L.; Goodwin, H. A.; Vauthey, E.; Hauser, A. J. Am. Chem. Soc. 2013, 135 (37), 13660–13663.

Use TDDFT to determine

• identities of the states 

involved? properties?
• photochemical 

pathway? timescales?

http://quora.com


Photochemistry requires, TDDFT provides
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Krul, S. E.; Costa, G. J.; Hoehn, S. J.; Valverde, D.; Oliveira, L. M. F.; Borin, A. C.; Crespo-Hernández, 
C. E. Photochemistry and Photobiology (2022). https://doi.org/10.1111/php.13688.

Excitation
energies

Excited-state
forces

Nonadiabatic
couplings

https://doi.org/10.1111/php.13688


Disclaimer: I am a Chemist
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density is 
<latexit sha1_base64="VHrUiysrJVO18c1h43SVmRNozOo="></latexit>

⇢(x, t)

<latexit sha1_base64="b61R6M6RLbj4/5sJwmpOzuSV5P0="></latexit>

⇢(x, x0, t)

<latexit sha1_base64="4gNfhFfhDI4MrQHyape+2OYloeM="></latexit>

x ! (~r,�)

<latexit sha1_base64="GbCpenKB+1b23hhQFZQMZ4dLvXU="></latexit>

�(x, x0)

space-spin

1 particle density matrix is                 or

assuming the adiabatic approximation to the XC functional is useful

typically think about isolated or solvated molecules

hybrid density functionals preferred



The requisite properties

Interpreting Excited States

Action Lagrangian

Photochemistry of Thymine



Action functional
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Convenient to define time-dependent quantum mechanical properties through the 
action functional

S[�] = hh�|Ĥ(t)� i
@

@t
|�ii

hhu|vii ⌘ 1

T

Z T

0
dthu(t)|v(t)i

with

Stationarity of the action yields the Schrödinger equation
�A
�hh�| =

✓
Ĥ(t)� i

@

@t

◆
|�ii = 0

Differentiating the action yields properties
�A

�v(x, t)
= ⇧(1)(x, t) = ⇢(x, t)



Action Lagrangian for time-periodic perturbations
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Time-periodic potential means
�(t+ T ) = ei↵�(t)

Purely periodic part treated through action Lagrangian

A[�, "] = hh�|Ĥ(t)� i
@

@t
|�ii � "(hh�|�ii � 1)

A[�, "]|stat = "

Reduces to quasi-energy at stationary point

and energy eigenvalues in time-independent case
A(0)[�, "]|stat = En



Exact response properties
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Ĥ(t) = Ĥ0 + v̂(t)

Define Hamiltonian

| ii|v=0 ⌘ | (0)ii = |0i
And assume ground state is initial state

v̂(t) =

Z
dxv(t, x)⇢̂(x)

v(t, x) =
X

↵

v↵(x)e
�i!↵t + v�↵(x)e

i!↵t

Differentiate, make stationary, evaluate at v=0

f (↵�...) ⌘ f (↵�...)(x1, x2, . . .) ⌘
�nf

�v↵(x1)�v�(x2) . . .

����
stat,v=0



Exact static properties
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Differentiate

Make stationary
�A(↵)

�hh (↵)|
= (Ĥ0 � E0 �

@

@t
)| (0)ii = 0

| (0)ii = |0i

A(↵) =hh (↵)|Ĥ0 � E0 �
@

@t
| (0)ii

+hh (0)|Ĥ0 � E0 �
@

@t
| (↵)ii

+hh (0)|⇢̂(x)e�i!↵t � "
(↵)| (0)ii+ "

(↵)

Evaluate
⇧(1)(x) = "(↵) = ⇢00(x) ⇢̄(x) = ⇢̂(x)� ⇢00(x)



Exact linear response
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Differentiate
A(↵�) = hh (↵)|Ĥ0 � E0 � i

@

@t
| (�)ii+ hh (�)|Ĥ0 � E0 � i

@

@t
| (↵)ii

+ hh (↵)|⇢̄(x2)e
�i!�t| (0)ii+ hh (0)|⇢̄(x2)e

�i!�t| (↵)ii
+ hh (�)|⇢̄(x1)e

�i!↵t| (0)ii+ hh (0)|⇢̄(x1)e
�i!↵t| (�)ii

Make stationary
A(↵�)

�hh (�)|
=(Ĥ0 � E0 � i

@

@t
)| (↵)ii+ ⇢̄(x1)e

�i!↵t| (0)ii = 0

| (↵)ii = �(Ĥ0 � E0 � !↵)
�1

⇢̄(x1)|0ie�i!↵t

Evaluate
⇧(2)(!, x1, x2) =�

"
h0|⇢̄(x2)(Ĥ0 � E0 � !)�1

⇢̄(x1)|0i

+ h0|⇢̄(x1)(Ĥ0 � E0 + !)�1
⇢̄(x2)|0i

#



Exact linear response: sum-over-states
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(Ĥ � z)�1 =
X

n

|�nih�n|
En � z

Spectral representation of inverse

⇧(2)(!, x1, x2) =�
"
h0|⇢̄(x2)(Ĥ0 � E0 � !)�1

⇢̄(x1)|0i+ h0|⇢̄(x1)(Ĥ0 � E0 + !)�1
⇢̄(x2)|0i

#

Gives the sum-over-states expression

⇧(2)(!, x1, x2) = �
X

n 6=0

"
⇢0n(x2)⇢n0(x1)

⌦0n � !
+

⇢0n(x1)⇢n0(x2)

⌦0n + !

#



Exact quadratic response
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Insert first-order results
⇧(3)(!↵,!� , x1, x2, x3) =

P(↵��)h0|⇢̄(x1)(Ĥ0 � E0 + !↵)
�1

⇢̄(x2)(Ĥ0 � E0 � !�)
�1

⇢̄(x3)|0i

Sum-over-states:
⇧(3)(!↵,!� , x1, x2, x3) =

X

n 6=0
m 6=0

"
⇢0n(x1)⇢̄nm(x2)⇢m0(x3)

(⌦0n � !↵)(⌦0m + !�)
+

⇢0n(x1)⇢̄nm(x3)⇢m0(x2)

(⌦0n + !↵)(⌦0m � !�)

+
⇢0n(x2)⇢̄nm(x1)⇢m0(x3)

(⌦0n + !�)(⌦0m � !�)
+

⇢0n(x2)⇢̄nm(x3)⇢m0(x1)

(⌦0n + !�)(⌦0m � !↵)

+
⇢0n(x3)⇢̄nm(x1)⇢m0(x2)

(⌦0n + !�)(⌦0m � !�)
+

⇢0n(x3)⇢̄nm(x2)⇢m0(x1)

(⌦0n + !�)(⌦0m � !↵)

#

A(↵��) = P(↵��)hh (↵)|⇢̄(x2)e
�i!�t| (�)ii



Exact response theory: the big idea
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RG justifies only the validity of the time-dependent density
No wavefunction available!

state-to-state transition densities
Quadratic response allows a definition of

⇧(3)(!↵,!� , x1, x2, x3) =
X

n 6=0
m 6=0

"
⇢0n(x1)⇢̄nm(x3)⇢m0(x2)

(⌦0n + !↵)(⌦0m � !�)
+ . . .

#

Linear response allows a definition of
excitation energies
ground-to-excited state transition densities

⇧(2)(!, x1, x2) = �
X

n 6=0

"
⇢0n(x2)⇢n0(x1)

⌦0n � !
+

⇢0n(x1)⇢n0(x2)

⌦0n + !

#



TDDFT Action Lagrangian

X

A[', "]|
stat

=
X

j

�
"jj � vHXC

jj [⇢]
�
+AHXC[⇢]

A[', "] =
1

T

Z T

0

dt
X

j

"Z
dx

✓
1

2
|r'j(t, x)|2 � i'⇤

j (t, x)
@'j(t, x)

@t

◆

+

Z
dx'⇤

j (t, x)v(t, x)'j(t, x)�
X

k

"jk

✓Z
dx'⇤

j (t, x)'k(t, x)� �jk

◆#

+AHXC[⇢]

Stationarity
�A[', "]

�'⇤
j (t, x)

=
1

2
r2'j(t, x) + vs(t, x)'j(t, x)� i

@'j(t, x)

@t
�

X

k

"jk'k(t, x) = 0

vs(t, x) = v(t, x) + vHXC(t, x)



TDDFT linear response

X

Differentiate
A(↵�) =

Z T

0

dt

Z
dx

X

j

h
'⇤(↵)
j

✓
ĥ� i

@

@t

◆
'(�)
j + '⇤(�)

j

✓
ĥ� i

@

@t

◆
'(↵)
j

+ '⇤(↵)
j ⇢̄(x2)'je

�i!�t + '⇤
j ⇢̄(x2)'

(↵)
j e�i!�t

+ '⇤(�)
j ⇢̄(x1)'je

�i!↵t + '⇤
j ⇢̄(x1)'

(�)
j e�i!↵t

i

+AHXC(↵�)[⇢]

Using chain rule

AHXC(↵�)[⇢] =

Z
d⇣vHXC[⇢](⌧, y)⇢(↵�)(⌧, y)

+

Z
d⇣1d⇣2f

HXC[⇢](⌧1 � ⌧2), y1, y2)⇢
(↵)(⌧1, y1)⇢

(�)(⌧2, y2)



TDDFT linear response

X

Leads to

(↵)
ia = Xiae

�i!↵t (�↵)
ia = Yiae

i!↵t

Make stationary
@A(↵�)

@(�)⇤
ia

=
1

T

Z T

0

dt
h
h�a|ĥ+ v̂HXC � "ii � i

@

@t
|'(↵)

i i+ h�a|⇢̄(x1)|�iie�i!↵t
i

+
X

pq

fHXC

pq,ia⇢
(↵)
pq = 0

Expand orbitals: U(t) = e(t)

'j(t, x) = �j(x) +
X

a

�a(x)ja(t) +
1

2

X

ak

�k(x)ja(t)ak(t) + . . .

'a(t, x) = �a(x) +
X

j

�j(x)aj(t) +
1

2

X

jb

�b(x)aj(t)jb(t) + . . .



TDDFT linear response (skipping derivation)
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Response operator

⇧(2)
TDDFT(!) = �

✓
A B
B A

◆
� !

✓
1 0
0 �1

◆��1

✓
X(↵)

Y(↵)

◆
= �⇧(2)

TDDFT(!)

✓
P(↵)

Q(↵)

◆

Linear Response Function

A(↵�) =

✓
P(�)

Q(�)

◆T ✓
X(↵)

Y(↵)

◆

A(↵�) = �
✓
P(�)

Q(�)

◆T

⇧(2)
TDDFT(!)

✓
P(↵)

Q(↵)

◆



TDDFT quadratic response (abbreviated)
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Response function

⇧(3)(!↵,!�) =

"
tr(K(↵�)v(�)) +

✓
P(�)

Q(�)

◆T

⇧(2)
TDDFT(!↵ + !�)

✓
P(↵�)

Q(↵�)

◆#

K(↵�)
ij = �

X

a

X(↵)
ja Y (�)

ia +X(�)
ja Y (↵)

ia

K(↵�)
ab =

X

i

X(↵)
ia Y (�)

ib +X(�)
ia Y (↵)

ib

K(↵�)
ia = K(↵�)

ai = 0

Product of first-order densities

gXC±[⇢](x1, x2, x3) ⇡
�3EXC[⇢]

�⇢±(x1)�⇢(x2)�⇢(x3)

����
ref

RHS involves hyperkernel



TDDFT quadratic response (abbreviated)

X

(P +Q)(↵�)ia =� 1

2

X

j

P(↵�)

"
(X + Y )(�)ja U

+(↵)
ji � (X � Y )(�)ja U

�(↵)
ji

#

+
1

2

X

b

P(↵�)

"
(X + Y )(�)ib U

+(↵)
ab � (X � Y )(�)ib U

�(↵)
ab

#

+H
+

ai[K
(↵�)] + 2gHXC+

ai [⇢(↵), ⇢(�)] ,

(P �Q)(↵�)ia =� 1

2

X

j

P(↵�)

"
(X � Y )(�)ja U

+(↵)
ji � (X + Y )(�)ja U

�(↵)
ji

#

+
1

2

X

b

P(↵�)

"
(X � Y )(�)ib U

+(↵)
ab � (X + Y )(�)ib U

�(↵)
ab

#

�H
�
ia[K

(↵�)] + 2gHXC�
ai [⇢(↵), ⇢(�)]

gXC±[⇢](x1, x2, x3) ⇡
�3EXC[⇢]

�⇢±(x1)�⇢(x2)�⇢(x3)

����
ref

Hyperkernel



The requisite properties

Interpreting Excited States

Action Lagrangian

Photochemistry of Thymine



Energies, forces and couplings
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Energies

✓
A B
B A

◆
� ⌦n

✓
1 0
0 �1

◆�✓
Xn

Yn

◆
= 0

En = E0 + ⌦n

Forces
rEn = rE0 +r⌦n 6= @

@R
En

Derivative couplings
h�n|r�mi

State-to-state properties
h n|v̂| mi



Energies: iterative diagonalization
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Storage unfeasible for even medium molecules

Nph ⇠ 160 000

def2-SVP~ 400 GB for calix[4]arene

Matrix-vector products
✓
A B
B A

◆✓
x
y

◆
=

✓
u
v

◆

Dµ⌫ = CµixiaC⌫a + CµayiaC⌫i

Compare to Fock-build

⇤µ⌫ [D] =
�
2(µ⌫|�) + 2fxc

µ⌫� + cx[(µ|⌫�)� (µ�|⌫)]
 
D�

⇤µ⌫ [D] =
X

�

�
2(µ⌫|�) + 2fxc

µ⌫� + cx[(µ|⌫�)� (µ�|⌫)]
 
D�

Fµ⌫ [D] =
X

�

[2(µ⌫|�)� (µ|⌫�)]D� + vXC
µ⌫ [D]

Fµ⌫ [D] =
X

�

[2(µ⌫|�)� cx(µ|⌫�)]D� + vXC
µ⌫ [D]

v.



Forces: orbital response

X

Excitation energies not stationary w.r.t. orbitals
d⌦n

dC
6= 0

dE0

dC
/ Fov = 0

dE

dR
=

dE

dC

dC

dR
+ . . .

Handy, N. C.; Schaefer, H. F. J. Chem. Phys. 1984, 81 (11), 5031.

PTUR = PT⇤�1Q = ZQ

Brute force (old school) way: compute orbital response
dC

dR
= CUR ⇤UR = Q

Better way: Lagrangian



orthonormal orbitals

KS orbitals

normalized excitationexcitation energy
Forces: Lagrangian

19
Furche, F.; Ahlrichs, R. J. Chem. Phys. 2002, 117 (16), 7433.

L =

✓
Xn

Yn

◆T ✓
A B
B A

◆✓
Xn

Yn

◆
� ⌦n

 ✓
Xn

Yn

◆T ✓
1 0
0 �1

◆✓
Xn

Yn

◆
� 1

!

(A+B)Z = �R

Stationarity w.r.t. orbitals
e.g.

Lpq =
X

µ

@L

@Cµp
Cµq = 0

+hDn(CTFC� ✏)i+ hW(CTSC� I)i

After some work
d⌦n

dR
=

@L

@R
= hh(R)Dni+ hS(R)Wi+ hV(R)�i

Dn =

✓
To Z
ZT Tv

◆



Force Lagrangian: Right-hand-side

X
Furche, F.; Ahlrichs, R. J. Chem. Phys. 2002, 117 (16), 7433.

⌦n =

✓
Xn

Yn

◆T ✓
A B
B A

◆✓
Xn

Yn

◆
=

1

4

⇥
(Xn +Yn)T (A+B)(Xn +Yn) + (Xn �Yn)T (A�B)(Xn �Yn)

⇤

⌦n =

✓
Xn

Yn

◆T ✓
A B
B A

◆✓
Xn

Yn

◆
=

1

4

⇥
(Xn +Yn)T (A+B)(Xn +Yn) + (Xn �Yn)T (A�B)(Xn �Yn)

⇤

(A±B)iajb = (✏a � ✏i)�ij�ab +
X

µ⌫�

CµiC⌫aCjC�bf
HXC±
µ⌫�

Q±
kp =

X

µ

@

@Cµk
Cµp

1

4

X

iajb

(X ± Y )nia(A±B)iajb(X ± Y )njb

Qkp =
1

2

X

a

(X + Y )nkaH
+
pa[X + Y ]n +

1

2

X

a

(X � Y )nkaH
�
pa[X � Y ]n



State-to-state properties
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⇢nm =

✓
Knm

occ Xnm

(Ynm)T Knm
virt

◆

• 1 diagonalization per excited state

• 1 polarizability-like solve per amplitude

Total cost ~2 TDDFT calculations

Double residue of ⇧(3)

Defines

✓
Xnm

Ynm

◆
=

✓
A B
B A

◆
� (⌦m � ⌦n)

✓
1 0
0 �1

◆��1 ✓
Pnm

Qnm

◆

!↵,!� ! �⌦n,⌦m

Knm
ij = �

X

a

Xm
jaX

n
ia + Y n

jaY
m
ia Knm

ab =
X

i

Xm
iaX

n
ib + Y n

iaY
m
ib

⇢0n(x1)⇢̄
nm(x3)⇢

m0(x2)



Derivative coupling: Chernyak-Mukamel
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Chernyak, V.; Mukamel, S. J. Chem. Phys. 2000, 112 (8), 3572.

Recall dRnm = h�n|rR�mi = h�n|(rR
H)|�mi

Em � En

=
1

⌦mn

Z
dx v(R)(x)⇢nm(x)

h�0|r�ni = �
X

ia

(X � Y )niah�i|r�ai

Hellman-Feyman invalid; back to response theory!

A(↵�) =
X

ia

h�i|v̂|�aiX(↵)
ia + h�i|v̂†|�aiY (↵)

ia = h 0|v̂| (↵)i+ h 0|v̂†| (�↵)iTDDFT

A(↵�) =
X

ia

h�i|v̂|�aiX(↵)
ia + h�i|v̂†|�aiY (↵)

ia = h 0|v̂| (↵)i+ h 0|v̂†| (�↵)i exact

| (↵)i = �
X

n

|�nivn0
⌦n � !

lim
!!⌦n

(! � ⌦n)| (↵)i = |�nivn0



Derivative couplings efficiently

X

h�0|r�ni = �
X

ia

(X � Y )niah�i|r�ai

Send, R.; Furche, F. J. Chem. Phys. 2010, 132 (4), 044107.

Z-vector (A+B)Z = (Xn �Yn)

(A+B)(Xn +Yn) = ⌦n(X
n �Yn)

dR0n = �h(X�Y)(UR +
1

2
(S(R) +T(R)))i

(A+B)UR = �hR

Becomes

Final expression

dR0n = hh(R)Pi � hS(R)Wi+ hV(R)�i



KS orbitals

orthonormal orbitals

Arbitrary derivative couplings

X

Send, R.; Furche, F. J. Chem. Phys. 2010, 132 (4), 044107.

h�n|r�mi =
X

pq

⇢nmpq h�p|r�qi

Li, Z.; Liu, W. J. Chem. Phys. 2014, 141 (1), 014110.

Lnm =
X

pq

⇢nmpq h�p(R0)|�q(R)i+
X

ia

ZiaFia �
X

pq

Wpq(Spq � �pq)

Make a Lagrangian

Make stationary

dRnm =
@Lnm

@R
= h @h

@R
⇢nmi+ h @S

@R
Wnmi+ h@V

@R
�nmi



Successes: properties reliable when KS TDDFT is sensible
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Derivative couplings State-to-state conical intersections

J. Chem. Phys. 142, 064109 (2015)

Li-Li

Acc. Chem. Res. 2015, 48, 1340−1350

• correct topology for state-to-state

• “useful” accuracy



Challenges: non-real instabilities
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Magnetic orbital rotation Hessian

• hard to guarantee real eigenvalues

• what do imaginary energies mean?

If A - B has any negative eigenvalues, the 
system is said to be “non-real unstable”

<latexit sha1_base64="YQwHwGk6y9evQq/6t/S8wNan8W0="></latexit>

(A�B)
1
2 (A+B)(A�B)

1
2Z = ⌦2

nZ

Normally okay because 
for semilocal XC, can 
only happen with non-
Aufbau occupation

Solution: Tamm-Dancoff Approximation
<latexit sha1_base64="Al1anEdnDxpSdhPxWvgounXy3rA="></latexit>

AX = X⌦
• eigenvalues of Hermitian matrix -> real

• negative even allowed (and okay!)

Becomes problematic 
during dynamics 
because orbital gaps 
collapse

R. Seeger and J. A. Pople, J. Chem. Phys. 66, 3045 1977



Challenges: ground-to-excited conical intersections
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Wrong dimensionality

Only one molecular displacement splits the degeneracy,
as in CIS. However, there are further difficulties
as alluded to in figure 6. Specifically, the response
state energy varies much more rapidly than would
be expected from the SA-3-CASSCF results shown
in figure 8.
It is possible that these difficulties with TDDFT

around conical intersection points would be resolved
as long as the wavefunction ansatz used to generate
the density was able to describe both interacting states
around the intersection. A simple test case which
satisfies this criterion is an intersection in H3. In this
case, both the ground and lowest excited states
are doublet spin states and the quartet spin state

is energetically well separated from these. Since the
ground state is a spin doublet, an unrestricted Kohn–
Sham formalism can be used. We have used both
unrestricted and restricted open-shell (RO) TDDFT
methods for this problem and the results are in semi-
quantitative agreement. Hence, only the RO-TDDFT
results are shown. In figure 10, the ground and
excited state PESs around a MECI are shown using
RO-TDDFT and CASSCF. Both methods show that
the degeneracy is split along two molecular displace-
ments, i.e. TDDFT correctly predicts the dimensionality
of the intersection space. However, the problem of rapid
variation of the response state energy in the region
of the intersection remains.

We have also carried out comparisons of TDDFT and
MS-CASPT2 in the region of S1/S2 conical intersections
for several molecules including malonaldehyde and
benzene. The dimensionality of the intersection space
is correct in these cases and the rapid variation of the
energy near the intersection is no longer observed.
The detailed agreement of the MECI geometries
between TDDFT and MS-CASPT2 is generally not as
good as we show here for S0/S1 MECIs. However,
it does not seem useful to pursue such comparisons
until some of the basic problems we point out here
are corrected.

5. Discussion

We have shown that TDDFT does not include doubly-
excited states in ethylene and butadiene. This is
in contrast to previous speculation for butadiene based
on vertical excitation energies. Investigation of the
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The pronounced conical nature of the intersection is clear,
in contrast to figure 7.
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Levine, B. G.; Ko, C.; Quenneville, J.; Martínez, T. J. Mol. Phys. 2006, 104 (5-7), 1039–1051.

SA-CASSCF

Only one molecular displacement splits the degeneracy,
as in CIS. However, there are further difficulties
as alluded to in figure 6. Specifically, the response
state energy varies much more rapidly than would
be expected from the SA-3-CASSCF results shown
in figure 8.
It is possible that these difficulties with TDDFT

around conical intersection points would be resolved
as long as the wavefunction ansatz used to generate
the density was able to describe both interacting states
around the intersection. A simple test case which
satisfies this criterion is an intersection in H3. In this
case, both the ground and lowest excited states
are doublet spin states and the quartet spin state

is energetically well separated from these. Since the
ground state is a spin doublet, an unrestricted Kohn–
Sham formalism can be used. We have used both
unrestricted and restricted open-shell (RO) TDDFT
methods for this problem and the results are in semi-
quantitative agreement. Hence, only the RO-TDDFT
results are shown. In figure 10, the ground and
excited state PESs around a MECI are shown using
RO-TDDFT and CASSCF. Both methods show that
the degeneracy is split along two molecular displace-
ments, i.e. TDDFT correctly predicts the dimensionality
of the intersection space. However, the problem of rapid
variation of the response state energy in the region
of the intersection remains.

We have also carried out comparisons of TDDFT and
MS-CASPT2 in the region of S1/S2 conical intersections
for several molecules including malonaldehyde and
benzene. The dimensionality of the intersection space
is correct in these cases and the rapid variation of the
energy near the intersection is no longer observed.
The detailed agreement of the MECI geometries
between TDDFT and MS-CASPT2 is generally not as
good as we show here for S0/S1 MECIs. However,
it does not seem useful to pursue such comparisons
until some of the basic problems we point out here
are corrected.

5. Discussion

We have shown that TDDFT does not include doubly-
excited states in ethylene and butadiene. This is
in contrast to previous speculation for butadiene based
on vertical excitation energies. Investigation of the
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B3LYP

Unstable properties
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… but dynamics may not be terribly sensitive to topology

25
dx.doi.org/10.1021/ct500154k | J. Chem. Theory Comput. 2014, 10, 3074−3084



Challenges: quadratic response failures hurt state-to-state
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… but there is a workaround: pseudowavefunction

27
J. Chem. Phys. 142, 064114 (2015)
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Properties and couplings: Summary
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Success/Failure Consequence Can we avoid? Can we fix?

Tend to work when 
(TD)DFT works

Already know a lot about 
where (TD)DFT works

All useful tricks from 
(TD)DFT

All useful tricks from 
(TD)DFT

Nonreal instabilities Imaginary energies? TDA Maybe, but not clear

Improper dimensionality of 
conical intersections

Ground and excited states 
artificially decoupled

May not have a big effect 
on dynamics

Need an ensemble ground 
state

Degenerate ground state Properties can diverge 
near degeneracy

In dynamics, hop while we 
still have a gap

Need an ensemble ground 
state

Spurious poles in quadratic 
response

Unphysical divergences in 
state-to-state coupling

Pseudowavefunction 
approximation Memory kernel?



The requisite properties

Interpreting Excited States

Action Lagrangian

Photochemistry of Thymine



Excited-state deactivation of thymine

30

S2

S1

S0

S2 trap?

S1 trap?

Kang, H.; Lee, K. T.; Jung, B.; Ko, Y. J.; Kim, S. K. J. Am. Chem. Soc. 2002, 124 (44), 12958–12959.

Stojanović, L.; Bai, S.; Nagesh, J.; Izmaylov, A.; Crespo-Otero, R.; Lischka, H.; Barbatti, M. Molecules 2016, 21 (11), 1603.

5 - 7 ps

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


Thymine: S1 is dark n-π*, S2 is bright π-π*

31

Dominant NTOs 
isovals chosen such that 
~25%, 50% of total 
orbital probability density

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


Prior results: fs pump-probe transient ionization

32

Kang et al J. Am. Chem. Soc. 2002 124, 12958-12959

Signal Timescale

Prompt 100-200 fs

Fast 5-7 ps

Slow >1 ns

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


Prior results: photochemistry simulations
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Method prompt assignment fast assignment

Semiempirical 17 fs S2       S1 420 fs S1       S0

CASSCF 100 - 200 fs S2,FC       S1,min 2.6 - 5 ps S2,min       S1

ADC(2) 150 - 158 fs S2       S1 420 fs S1       S0

S2

S1

S0

S2

S1

S0

17 fs

420 fs

150 fs

420 fs

100 fs

several ps

No qualitative or quantitative agreement on simulated timescales or mechanisms

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


X

 A tale of two types of correlation
Electron correlation often discussed in terms of dynamic/static

static
dy

na
m

ic

CASSCF

ADC(2)

HF

Static: important for 
degenerate ground states 
(strong correlation)

Dynamic: important for 
correct state orderings 
(weak correlation)

MS-CASPT2

DFT?



Computed excited-state energies

X

6

TABLE II. Summary of simulated interpretations of the ultrafast deactivation of photoexcited thymine.
Method Component

prompt assignment fast assignment
Semiempirical48 17 fs S2 S1 420 fs S1 S0
CASSCF42,49–51 100–200 fs S2,FC S2,min 2.6–5 ps S2,min S1
ADC(2)52 250 fs S2 S1 420 fs S1 S0
FSSH+PBE0 (this work) 150–158 fs S2 S1 7 - 15 ps S1 S0
A-FSSH+PBE0 (this work) 140–200 fs S2 S1 4 - 20 ps S1 S0

FIG. 1. Dominant natural transition orbitals (NTOs) for the S1 (n-⇡*)
and S2 (⇡-⇡*) electronic states. The corresponding singular value is
shown under the arrow. For each NTO, isovalues are shown below
the corresponding orbital and chosen to contain approximately 25%
(inner) and 50% (outer) of the total orbital density.

TABLE III. Experimental and simulated excitation energies (eV) of
thymine. EEL is an abbreviation for electron energy loss.
Method S1 (eV) S2 (eV)
PBE0/def2-SVP 4.85 5.44
PBE0/def2-SVPD 4.83 5.24
ADC(2)52 4.56 5.06
MS-CASPT250 5.09 5.09
MS-CASPT242 5.23 5.44
CASSCF50 5.31 7.12
EEL spectroscopy 4.9564, 4.965, 4.9666

transition mostly characterized by a single HOMO-to-LUMO
orbital transition (with singular value 0.91). Using PBE0, we
found little to no dependence of the S1 excitation energy on
the basis set—4.85 eV with def2-SVP compared to 4.83 eV
with def2-SVPD—and a small but notable dependence of the
S2 excitation energy on the basis set—5.44 eV with def2-SVP
compared to 5.24 eV with def2-SVPD. No further significant
change was observed when moving to even larger basis sets:
with def2-TZVPPD, the excitation energies are 4.82 eV and
5.21 eV, respectively. For all of the basis sets considered here,
the excitation energies computed using PBE0 at the ground
state geometry agree well with excitation energies measured
experimentally and computed by other methods (Table III).

FIG. 2. Example trajectory showing (a) the sub-picosecond internal
conversion from S2 to S1 followed by (b) slow decay to S0.

C. Dynamics

All simulated trajectories exhibit similar qualitative behav-
ior exemplified by the sample trajectory shown in Fig. 2: after
being initiated on the S2 state, thymine rapidly undergoes in-
ternal conversion to the S1 state (in all cases occurring in less
than 250 fs) followed by a slower decay to S0 on the order of
several ps.

Since the detailed nonadiabatic dynamics are expected to
be highly sensitive to the energy di↵erence between di↵erent
excited states—which is itself sensitive to the basis set—we
first assessed the di↵erence between observed dynamics us-
ing both def2-SVP and def2-SVPD basis sets. 100 trajectories
were simulated for each basis set using FSSH and trajectories
were propagated for 5 ps using def2-SVP and 1.5 ps using
def2-SVPD. Figure 3 compares the evolution of the excited
state populations along these trajectories. Excited state popu-
lations in Fig. 3 were computed as pk(t) = Nk(t)/Ntraj where
Nk(t) is the number of trajectories with state k as active state
at time t.

The S2 decay with def2-SVPD was found to be significantly
faster than with def2-SVP: with def2-SVP, the half-life of the
S2 state is 106 fs (CI: 102–112 fs) whereas the half-life with
def2-SVPD was 76 fs (CI: 57–89 fs). The observed increased
rate can be attributed to the reduced energy gap at the Franck–
Condon geometry between S1 and S2, �E21 = ES2 � ES1 ,
which is 0.59 eV at def2-SVP and 0.41 eV at def2-SVPD, i.e.,
the energy gap and the half-life both reduce by ⇡ 70%. On
the other hand, since �E10 is only slighty a↵ected by the ba-
sis set, no significant change in the S1 lifetime is expected or
observed. After 1.5 ps, the estimated cumulative ground state
populations are 7.3% (CI: 5.6–9.0%) with def2-SVP vs 8.2%
(CI: 6.7–9.8%) with def2-SVPD. Similarly, the proportion of
trajectories on the ground state after 1.5 ps have strongly over-
lapping confidence interval ranges (6–18% with def2-SVP vs

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.



Representative dynamics
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PBE0-D3/def2-SVP

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


Averaged population dynamics
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PBE0-D3/def2-SVP

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


 Thymine: structural dynamics



Only SH-TDDFT simulations consistent with experiment
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Method prompt assignment fast assignment
Semiempirical[1] 17 fs S2       S1 420 fs S1       S0

CASSCF[2] 100 - 200 fs S2,FC       S1,min 2.6 - 5 ps S2,min       S1

ADC(2)[3] 150 - 158 fs S2       S1 420 fs S1       S0

FSSH+PBE0 (this) 140 - 200 fs S2       S1 7 - 15 ps S1       S0

S2

S1

S0

S2

S1

S0

17 fs

420 fs

150 fs

420 fs

100 fs

several ps

~150 fs

7-15 ps

Parker, S. M.; Roy, S.; Furche, F. PCCP. 2019, 21 (35), 18999–19010. https://doi.org/10.1039/C9CP03127H.

https://doi.org/10.1039/C9CP03127H


Balanced correlation?
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static
dy

na
m

ic

CASSCF

ADC(2)

HF

Static: important for 
degenerate ground states 
(strong correlation)

Dynamic: important for 
correct state orderings 
(weak correlation)

MS-CASPT2

DFT?



The requisite properties

Interpreting Excited States

Action Lagrangian

Photochemistry of Thymine



So you ran some TDDFT calculations. Now what?
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144
(HOMO)

145
(LUMO)



But what if it is more complicated?
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virtual

144 144



Natural Transition Orbitals
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But how relevant are Kohn-Sham orbitals to excited states?
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Natural Transition Orbitals
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“virtual”“occupied”



Key takeaways
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• Action Lagrangian conveniently defines properties

• Response functions are formal tools that can be used to define properties

• Cost of excited-state calculations similar to ground state

• Generally, nonlinear properties are accurate when (TD)DFT is accurate
• Use TDA to avoid non-real instabilities

• Beware ground-to-excited conical intersections

• Use pseudowavefunction approach for state-to-state properties


• True for nonlinear spectra as well, like excited-state absorption

• Despite misgivings, SH-TDDFT performs excellently for photochemistry (so far)


