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BACKREACTION?

We are interested in apple!
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BACKREACTION?

The motion of the apple is
determined by the
background gravitational
field (Earth). The earth may
move in the solar system.
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BACKREACTION?

In fact, the earth is
attracted by the apple
(Weakly).
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BACKREACTION?

We are interested in quantum
field!
The kinematics of the quantum
field is determined by the
background metric. The metric
follows the classical equation of
motion (e.g., Einstein equation or
Euler equation).
In fact, there is a backreaction.
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BACKREACTION

The Backreaction can be classified in three categories a

⋄ Classical Backreaction: Coming from the averaging procedure.
⋄ Semi-Classical Backreaction: Classical equations of motion with
quantum source. Semi-classical Einstein equation

Rab +
1
2Rgab = 8πG⟨Tab⟩

⋄ Quantum Backreaction: Purely Quantum effect. Quantum
equations of motion with Quantum source. Quantum gravity
effect.

aS.Schander, T.Thiemann, Front. Astron. Space Sci 8:692198
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BACKGROUND CHOICE

⋄ Using (density,phase) variable (ρ, θ)a,

θ̂ = ⟨θ̂⟩+ δθ̂ = θb + δθ̂,

ρ̂ = ⟨ρ̂⟩+ δρ = ρb + δρ.

where Ψ̂ = eiθ̂ρ̂.
⋄ Action (neglecting quantum pressure)

L(ρ,θ) = −ρ
(
∂tθ +

1
2 (∂xθ)

2
)
− ϵ[ρ]− Uρ.

⋄ Euler equation (with quantum backreaction)

∂tθb +
1
2 (∇θb)

2 +
dϵ
dρ + U − δAeff

δρ
= 0

aR.Schützhold, PoSQG-Ph. 43 036 (2007) 8
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EFFECTIVE ACTION

⋄ The effective action isa

Aeff =
1
2

∫
dx

√
−ggab∂aθ∂bθ.

⋄ Backreaction

δAeff
δρ

=
δAeff
δgab

δgab

δρ
=

√
−g
2 ⟨T̂ab⟩

δgab

δρ
= −1

2 ⟨(∇θ̂)
2⟩.

aU.R.Fischer, in Quantum Analogues from phase transitions to black holes and
cosmology, edited by W.G.U.ruh, R.Schutzhold (Springer, Berlin 2007)
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U(1)-SYMMETRY BREAKING APPROACH

⋄ Lagrangian

L(∂µΨ,Ψ) =
i
2 (Ψ

∗∂tΨ− ∂tΨ
∗Ψ)− 1

2m |∂xΨ|2 − U|Ψ|2 − g
2 |Ψ|4.

⋄ Field expansion with total particle number N ≫ 1

Ψ = ϕ0 + χ+O(N−1/2),

where ϕ0 = O(N1/2), χ = O(N0).
⋄ Action

S =

∫
d2xL = S0 + S1 + S2 +O(N−1/2).
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QUANTIZATION

⋄ Canonical quantization

[χ(t, x), χ†(t, x′)] = δ(x − x′), [χ(t, x), χ(t, x′)] = 0.

⋄ Vacuum choice
⟨χ⟩ = 0.

⋄ Density and Current

ρ := ⟨Ψ†Ψ⟩ = ρ0 + ρχ +O(N−1/2),

J :=
1
mℑ[⟨Ψ†∂xΨ⟩] = J0 + Jχ +O(N−1/2).
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PARTICLE NUMBER CONSERVATION FAILS

⋄ Continuity equation (leading order)

∂tρ0 + ∂xJ0 = 0.

⋄ Continuity equation (subleading order)

∂tρχ + ∂xJχ = −ig(ϕ2
0⟨χ̂†2⟩ − ϕ∗2

0 ⟨χ̂2⟩)
̸= 0. (1)
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NUMBER CONSERVING BOGOLIUBOV EXPANSION (CASTIN)

⋄ One can expand a

Ψ̂ = (ϕc + χ̂+ ζ̂)
Â√
N̂

⋄ Amended Gross-Pitaevskii equation

i∂tϕc =

(
− ∂2

x
2m + U + gρc+2g⟨χ̂†χ̂⟩

)
ϕc+g⟨χ̂2⟩ϕ∗c .

⋄ Bogoliubov de Gennes equation

i∂tχ̂ =

(
− ∂2

x
2m + U + 2gρc

)
χ̂+ gϕ2

cχ̂
†,

aY.Castin and R. Dum, Phys. Rev. A 57, 3008 (1998)
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NUMBER CONSERVING BOGOLIUBOV EXPANSION

⋄ Lagrangian

L(∂µΨ,Ψ) =
i
2 (Ψ

∗∂tΨ− ∂tΨ
∗Ψ)− 1

2m |∂xΨ|2 − U|Ψ|2 − g
2 |Ψ|4.

⋄ Field expansion with total particle number N ≫ 1

Ψ = ϕ0 + χ+ ζ +O(N−1),

where ϕ0 = O(N1/2), χ = O(N0), ζ = O(N−1/2), and
g = O(N−1).

⋄ Action

S =

∫
d2xL = S0 + S1 + S2 + S3 +O(1/N).
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NUMBER CONSERVING BOGOLIUBOV EXPANSION

⋄ Gross-Pitaevskii equation (assume)

i∂tϕ0 =

(
− ∂2

x
2m + U + gρ0

)
ϕ0.

⋄ Bogoliubov de Gennes (BdG) equation

i∂tχ =

(
− ∂2

x
2m + U + 2gρ0

)
χ+ gϕ2

0χ
∗,

⋄ correction on GP equation

i∂tζ =

(
− ∂2

x
2m + U + 2gρ0

)
ζ + gϕ2

0ζ
∗ + 2g|χ|2ϕ0 + gχ2ϕ∗0.
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QUANTIZATION

⋄ Canonical quantization

[χ(t, x), χ†(t, x′)] = δ(x − x′), [χ(t, x), χ(t, x′)] = 0.

⋄ Vacuum choice
⟨χ⟩ = 0.

⋄ Density and Current

ρ := ⟨Ψ†Ψ⟩ = ρ0 + (ρχ + ρζ) +O(N−1/2),

J :=
1
mℑ[⟨Ψ†∂xΨ⟩] = J0 + (Jχ + Jζ) +O(N−1/2).
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DENSITY AND CURRENT

⋄ Density

ρ0 = |ϕ0|2 = O(N)

ρχ = ⟨χ†χ⟩ = O(N0)

ρζ= 2ℜ[ϕ∗0ζ] = O(N0).

⋄ Current

J0 =
1
mℑ[ϕ∗0∂xϕ0] = O(N)

Jχ =
1
mℑ[⟨χ†∂xχ⟩] = O(N0)

Jζ=
1
mℑ[ϕ∗0∂xζ + ζ∗∂xϕ0] = O(N0),
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NUMBER CONSERVING BOGOLIUBOV EXPANSION

⋄ Continuity equation (leading order)

∂tρ0 + ∂xJ0 = 0.

⋄ Continuity equation (subleading order)

∂tρχ + ∂xJχ = −ig(ϕ2
0⟨χ̂†2⟩ − ϕ∗2

0 ⟨χ̂2⟩),
∂tρζ + ∂xJζ = ig(ϕ2

0⟨χ̂†2⟩ − ϕ∗2
0 ⟨χ̂2⟩).

⋄ Continuity equation in working order.

∂tρ+ ∂xJ = O(N−1/2) ≃ 0.
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DEPLETION

Depletion ρχ = ⟨χ†χ⟩ is the
number of noncondensed
particles in a unit length.
In our system, the only
quantized field is the
Bogoliubov field χ. Hence,
it is related to the created
particles. The smallness of
the number of depleted
particles compared to N is
the condition for the
Bogoliubov approximation
valid.

Figure 1: Depletion measurementa

aR.Lopes1, C.Eigen, N.Navon, D.Clément, R.P.Smith,
Z.Hadzibabic, Phys. Rev. Lett. 119, 190404 (2017) 19
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QUANTUM BACKREACTION

The quantum backreaction force fq we define is a deviation from the
classical Euler equation caused by the quantum fluctuation.
⋄ Classical Euler equation

∂tJ = fcl := −∂x(ρv2)− ρ

m

(
−∂2

x
√
ρ

2m√
ρ

+ U + gρ
)

⋄ Quantum Effect
∂tJ = fcl(ρ, J) + fq.

Measurable quantities are not fundamental variables.a

aR.Schützhold, M.Uhlmann, Y.Xu, U.R.Fischer, Quantum backreaction in dilute
Bose-Einstein condensates. Phys. Rev. D, 72, 105005 (2005)
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QUANTUM BACKREACTION FORCE

⋄ Quantum Backreaction force

fq = ∂tJχ − v0∂tρχ + ∂x(Jχv0 − ρχv2
0)− Jχ∂xv0

− ρ0
2m∂x

(
gG(2)

ρ0

)
+
ρχ
m ∂x

[
−
∂2

x
√
ρ0

2m√
ρ0

+ U + gρ0

]
−ρ0

4 ∂x

[
1
2

1
√
ρ0
∂2

x

(
ρχ√
ρ0

)
− ρχ

ρ
3/2
0

∂2
x
√
ρ0

]
.

⋄ For condensate at rest

fcl = −∂x

[(
1 − ∂2

x
4

)
(ρχ + ρζ)

]
.
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SYSTEM : HOMOGENEOUS FINITE 1D GAS

⋄ Idealized potential

U = µ− gρ0 +
1

2m∂x[δ(x − ℓ/2) + δ(x + ℓ/2)],

allows the stationary (leading order) condensate field

ϕ0 = eiµt√ρ0.

Figure 2: Experimental realization of Homogeneous gasa

aT.F.Schmidutz et al., PhysRevLett.112.040403 (2014) 22
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MODE SOLUTION

⋄ Let χ = eiµtψ, then BdGE becomes

i∂tψ = −1
2∂

2
xψ +

g
g0

(ψ + ψ∗).

⋄ Let Φ = (ψ,ψ∗)T and quantize the field.

Φ(t, x) =
∞∑

n=0
[anΦx(t, x) + a†

nσ1Φ
∗
n(t, x)].

where {Φn}∞n=0 is the set of positive field modes.

23
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MODE SOLUTION

To find a well-defined initial condition, we will start with the
noninteracting particles and suddenly turn on the coupling
g = g0Θ(t). Using Neumann boundary condition at x = ±ℓ/2, one
gets

⋄ Noninteracting regime (g = 0),

Φn(t, x) =
e−iΩnt[eiknx + (−1)ne−iknx]√

2ℓ(1 + δ0,n)
(1, 0)T

where ω = ±k2/2 with ω := Ωn = n2π2/2ℓ2.
⋄ Interacting regime (g = g0)

Πn =
eiωnt[eiknx + (−1)ne−iknx]√

2ℓ[1 − (ωn − k2
n/2 − 1)2]

(1, ωn − k)2
n − 1)T.

where ωn =
√

k2
n(k2

n/4 + 1). 24
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MODE SOLUTION

But, in the interacting regime, we have zero-norm mode.

Π0 := (1,−1)T

Π̃0 =
1
2 (1, 1)

T − itΠ0.

Thus,

Φn = αn,0Π0 + βn,0Π̃0 +

∞∑
j=1

[αn,jΠj − βn,jσ1Π
∗
j ].

Using this, one can calculate the ⟨ρ⟩ and ⟨j⟩.
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CONDENSATE CORRECTION

Set the ansatz ζ(t, x) = exp(−iµt)f(t, x)/√ρ0, then the condensate
correction equation is

i∂tf = −1
2∂

2
x f + (f + f∗) + 2ρχ + ⟨ψ̂2⟩,

with f = 0 at t = 0, and ∂xf = 0 at x = ±ℓ/2 for all times. Using spinor
expression F = (f, f∗)T, the equation we need to solve is(

i∂tσ3 +
1
2∂

2
x F − σ4

)
F =

(
2ρχ + ⟨ψ̂2⟩
2ρχ + ⟨ψ̂†2⟩

)
.
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DEPLETION

⋄ Depletion

ρχ =
t2

ℓ
+

1
2ℓ

∞∑
n=1

(−1)n

ω2
n

[
(−1)n + cos(2knx)

][
1 − cos(2ωnt)

]

Figure 3: Depletion at the right half
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NUMBER OF DEPLETED PARTICLES

⋄ The number of total depleted particles

δN =

∫ ℓ/2

−ℓ/2
dxρχ = t2 +

1
2

∞∑
n=1

1
ω2

n
[1 − cos(2ωnt)]

Figure 4: Depleted particles

28



. .. .. .. .. .. .
Introduction of Backreaction

. .. .. .
Effective Action Approach

. .. .. .. .. .. .. .. .. .. .
Number Conserving Bogoliubov Expansion

. .. .. .. .
Backreaction in BEC

. .. .. .. .. .. .. .. .. .. .. .. .. .
Systems & Results

CONDENSATE CORRECTION

⋄ Density Correction

ρζ = − t2

ℓ
− 1

4ℓ

∞∑
n=1

(−1)n

ω2
n

{
2(−1)n[1 − cos (2ωnt)]

+ cos (2knx)
[

2 − k2
n

k2
n + 1 + 2 cos (2ωnt)− k2

n + 4
k2

n + 1 cos (ω2nt)
]}

.

Figure 5: Condensate density Correction 29
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BRAGG REMAINDER

ρχ + ρζ = − 1
4ℓ

∞∑
n=1

(−1)n

ω2
n

{
cos (2knx)

×
[

2 − k2
n

k2
n + 1 + 4 cos (2ωnt)− 2 − k2

n + 4
k2

n + 1 cos (ω2nt)
]}

.
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CURRENT

For our model, in which J0 = Jχ = 0,

J = Jζ =
−2
ℓ

∞∑
n=1

(−1)n sin(2knx)
kn

[
sin(2ωnt)

2ωn
− sin(ω2nt)

ω2n

]
.
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POTENTIAL IN 1D FINITE HOMOGENEOUS GAS

⋄ For uniform
condensate at rest,

J = Jζ .

⋄ The time evolution of J

∂tJζ = fcl + fq = −∂xV

⋄ The classical force

fcl = −∂xVcl(ρ)

Figure 6: Potential, Quantum Potential
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SUMMARY

⋄ We can find backreaction directly from the quantum dynamics.
⋄ In analogue backreaction, one must carefully determine the
background.

⋄ One needs a clear initial vacuum choice for unstable theory.
⋄ In general, condensate correction must be considered when one
tries to measure the depletion.

⋄ The quantum backreaction can be measured in the BEC at rest.
⋄ The depletion can be used for testing the validity regime of
Bogoliubov approximation holds, and it can especially be used
for the stationarity of the system.
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ANALOGUE GRAVITY

⋄ First order Lagrangian L(ϕ, ∂µϕ).
⋄ Field expansion around classical field ϕ0. (0 < ϵ≪ 1)

ϕ = ϕ0 + ϵϕ1 +
ϵ2

2 ϕ2 + · · ·

⋄ Action is of the form

S = S[ϕ0]

+
ϵ2

2

∫
dnx

[{
∂2L

∂(∂µϕ)∂(∂νϕ)

}
∂µϕ1∂νϕ1

+

(
∂2L
∂ϕ∂ϕ

− ∂µ

{
∂2L

∂(∂µϕ)∂ϕ

})
ϕ1ϕ1

]
+ · · · .



ANALOGUE GRAVITY

⋄ Euler-Lagrange equation

∂µ

(
∂2L

∂(∂µϕ)∂(∂νϕ)
∂νϕ1

)
−
(
∂2L
∂ϕ∂ϕ

− ∂µ

{
∂2L

∂(∂µϕ)∂ϕ

})
ϕ1 = 0

⋄ In the form
∂µ(

√
−ggµν∂νϕ1)− V(ϕ1).

where g = det gµν , and gµν is the analogue metric.



ACTION IN ORDER

S0 =

∫
d2x i

2 (ϕ
∗
0∂tϕ0 − ∂tϕ

∗
0ϕ0)−

1
2m |∂xϕ0|2 − U|ϕ0|2 − g|ϕ0|4.

S2 =

∫
d2x i

2 (χ
∗∂tχ− ∂tχ

∗χ)− 1
2m |∂xχ|2 − U|χ|2

−2gρ0|χ|2 −
g
2 (ϕ

∗2
0 χ

2 + ϕ2
0χ

∗2),

S3 =

∫
d2x i

2 (ζ
∗∂tχ+ χ∗∂tζ − ∂tζ

∗χ− ∂tχ
∗ζ)

− 1
2m (∂xχ

∗∂xζ + ∂xζ
∗∂xχ)− U(χ∗ζ + ζ∗χ)− 2gρ0(χ

∗ζ + ζ∗χ)

−g(ϕ∗2
0 χζ + ϕ2

0χ
∗ζ∗)− g|χ|2(χ∗ϕ0 + ϕ∗0χ),
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