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0 Background and motivations

Random tensor network states in holography & Free probability sth Entangle This Workshop — June 12 2023



Tensor network states: construction

Underlying graph: set of vertices V, set of edges E.
We write V = VpLIdV, with Vj the set of bulk vertices and dV the set of boundary vertices.
Lo Vve v, d(v)>1 Le vveav, d(v)=

We associate to each e € E a space He = (CP)#2 and to each v € V a space H, = (CP)29(V),
— We can identify He := @ H, with Hy := ® H,, since Hg = Hy = (CP)®2/El,

ecE veV
For each e € E, pick |ye) € He, and set |yg) := ® |we) € He.
For each v € Vp, pick |@,) € Hy, and set |@y,) := ® |ov) € Hy,.

Construct ‘(pav> = <(pV0 NIE> €Hyy, = (cD)®|aV\.
— |@yy) is a multipartite pure state constructed from an underlying graph (up to normalization).

Vo av \‘/ Y
>——< >+
/ AN

s A

[we) € (CP)=2EL oy,) € (CP)CIE-IVI jgy,) € (€P)=V]
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For each v € Vp, pick |@,) € Hy, and set |@y,) := ® |ov) € Hy,.

Construct ‘(pav> = <(pV0 NIE> €Hyy, = (cD)®|aV\.
— |@yy) is a multipartite pure state constructed from an underlying graph (up to normalization).

v NP4
Vo N ‘ . Y
/ 7‘7 N } + {
N A
e) € (CP)=2IEL  Joy,) € (CP)EIEVD |gyy) € (€P)%1V]
General problem: How is the geometry of the bulk reflected in the entanglement-related
properties of the resulting boundary state?
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Minimal cuts of a graph

Given A C 9V, its min-cut §(A) and the number of ways of achieving it N(A) are
8(A) := min {3(AX:AX), X C Vo} and N(A) :=|{X C Vo, 8(AX:AX) =8(A)}|,
with 8(Y: Y’) the number of edges having one end in Y and one end in Y’, for Y, Y’ C V disjoint.

Assumption: Min-cuts are non-crossing. This means that, for any A C dV, if N(A) > 1, then two
distinct ways of achieving 8(A) have no edge in common.

N(A)
— Min-cuts can be ordered and V = |_| Vi, with V; the vertices ‘between’ min-cuts j and j+ 1.
i=0
minimal cuts ;*\\o“‘;’\\ o
s e
A . e A
B o 1 .
¢ '/' e/ -
o A
o le ‘ °
¢-""o
e / 9
e

8(A) =3, N(A) =2
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i=0
minimal cuts /f\'“’:’\* <o
™ \ N NN
\\.;‘i\‘l EERN ._.
A . L N v e . . .
: T8 ! . Example: Graphs that define a Riemannian
- ",'/ do s geometry in the continuum limit.
L) e A — ‘Pipe’ from A to A, where distinct
. f‘—\.’ - ‘bottlenecks’ are disjoint.
e .. ® ’

8(A) =3, N(A) =2
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Tensor network states: motivation

e AdS/CFT correspondence: Duality between quantum gravity theory in anti-de-Sitter space of
dimension d 4 1 and quantum conformal field theory of dimension d.

— Holographic principle that conjectures quantitative relations between geometric properties of
the bulk and entanglement properties of the boundary.

e Tensor networks: Discrete toy-models for AdS/CFT correspondence that (1) are mathematically
rigorous and tractable, (2) reproduce several of the conjectured formulas.

Random tensor network states in holography & Free probability sth Entangle This Workshop — June 12 2023 5



Tensor network states: motivation

e AdS/CFT correspondence: Duality between quantum gravity theory in anti-de-Sitter space of
dimension d 4 1 and quantum conformal field theory of dimension d.

— Holographic principle that conjectures quantitative relations between geometric properties of
the bulk and entanglement properties of the boundary.

e Tensor networks: Discrete toy-models for AdS/CFT correspondence that (1) are mathematically
rigorous and tractable, (2) reproduce several of the conjectured formulas.

Example: Holographic states are expected to satisfy an area law of entanglement (e.g. the
Ryu-Takayanagi formula), which tensor network states (TNS) do by construction.

Indeed: Let ;) € (CP)®1°VI be a TNS. Given a subset of boundary vertices A C V, let pa be
the reduced state of |g3,/) on (CP)2A i.e. pa = Trz (|0gy )Py |)-

By construction, rank(pa) < D34 < DA i.e. S(pa) < 8(A)log D < |A|logD.
Schmidt rank of |@,y) across the bipartition A: A
— The entropy of p scales proportionally to the ‘area’ §(A) and not to the ‘volume’ |A|.
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dimension d 4 1 and quantum conformal field theory of dimension d.

— Holographic principle that conjectures quantitative relations between geometric properties of
the bulk and entanglement properties of the boundary.

e Tensor networks: Discrete toy-models for AdS/CFT correspondence that (1) are mathematically
rigorous and tractable, (2) reproduce several of the conjectured formulas.

Example: Holographic states are expected to satisfy an area law of entanglement (e.g. the
Ryu-Takayanagi formula), which tensor network states (TNS) do by construction.

Indeed: Let ;) € (CP)®1°VI be a TNS. Given a subset of boundary vertices A C V, let pa be
the reduced state of |g3,/) on (CP)2A i.e. pa = Trz (|0gy )Py |)-

By construction, rank(pa) < D34 < DA i.e. S(pa) < 8(A)log D < |A|logD.

Schmidt rank of |@,y) across the bipartition A: A
— The entropy of p scales proportionally to the ‘area’ §(A) and not to the ‘volume’ |A|.
Remark: TNS are useful wherever physically relevant states exhibit entanglement area law.

E.g. ground states of gapped local Hamiltonians in quantum condensed matter physics (Hastings,
Landau/Vazirani/Vidick).
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Random tensor network states

D
_ 1 i
= o) = J5 L)
e Edge tensors |ye) € (CP)%2 are fixed. E.g. maximally entangled states.
e Vertex tensors |, ) € (C2)®9(¥) are picked at random. E.g. independent Gaussian tensors.
|¢v) has independent complex Gaussian entries with mean 0 and variance 1 «

— Resulting random boundary tensor |@,/) € (C2)®I1V.

_ 1/l
Note: We can show that: V&€ > 0, P(|||@gy|| — 1| <€) >1—e ol Vol (VD).
by a concentration inequality for polynomials in Gaussian variables

This means that |@y),/) is typically close to having norm 1, i.e. to actually being a state.
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D
— 1 i
™ Ive) = J5 L I
e Edge tensors |ye) € (CP)%2 are fixed. E.g. maximally entangled states.
e Vertex tensors |@,) € (C2)®9(¥) are picked at random. E.g. independent Gaussian tensors.
|¢v) has independent complex Gaussian entries with mean 0 and variance 1 «

— Resulting random boundary tensor |@,/) € (C2)®I1V.

_ 1/
Note: We can show that: V&€ > 0, P(|||@gy|| — 1| <€) >1—e c|Vo|(vDe)'/*0!
by a concentration inequality for polynomials in Gaussian variables
This means that |@y),/) is typically close to having norm 1, i.e. to actually being a state.

Question: Given a subset of boundary vertices A C dV, what is the distribution of the random

reduced state pa := Trz (|Qay){(Pav])?
In particular, for large D, what is typically its spectrum and hence its entropy?

Known: In the case where N(A) = 1, for large D, p4 is expected to have close to maximal
entropy, i.e. E(S(pa)) o= 8(A)log D— o(1) (Hayden/Nezami/Qi/Thomas/Walter/Yang, Hastings).
00

— What about the case where N(A) > 1? Is the asymptotic spectrum of p4 richer?

Motivation: Not all holographic states have a flat spectrum (only fixed-area ones).
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e Interlude: Free probability, random matrices and combinatorics of permutations
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A few definitions from free probability

Definition (S-transform)
Given a probability distribution ¢ on R with finite moments, its S-transform is the power series

1+2z
z

M, '(2), where M,(z) := Y Mﬁ(,p)zp for M,Sp) = Ex~u (XP).
p=1

Su(z) =

Fact: One-to-one correspondence between u compactly supported on R and S;,.

Definition (Free product)

Given compactly supported probability distributions w, v on R, their free product uXv is the
unique compactly supported probability distribution on R satisfying

Sumv(2) = Su(2)Sv(2)-

Convention: We write x®N := uX .- Ky and u®0 := §; (because uX ¢ = u).
N times
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N times

e Marenko-Pastur distribution uyp: characterized by S,,,.(2) = 11?

L+ supported on 10,4], with density dup(x) := Y2 11g 41 (x)x

e Free product of N MarCenko-Pastur distributions ,u%,’,\’: characterized by Sym(z) = (11?)
MP
L. supported on ]0, (N +1)N*1/NN] (Banica/Belinschi/Capitaine/Collins, Collins/Nechita/Zyczkowski)
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Connections with random matrices and combinatorics of permutations

Given a Hermitian matrix M on €9, denote by uy := 1 Z §, its spectral distribution.
Aespec(M)

e Let Wy = GG* with G a d x d matrix whose entries are independent complex Gaussians with

mean 0 and variance 1/d (i.e. Wy is a normalized Wishart matrix of size and parameter d).

elet Wyn= HH* with H= G1 X --- X Gy and Gy, ..., Gy independent d x d matrices whose

entries are independent complex Gaussians with mean 0 and variance 1/d.

Fact: — and — uBN
KW G2 HMP aNA MWy 277 Hmp Catalan numbers

1 P (p) _ — 1 (2p

) *ETI’(Wd)mM’uMP—Catp —p?(p)
Convergence in moments: V p € N, ; o () 1 Nptp
L. implies convergence in probability EETr(WdﬁN) (;: My%@' =FCatpn = Np+1 ( P )

Fuss-Catalan numbers
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Connections with random matrices and combinatorics of permutations

1
Given a Hermitian matrix M on €9, denote by up == — Z §, its spectral distribution.
Aespec(M)

e Let Wy = GG* with G a d x d matrix whose entries are independent complex Gaussians with
mean 0 and variance 1/d (i.e. Wy is a normalized Wishart matrix of size and parameter d).
olet Wyn= HH* with H= G1 X --- X Gy and Gy, ..., Gy independent d x d matrices whose
entries are independent complex Gaussians with mean 0 and variance 1/d.

Fact: — and — uB8N.
KW G2 HMP aNA MWy 277 Hmp Catalan numbers

1 P (P) _ 1 (2p
TETr(WE) dj"Mny )—Catp =51 (3)
1 P pP) _ 1 Np+,
JETr(Wg n) e M’u/%{\l =FCatp N := ypp ( pp ?)
Fuss-Catalan numbers

Convergence in moments: V p € N,
L. implies convergence in probability

minimal number of transpositions needed to write 71:1’1 T
Remark: (m1,72) € S(p) x S(p) — |77 'm2| € {0,...,p— 1} is a distance.
Hence by the triangle inequality, for any 7y, 2,3 € S(p), |1ty 'Ta| + [, '13| > |y 'ma, with

equality iff T4 — Tp — T3 is a geodesic. ordered full cycle (1,...,p)
Catp counts the number of T € $(p) s.t. id — T — 7 is a geodesic.
FCatp v counts the number of (%1, ...,7n) € S(p)V s.t.id — my — --- — Ty — Yis a geodesic.
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e Main results
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Limiting spectral distribution of random tensor network states

Lemma (Limiting moments of random TNS)
Let |@y)/) be a random TNS. For any A C 9V, the random reduced state p4 is s.t.

VpeN, E(Tr(ph)) e FCaty, ()1 p—3(A)(p—1)

Remark: In addition, ————5 = 5

P
Var (Tr (PA))2 -0 (l) . So Tr (pf) concentrates around its average.
[E(Tr (pR))]” 7=
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Limiting spectral distribution of random tensor network states

Lemma (Limiting moments of random TNS)
Let |@y)/) be a random TNS. For any A C 9V, the random reduced state p4 is s.t.

_s _
VpeN, E(Tr (pz)) o FCaty, ()1 D (A)(p—1)

P
Remark: In addition, M = 0 ( !

= — ). So Tr(p?) concentrates around its average.
ey o=-©(o) ™08

D
Theorem (Limiting spectral distribution of random TNS)
Let |@yy) be a random TNS. For any A C 9V, let p4 be the random reduced state and P4 be the
1
restriction of p4 to its support. Set ,u,(4D) = 5 Z dpsay- Then,
D2 s espec(pa)

ey

R(N(A)—1)
D= MP

in probability.

Remark: This means that, for any f : R — R continuous,

Ve>0, EIJianP (‘/Rf(x)dygm(x)—/Rf(x)dy%,é,'v(AH)(X)

<e) -t
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Interpretation and consequences

Particular cases:

@ IfN(A)=1: /,lg ) o 84, i.e. spec(pA) spec( ! ) with / the identity of size D3(4).

DS(A
o If N(A) = 2: utP) = e ie. spec(Pa) = spec< ) with W a normalized Wishart
matrix of size and parameter D3(A).

— If N(A) > 1, the asymptotic spectrum of P4 is not flat.
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Interpretation and consequences

Particular cases:

@ IfN(A)=1: /Jg ) o 54, i.e. spec(pA) spec( ! ),With I the identity of size DY(A).

D3(A)

o If N(A) = 2: utP) = uwp, e. spec (pa) = spec ( D5(A)>’ with W a normalized Wishart

matrix of size and parameter D3(A).

— If N(A) > 1, the asymptotic spectrum of P4 is not flat.

Corollary (Limiting entropy of random TNS)
Let |@yy) be a random TNS. For any A C 9V, the random reduced state p4 is s.t.

N(A) 4
E(S(Pa)) ,=_8(A)logD— kgz L +o(1).

— Area law of entanglement, with finite correction when N(A) > 1.
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Ingredients in the proof

r» V1<i,..ip < d, U™y ~--ip> = ‘in(1)"'iﬂ:(p)>
Given Tt € S(p), denote by U™ the associated unitary on (C9)®P.

o Tr (p) = Tr (Ulpp?) = Tr (Ul @ U o)ol5? ) = Tr (Ul @ U @ lo)ol 37 wwIE?)

‘replica trick’ pa=Tra(lo)olov) [9av) = (Pv, [WE)
e For |¢) € CY a Gaussian vector, E (|o)(@|P) = ¥ U™
neS(p)
Hence: E (Tr (p})) = Z Tr <® Uy |\|J)<\|f|§,§p> = Z D~ W(m)xev)
neS(p),xeV xeV neeS(p),xeV

T =Y,XEA T =Y, XEA

n,=id, x€A ny=id, x€A
with w((ty)xev) = ¥ |nc'my |, since ¥V (x,y) € E, Tr (Uf; ® U;,t,{ |‘I’><\V\%p> — D-Im'my |

(x,y)eE

Now, for any (7tx)xev, W ((Ttx)xev) = 8(A)(p— 1), with equality iff there is a geodesic path
Y=To = T —> -+ = Ty(a)—1 — Tn(a) = id s.t. forall 0 < i< N(A) and all x € V, T = ;.

Therefore: E (Tr (p)) o FCaty, ()1 p-3(A)(p-1).
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Generalizations

@ What about the case where the edge tensors have different local dimensions Dg?
The results can be generalized if all of them are of the same order D, i.e. Dg = QleD.
— Free product of parametrized Mar€enko-Pastur distributions.

Random tensor network states in holography & Free probability sth Entangle This Workshop — June 12 2023



Generalizations

@ What about the case where the edge tensors have different local dimensions Dg?
The results can be generalized if all of them are of the same order D, i.e. Dg = QleD.
— Free product of parametrized Mar€enko-Pastur distributions.

@ What about the case where the edge tensors |ye) € (C?)2 are not maximally entangled?
The results can be generalized if all of them they have bounded entanglement spectrum,
i.e. have (almost) all their Schmidt coefficients of order 1/\@.

— Free product of more general distributions.
But different tools are needed to study the regime of unbounded entanglement spectrum
(entropic rather than geometric definition of minimal cuts).
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Generalizations

@ What about the case where the edge tensors have different local dimensions Dg?
The results can be generalized if all of them are of the same order D, i.e. Dg = QleD.
— Free product of parametrized Mar€enko-Pastur distributions.

@ What about the case where the edge tensors |ye) € (C?)2 are not maximally entangled?
The results can be generalized if all of them they have bounded entanglement spectrum,
i.e. have (almost) all their Schmidt coefficients of order 1/\@.

— Free product of more general distributions.
But different tools are needed to study the regime of unbounded entanglement spectrum
(entropic rather than geometric definition of minimal cuts).

@ What about the case where the minimal cuts are not necessarily edge-disjoint?
The minimizing configurations of permutations can still be identified, but counting them may
become cumbersome.
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Future directions

@ What about estimating other quantities than entropies of random boundary states?

Example: For A, B C dV with ANB =0 and AU B # dV, the average mutual information
and entanglement negativity of the random bipartite boundary state p 48 are non-vanishing
as D grows iff 3(AB) < 8(A) +d(B).

But what are the conditions for p ag to be typically entangled or separable, satisfying or not a
given entanglement criterion, etc?

Simplest case: ‘network’ with one bulk vertex, i.e. with boundary state a (normalized)
Gaussian tensor |@asc) € C% ®C% @ Cc%,

Known: threshold phenomena for properties such as separability, PPT, realignment,
extendibility, etc (Aubrun/Szarek/Ye, Aubrun, Aubrun/Nechita, Lancien).

— Can these results be generalized to more complicated networks?
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Example: For A, B C dV with ANB =0 and AU B # dV, the average mutual information
and entanglement negativity of the random bipartite boundary state p 48 are non-vanishing
as D grows iff 3(AB) < 8(A) +d(B).

But what are the conditions for p ag to be typically entangled or separable, satisfying or not a
given entanglement criterion, etc?

Simplest case: ‘network’ with one bulk vertex, i.e. with boundary state a (normalized)
Gaussian tensor |@asc) € C% ®C% @ Cc%,

Known: threshold phenomena for properties such as separability, PPT, realignment,
extendibility, etc (Aubrun/Szarek/Ye, Aubrun, Aubrun/Nechita, Lancien).

— Can these results be generalized to more complicated networks?

@ What about implications in terms of quantum error-correcting codes?

Setting: Add one non-contracted leg to each bulk vertex tensor, and view the resulting
tensor as a map from the bulk (‘logical’) space to the boundary (‘physical’) space.
Known: if N(A) = 1, the entanglement wedge of A is protected against errors in A
(Harlow/Pastawki/Preskill/Yoshida, Hayden/Nezami/Qi/Thomas/Walter/Yang).

— What happens in the case of non-unique min-cuts?

Random tensor network states in holography & Free probability sth Entangle This Workshop — June 12 2023 15



References

[

G. Aubrun. Partial transposition of random states and non-centered semicircular distributions.
2012.

G. Aubrun, I. Nechita. Realigning random states. 2012.
G. Aubrun, S. Szarek, D. Ye. Entanglement threshold for random induced states. 2013.
T. Banica, S.T. Belinschi, M. Capitaine, B. Collins. Free Bessel laws. 2011.

N. Cheng, C. Lancien, G. Penington, M. Walter, F. Witteveen. Random tensor networks with
nontrivial links. 2022.

B. Collins, I. Nechita, K. Zyczkowski. Random graph states, maximal flow and Fuss-Catalan
distributions. 2010.

@ B. Harlow, F. Pastawki, J. Preskill, B. Yoshida. Holographic quantum error-correcting codes:
toy models for the bulk/boundary correspondence. 2015.

@ M.B. Hastings. Solving gapped Hamiltonians locally. 2006.

@ M.B. Hastings. The asymptotics of quantum max-flow min-cut. 2017.

@ P. Hayden, S. Nezami, X.-L. Qi, N. Thomas, M. Walter, Z. Yang. Holographic duality from
random tensor networks. 2016.

@ C. Lancien. k-extendibility of high-dimensional bipartite quantum states. 2016.

@ Z. Landau, U. Vazirani, T. Vidick. A polynomial-time algorithm for the ground state of 1D gapped
local Hamiltonians. 2015.

®© 6 6 6

Random tensor network states in holography & Free probability sth Entangle This Workshop — June 12 2023 16



	Title
	Background and motivations
	Interlude: Free probability, random matrices and combinatorics of permutations
	Main results

