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• Random objects are proxies for complex statics and dynamics

• Random circuits show features of  
quantum chaotic dynamics (OTOC),  
many-body localization etc

MANIFESTO OF THIS TALK

dd
• Randomness as a powerful tool: Can prove  

statements fully out of reach otherwise

• Random tensor networks for 
typical states in phases of matter, 
holographic prescriptions

• Reminiscent of random coding

Brown, Fawzi, Commun Math Phys 340, 867-900 (2015)  
Brandao, Harrow, Horodecki, Commun Math Phys 346, 397 (2016) 
Sünderhauf, Pérez-García, Huse, Schuch, Cirac, Phys Rev B 98, 134204 (2018) 
Bertini, Piroli, Phys Rev B 102, 064305 (2020)
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PART 1. RANDOM TENSOR NETWORKS

• Random tensor networks as typical representatives of phases of matter

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021)

dd
• How can features of quantum  

statistical mechanics be proven?
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PART 1. RANDOM TENSOR NETWORKS

• Random tensor networks as typical representatives of phases of matter

dd
• How can features of quantum  

statistical mechanics be proven?

dd
• Can one make contact with quantum  

field theory and holography?

Wille, Altland, Jahn, Eisert, in preparation (2023) 
Jahn, Zimboras, Eisert, Quantum 6, 643 (2022)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Brown Susskind conjecture on linear complexity growth of random circuits

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics 18, 528 (2022)

dd
• The complexity is computationally hard to compute: 

How can the notorious conjecture be proven?

PART 2. COMPLEXITY OF RANDOM QUANTUM CIRCUITS
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• Complexity and random circuits

Eisert, Phys Rev Lett 127, 020501 (2021) 
Yunger Halpern, Kothakonda, Haferkamp, Munson, Eisert, Faist, Phys Rev A 106, 062417 (2022) 

Haferkamp, Montealegre-Mora, Heinrich, Eisert, Gross, Roth, Commun Math Phys 397, 995–1041 (2023) 
Suzuki, Haferkamp, Eisert, Faist, arXiv:2305.15475 (2023)

PART 2. COMPLEXITY OF RANDOM QUANTUM CIRCUITS

dd
• How do entanglement and  

resource theories come in?

dd
• Complexity phase transitions 

in monitored quantum circuits?



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Complexity and random circuits

Eisert, Phys Rev Lett 127, 020501 (2021) 
Yunger Halpern, Kothakonda, Haferkamp, Munson, Eisert, Faist, Phys Rev A 106, 062417 (2022) 

Haferkamp, Montealegre-Mora, Heinrich, Eisert, Gross, Roth, Commun Math Phys 397, 995–1041 (2023) 
Suzuki, Haferkamp, Eisert, Faist, arXiv:2305.15475 (2023)

dd
• “Quantum homeopathy” of  

random quantum circuits?

PART 2. COMPLEXITY OF RANDOM QUANTUM CIRCUITS

dd
• How do entanglement and  

resource theories come in?

dd
• Complexity phase transitions 

in monitored quantum circuits?



RANDOM TENSOR NETWORKS: FROM 
STATISTICAL MECHANICS TO HOLOGRAPHY
PRX Quantum 2, 040308 (2021) 
PRX Quantum 3, 030312 (2022) 
Quantum 6, 643 (2022) 
In preparation (2023)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RANDOM MATRIX PRODUCT STATES

von Neumann, Zeitschrift für Physik 57, 30 (1929) 
Gogolin, Eisert, Rep Prog Phys 79, 056001 (2016)  

Linden, Popescu, Short, Winter, Phys Rev E 79, 061103 (2009) 

dd
• How can statistical physics and  

quantum dynamics be reconciled?
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RANDOM MATRIX PRODUCT STATES

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Perez-García, Ann Henri Poincare 23, 141 (2022)  

Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)

• Observables    evolving under    have time averages  
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• Fluctuations must be small
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| (t)i = e�itH | i

dd• How can one judge?

• Local observables are expected to equilibrate
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• Random matrix product states as initial states*

RANDOM MATRIX PRODUCT STATES

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Perez-García, Ann Henri Poincare 23, 141 (2022)  

Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)
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• Random matrix product states
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i

Haar random tensors
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RANDOM MATRIX PRODUCT STATES

• Can be seen as generic representatives of phases of matter
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U (3)
<latexit sha1_base64="2LkX3No6x1DN7+dvals9W9uM2Ss=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBbcttGvJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWSKkJ9kvBEtUOsKWeC+oYZTttSURyHnLbC0e3Ubz1RpVkiHsxY0iDGA8EiRrCxUst/zCq1s0mvVHar7gxomXg5KUOORq/01e0nJI2pMIRjrTueK02QYWUY4XRS7KaaSkxGeEA7lgocUx1ks3Mn6NQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roOsiYkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5XvcvqxX2tXL/J4yjAMZxABTy4gjrcQQN8IDCCZ3iFN0c6L8678zFvXXHymSP4A+fzB2b8jvQ=</latexit>

U (4)
<latexit sha1_base64="eydlFdroLbtFR7mfsFxMZhYja70=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9n1+yQFLx4ruG2hXUs2zbah2WRJskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+Q8tUEeoTyaVqhVhTzgT1DTOcthJFcRxy2gyHtxO/+USVZlI8mFFCgxj3BYsYwcZKTf8xq1ycjLulslt1p0CLxMtJGXLUu6WvTk+SNKbCEI61bntuYoIMK8MIp+NiJ9U0wWSI+7RtqcAx1UE2PXeMjq3SQ5FUtoRBU/X3RIZjrUdxaDtjbAZ63puI/3nt1ETXQcZEkhoqyGxRlHJkJJr8jnpMUWL4yBJMFLO3IjLAChNjEyraELz5lxdJ47TqXVbP7s/LtZs8jgIcwhFUwIMrqMEd1MEHAkN4hld4cxLnxXl3PmatS04+cwB/4Hz+AGiCjvU=</latexit>

U (5)

• Several interesting properties can be proven

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Perez-García, Ann Henri Poincare 23, 141 (2022)  

Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Random matrix product states
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i

<latexit sha1_base64="IXmVZZx6RQxlV5rHybRVh0XAB1M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhUyeZYthgiUhUO6AaBZfYMNwIbKcKaRwIbAXDu6nfekKleSIfzChFP6Z9ySPOqLFSPeyVym7FnYEsEy8nZchR65W+umHCshilYYJq3fHc1PhjqgxnAifFbqYxpWxI+9ixVNIYtT+eHTohp1YJSZQoW9KQmfp7YkxjrUdxYDtjagZ60ZuK/3mdzEQ3/pjLNDMo2XxRlAliEjL9moRcITNiZAllittbCRtQRZmx2RRtCN7iy8ukeV7xrioX9cty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AMlRjOw=</latexit>

d

<latexit sha1_base64="OXVk4QP6vBnIcll2xHWTuFdhW78=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCcJ6MFjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt11iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCY0YzM</latexit>

D

<latexit sha1_base64="OdSCCU6tZb7RHctpkvXV3SGUHgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCeJePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmM7qZ+8wmV5pF8MOMY/ZAOJO9zRo2VarfdYsktuzOQZeJlpAQZqt3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2aETcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+tZ9yGScGJZsv6ieCmIhMvyY9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgre5fl89pFqXKTxZGHIziGU/DgCipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH5RFjMk=</latexit>

A

STATISTICAL MECHANICS OF RANDOM STATES

dd

• They equilibrate exponentially well:  
 
 

 
for 

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Compare Huang, Harrow. arXiv:1907.13392 (2019)

<latexit sha1_base64="cI4LO3ygl03q6kh95uJ1ZH5iQgk=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXRT1JwYvHCm5baNeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOo4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRrdTv/XElOaxfDDjhPkRGUgeckqMlVreY1Z1Tie9csWpOTPgZeLmpAI5Gr3yV7cf0zRi0lBBtO64TmL8jCjDqWCTUjfVLCF0RAasY6kkEdN+Njt3gk+s0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oZENwF19eJs2zmntZO7+/qNRv8jiKcATHUAUXrqAOd9AADyiM4Ble4Q0l6AW9o495awHlM4fwB+jzB2DkjvA=</latexit>

U (0)
<latexit sha1_base64="K5U7FFNzRBePBQHBy3TYaYXQBKE=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXRT1JwYvHCm5baNeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOo4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRrdTv/XElOaxfDDjhPkRGUgeckqMlVreY1Z1Tye9csWpOTPgZeLmpAI5Gr3yV7cf0zRi0lBBtO64TmL8jCjDqWCTUjfVLCF0RAasY6kkEdN+Njt3gk+s0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oZENwF19eJs2zmntZO7+/qNRv8jiKcATHUAUXrqAOd9AADyiM4Ble4Q0l6AW9o495awHlM4fwB+jzB2JqjvE=</latexit>

U (1)
<latexit sha1_base64="RYr0UBqU0c9+iEY4g38WZ5IO/Bg=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpexWUU9S8OKxgtsW2rVk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M432hldW19Y7OwVdze2d3bLx0cNnWcKso8GotYtQOimeCSeYYbwdqJYiQKBGsFo9up33piSvNYPphxwvyIDCQPOSXGSi3vMavUzia9UtmpOjPgZeLmpAw5Gr3SV7cf0zRi0lBBtO64TmL8jCjDqWCTYjfVLCF0RAasY6kkEdN+Njt3gk+t0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oaENwF19eJs1a1b2snt9flOs3eRwFOIYTqIALV1CHO2iABxRG8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB2PwjvI=</latexit>

U (2)
<latexit sha1_base64="rGo5f0EWBxW6JTX81wmz3TAXjDk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9m1op6k4MVjBbcttGvJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWSKkJ9kvBEtUOsKWeC+oYZTttSURyHnLbC0e3Ubz1RpVkiHsxY0iDGA8EiRrCxUst/zCq1s0mvVHar7gxomXg5KUOORq/01e0nJI2pMIRjrTueK02QYWUY4XRS7KaaSkxGeEA7lgocUx1ks3Mn6NQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roOsiYkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5Xvctq7f6iXL/J4yjAMZxABTy4gjrcQQN8IDCCZ3iFN0c6L8678zFvXXHymSP4A+fzB2V2jvM=</latexit>

U (3)
<latexit sha1_base64="2LkX3No6x1DN7+dvals9W9uM2Ss=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBbcttGvJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWSKkJ9kvBEtUOsKWeC+oYZTttSURyHnLbC0e3Ubz1RpVkiHsxY0iDGA8EiRrCxUst/zCq1s0mvVHar7gxomXg5KUOORq/01e0nJI2pMIRjrTueK02QYWUY4XRS7KaaSkxGeEA7lgocUx1ks3Mn6NQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roOsiYkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5XvcvqxX2tXL/J4yjAMZxABTy4gjrcQQN8IDCCZ3iFN0c6L8678zFvXXHymSP4A+fzB2b8jvQ=</latexit>

U (4)
<latexit sha1_base64="eydlFdroLbtFR7mfsFxMZhYja70=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9n1+yQFLx4ruG2hXUs2zbah2WRJskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+Q8tUEeoTyaVqhVhTzgT1DTOcthJFcRxy2gyHtxO/+USVZlI8mFFCgxj3BYsYwcZKTf8xq1ycjLulslt1p0CLxMtJGXLUu6WvTk+SNKbCEI61bntuYoIMK8MIp+NiJ9U0wWSI+7RtqcAx1UE2PXeMjq3SQ5FUtoRBU/X3RIZjrUdxaDtjbAZ63puI/3nt1ETXQcZEkhoqyGxRlHJkJJr8jnpMUWL4yBJMFLO3IjLAChNjEyraELz5lxdJ47TqXVbP7s/LtZs8jgIcwhFUwIMrqMEd1MEHAkN4hld4cxLnxXl3PmatS04+cwB/4Hz+AGiCjvU=</latexit>

U (5)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

dd

• Gives tensorial expression

dd

• Map to partition function

dd

dd
• For any state vector 

<latexit sha1_base64="pLJqVn7bTy1AZVYsMLO0dyqpxDU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6kkKXjxWsB/QhLLZTtulm82yuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzIsmZNp737RRWVtfWN4qbpa3tnd298v5BUyepotigCU9UOyIaORPYMMxwbEuFJI44tqLR7dRvPaLSLBEPZiwxjMlAsD6jxFgpeArkkAWKiAHHbrniVb0Z3GXi56QCOerd8lfQS2gaozCUE607vidNmBFlGOU4KQWpRknoiAywY6kgMeowm908cU+s0nP7ibIljDtTf09kJNZ6HEe2MyZmqBe9qfif10lN/zrMmJCpQUHni/opd03iTgNwe0whNXxsCaGK2VtdOiSKUGNjKtkQ/MWXl0nzrOpfVs/vLyq1mzyOIhzBMZyCD1dQgzuoQwMoSHiGV3hzUufFeXc+5q0FJ585hD9wPn8AXJ+R5A==</latexit>

|�i

• The t-th moment operator of  
Haar-random unitaries 
 
 
in Weingarten calculus

dd

• Bound “effective dimension”

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Hunter-Jones, arXiv:1905.12053 (2019)

as overlap of initial state  
with energy eigenstates 

IDEA OF PROOF



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

dd

• Extensivity of 2-Renyi entropies  
• Maximum entropy for small connected subsystems 
• Ground states of disordered parent Hamiltonians 
• Insights into generic phases of matter 

• Exponential decay of correlations in similar (TI) model

• Further results:

Lancien, Perez-García, Ann Henri Poincare 23, 141 (2022)

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 

LESSON

RANDOM MATRIX PRODUCT STATES EQUILIBRATE EXPONENTIALLY WELL



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

dd
• Use random sampling to estimate  

entanglement in tensor network-states

ENTANGLEMENT IN MANY-BODY SYSTEMS

Feldman, Kshetrimayum, Eisert, Goldstein, PRX Quantum 3, 030312 (2022)

• Resource-economically estimate Renyi entanglement entropies  
 
 
and negativity moments using frames, random vectors               with

<latexit sha1_base64="3BOtF4Cg/2RPe343MlmWlkmEbMs=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0C8uMirpRWkRwWcE+oFOHTJppQzPJkGSEMsxfuPFX3LhQxK3u/BvTx0JbD1w4nHMv997jR4wqbdvfVmZhcWl5JbuaW1vf2NzKb+80lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3B1chvPhCpqOB3ehiRToh6nAYUI20kL1++9nixWoIX0A0kwomTJs4hT6HLRA8mrgyhlmnRlX3hVe95ycsX7LI9BpwnzpQUwBQ1L//ldgWOQ8I1ZkiptmNHupMgqSlmJM25sSIRwgPUI21DOQqJ6iTjv1J4YJQuDIQ0xTUcq78nEhQqNQx90xki3Vez3kj8z2vHOjjvJJRHsSYcTxYFMYNawFFIsEslwZoNDUFYUnMrxH1k8tEmypwJwZl9eZ40jsrOafn49qRQuZzGkQV7YB8UgQPOQAXcgBqoAwwewTN4BW/Wk/VivVsfk9aMNZ3ZBX9gff4A/JKd+g==</latexit>

En(A) =
1

1� n
log tr(⇢nA)
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|vi 2 Cd
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E(|vihv|) = I

dd
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HOLOGRAPHY AND MATCHGATE TENSOR NETWORKS

dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks (my last talk)

• Matchgate per tensor 
 
 
per vertex

Tv : {0, 1}⇥r ! C

v 2 V

• Hyperbolic tiling of plane

• Contraction rules via  
Grassmann integrals

Jahn, Gluza, Pastawski, Eisert, Science Advances 5, eaaw0092 (2019) 
Jahn, Zimboras, Eisert, Quantum 6, 643 (2022)
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HOLOGRAPHY AND MATCHGATE TENSOR NETWORKS

dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks (my last talk)

Jahn, Gluza, Pastawski, Eisert, Science Advances 5, eaaw0092 (2019) 
Jahn, Zimboras, Eisert, Quantum 6, 643 (2022)

• Get critical or gapped behavior

!          
{3, 7}

dependent on bulk curvature
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dd

HOLOGRAPHY AND MATCHGATE TENSOR NETWORKS

dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks (my last talk)

Jahn, Zimboras, Eisert, Quantum 6, 643 (2022) 
Jahn, Eisert, Quant Sc Tech 6, 033002 (2021)

• Inflation rules to go from one 
layer to the next

• Critical theory on boundary with effective 
central charges depending on tiling, e.g.

• Get actual CFT (up to 
quasi-crystalline symmetry)
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CONTINUUM MODELS

Wille, Altland, Jahn, Eisert, in preparation (2023)

dd
• Ongoing: Continuum limit of random matchgates 

to arrive at quantum field theories

• Contraction of tensor network  
~ free fermion partition function

• Can analytically evaluate static and Gaussian 
random contribution in disorder average

• In stationary phase approximation get  
smooth continuum limit expressions

• Bulk can be seen as class D superconductor
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LESSON

LESSON: RANDOM TENSOR NETWORKS ARE A FUN  
PLAYGROUND FOR ANALYTICAL STUDIES



COMPLEXITY IN RANDOM QUANTUM CIRCUITS
Nature Physics 18, 528 (2022) 
Phys Rev Lett 127, 020501 (2021) 
Phys Rev A 106, 062417 (2022) 
arXiv:2305.15475 (2023) 
Commun Math Phys 397, 995–1041 (2023) 
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)

• Circuit complexity: Smallest number of quantum gates from  
gate set to generate a given unitary (similar, circuit complexity)

• Separates problems into ‘easy’ and ‘hard’
• In quantum setting relevant for phases of matter
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)

• Computationally hard: Notorious cancellations

•  

• Circuit complexity: Smallest number of quantum gates from  
gate set to generate a given unitary (similar, circuit complexity)
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)

• Circuit and state complexities organize unitaries and quantum states

Quantum states

Unitaries
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O(1)
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O(n)
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poly(n)
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exp(n)

Matrix product 
states, GHZ statesProduct  

states

Variational quantum  
circuits, QAOA

Circuits for  
classical shadows

Multi-scale 
renormalization 

Unitary k-designs

Polynomial 
random circuits

Haar-random 
unitaries

Topological phases Thermalization
Long time quantum 
chaotic dynamics
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

dd
• How does the complexity grow  

for random quantum circuits?

Haar random 
unitaries, or gates 
from continuous 
universal gate set

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)
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Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev Lett 116, 191301 (2016) 
Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev D 93, 086006 (2016) 

Chapman, Eisert, Hackl, Heller, Jefferson, Marrochio, Myers, SciPost Phys 6, 034 (2019) 
Brown, Susskind, Phys Rev D 97, 086015 (2018) 

dd• Has risen to prominence as Brown-Susskind conjecture

BROWN-SUSSKIND CONJECTURE
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Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev Lett 116, 191301 (2016) 
Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev D 93, 086006 (2016) 

Chapman, Eisert, Hackl, Heller, Jefferson, Marrochio, Myers, SciPost Phys 6, 034 (2019) 
Brown, Susskind, Phys Rev D 97, 086015 (2018) 

• AdS: Volume grows for  
exponentially long time 

• CFT: Local observables 
equilibrating?
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| i

dd• Has risen to prominence as Brown-Susskind conjecture

BROWN-SUSSKIND CONJECTURE
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LINEAR COMPLEXITY GROWTH

dd• Has risen to prominence as Brown-Susskind conjecture

Brown, Susskind, Phys Rev D 97, 086015 (2018) 

dd• How would one know?
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dd
• Indeed, the linear growth conjecture (until  

exponential times) is provably true!

LINEAR COMPLEXITY GROWTH

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics 18, 528 (2022) 
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dd• How can this be judged?
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• Accessible dimension* is almost always the 
same throughout the domain

* Set is no manifold

dd
• Quasialgebraic set: 

Polynomial equalities 
and inequalities 

dd
• Tarski-Seidenberg 

principle

dd• Quasialgebraic set

IDEA OF PROOF

• Contraction map

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics 18, 528 (2022) 
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• Demonstrate the point’s existence by perturbing Clifford circuits, 
‘appending infinitesimal unitaries’, ‘count independent directions’

• Counting

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics 18, 528 (2022) 
Li, arXiv:2205.05668 (2022)

• Identify a point where  
dimension grows 
linearly with circuit depth • Accessible dimension* is almost always the 

same throughout the domain

IDEA OF PROOF
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R

LESSON

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics 18, 528 (2022) 

dd

• Theorem: The linear growth conjecture (until  
exponential times) is provably true
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L

until 
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T � 4n � 1

SO THERE IS A LINEAR COMPLEXITY GROWTH: FAIR RESOLUTION  
OF A READING OF THE BROWN-SUSSKIND CONJECTURE
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T = R/L
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APPROXIMATE NOTIONS AND UNITARY DESIGNS

• Approximate notions: Approximate in         -norm 
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k.k1
Haferkamp, arXiv:2303.16944 (2023)

• Unitary designs: The generation of unitary t-designs at a depth  
implies the approximate Brown-Susskind conjecture
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O(nt)

dd• How can unitary designs be implemented?
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• Approximate notions: Approximate in         -norm 
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k.k1
Haferkamp, arXiv:2303.16944 (2023)

• Unitary designs: The generation of unitary t-designs at a depth  
implies the approximate Brown-Susskind conjecture

<latexit sha1_base64="9h1TkWq6jhMFlKNptotoKMD3IGU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPBizcr2A9oQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVGvcVhWe9UtmtujOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZsdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88TOhkhS5YvNFYSoJxmT6OekLzRnKsSWUaWFvJWxINWVo8ynaELzFl5dJ87zqXVUvHi7LtVoeRwGO4QQq4ME11OAO6tAABgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fEjCONA==</latexit>

O(nt)

• Random Clifford circuits are unitary 3-designs
•   -gates uplift then to arbitrary order designs 
 

<latexit sha1_base64="UmWhLyRkySwkpG9S6JfvmMYEnQM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCcJePGYQF6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+5nfekKleSzrZpygH9GB5CFn1FipVu8VS27ZnYOsEi8jJchQ7RW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+hMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF2VKndZHHk4gVM4Bw9uoAIPUIUGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AbERjNw=</latexit>

T

Haferkamp, Montaelegre-Mora, Heinrich, Eisert, Gross, Roth, Comm Math Phys 397, 995-1041 (2023)

APPROXIMATE NOTIONS AND UNITARY DESIGNS



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Approximate notions: Approximate in         -norm 
<latexit sha1_base64="0uTX6PFSTK5xxYXdvo3bMk0ueN8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSQq6rHgxWMF+wFNKJvtpl262YTdiVDS/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXX6LrfVmltfWNzq7xd2dnd2z+oHh61dJIpypo0EYnqhEQzwSVrIkfBOqliJA4Fa4eju5nffmJK80Q+4jhlQUwGkkecEjSS708cf9LzuYxw3KvWXMedw14lXkFqUKDRq375/YRmMZNIBdG667kpBjlRyKlg04qfaZYSOiID1jVUkpjpIJ/fPLXPjNK3o0SZkmjP1d8TOYm1Hseh6YwJDvWyNxP/87oZRrdBzmWaIZN0sSjKhI2JPQvA7nPFKIqxIYQqbm616ZAoQtHEVDEheMsvr5LWheNdO5cPV7V6vYijDCdwCufgwQ3U4R4a0AQKKTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8ZipG7</latexit>

k.k1
Haferkamp, arXiv:2303.16944 (2023)

• Unitary designs: The generation of unitary t-designs at a depth  
implies the approximate Brown-Susskind conjecture

<latexit sha1_base64="9h1TkWq6jhMFlKNptotoKMD3IGU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPBizcr2A9oQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVGvcVhWe9UtmtujOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZsdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88TOhkhS5YvNFYSoJxmT6OekLzRnKsSWUaWFvJWxINWVo8ynaELzFl5dJ87zqXVUvHi7LtVoeRwGO4QQq4ME11OAO6tAABgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fEjCONA==</latexit>

O(nt)

• Random Clifford circuits are unitary 3-designs
•   -gates uplift then to arbitrary order designs 
 

<latexit sha1_base64="UmWhLyRkySwkpG9S6JfvmMYEnQM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCcJePGYQF6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+5nfekKleSzrZpygH9GB5CFn1FipVu8VS27ZnYOsEi8jJchQ7RW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+hMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF2VKndZHHk4gVM4Bw9uoAIPUIUGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AbERjNw=</latexit>

T

Haferkamp, Montaelegre-Mora, Heinrich, Eisert, Gross, Roth, Comm Math Phys 397, 995-1041 (2023)

dd

• A constant (!) number

• Theorem: A number of                                      -gates  
uplifts this to an   -approximate   -design<latexit sha1_base64="dxyWGTfGGvpA3PK/0EEYZeB4v4E=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6kkKXjxWsB+QhrLZbtqlm92wOymU0p/hxYMiXv013vw3btsctPXBwOO9GWbmRangBj3v2ymsrW9sbhW3Szu7e/sH5cOjplGZpqxBlVC6HRHDBJesgRwFa6eakSQSrBUN72d+a8S04Uo+4ThlYUL6ksecErRS0BkRzVLDhZLdcsWrenO4q8TPSQVy1Lvlr05P0SxhEqkgxgS+l2I4IRo5FWxa6mSGpYQOSZ8FlkqSMBNO5idP3TOr9NxYaVsS3bn6e2JCEmPGSWQ7E4IDs+zNxP+8IMP4NpxwmWbIJF0sijPhonJn/7s9rhlFMbaEUM3trS4dEE0o2pRKNgR/+eVV0ryo+tfVy8erSu0uj6MIJ3AK5+DDDdTgAerQAAoKnuEV3hx0Xpx352PRWnDymWP4A+fzB7s3kYs=</latexit>"

<latexit sha1_base64="UmWhLyRkySwkpG9S6JfvmMYEnQM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCcJePGYQF6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+5nfekKleSzrZpygH9GB5CFn1FipVu8VS27ZnYOsEi8jJchQ7RW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+hMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF2VKndZHHk4gVM4Bw9uoAIPUIUGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AbERjNw=</latexit>

T
<latexit sha1_base64="x/CVS0ZudPTJEoOMJfUfhd+FEnA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U391hPXRsTqAccJ9yM6UCIUjKKV6tgrld2KOwNZJl5OypCj1it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduiEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMbPxMqSZErNl8UppJgTKZfk77QnKEcW0KZFvZWwoZUU4Y2m6INwVt8eZk0zyveVeWiflmu3uZxFOAYTuAMPLiGKtxDDRrAgMMzvMKb8+i8OO/Ox7x1xclnjuAPnM8f4ZGM/A==</latexit>

t

APPROXIMATE NOTIONS AND UNITARY DESIGNS



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RESOURCE THEORY OF UNCOMPLEXITY?

dd
• That settles one Brown-Susskind conjecture - can one  

think of a resource theory of “uncomplexity”?



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RESOURCE THEORY OF UNCOMPLEXITY?

Low complexity 
pure states

Complexity

• Second law of  
complexity?

Brown, Susskind, Phys Rev D 97,  
086015 (2018) 



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RESOURCE THEORY OF UNCOMPLEXITY?

Low complexity 
pure states

Complexity

Entropy

• Second law of  
thermodynamics

• Second law of  
complexity?

Brown, Susskind, Phys Rev D 97,  
086015 (2018) 

?

• What processes can be performed  
by a macroscopic observer? 

• How can computational resources  
to carry out a process be captured?



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RESOURCE THEORY OF UNCOMPLEXITY?

r

“Uncomplexity”

r gates

<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i
<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i
<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i

<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i
<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i
<latexit sha1_base64="YubJ/3VgzYIzcE/y08c+lACh9BM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenryuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URNdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/snp+d1Gp1fI4inAEx3AKPlxBDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AtyuQWw==</latexit>

|0i

Junk
<latexit sha1_base64="ZVyslXZeEOAoRGVr23AoUTbDZjU=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqDcDXjxGcE0gWcLsZDYZMo9lZlYIS77BiwdFvPpB3vwbJ8keNLGgoajqprsrTjkz1ve/vdLK6tr6RnmzsrW9s7tX3T94NCrThIZEcaXbMTaUM0lDyyyn7VRTLGJOW/Hoduq3nqg2TMkHO05pJPBAsoQRbJ0UdvVQ3fSqNb/uz4CWSVCQGhRo9qpf3b4imaDSEo6N6QR+aqMca8sIp5NKNzM0xWSEB7TjqMSCmiifHTtBJ07po0RpV9Kimfp7IsfCmLGIXafAdmgWvan4n9fJbHId5UymmaWSzBclGUdWoennqM80JZaPHcFEM3crIkOsMbEun4oLIVh8eZk8ntWDy/r5/UWt0SjiKMMRHMMpBHAFDbiDJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBp7mOlg==</latexit>

⇢?
<latexit sha1_base64="sZJh6LFontZRU3o5mcZ0ta47ygs=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMeAF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8G06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Lp++XBVazSKOMpwAqdwDgHcQAPuoQktIJDAM7zCmye8F+/d+1i0lrxi5hj+wPv8ASGujk0=</latexit>⇢

Agent

• Uncomplexity extraction:  
Distills pure qubits from a state

• Uncomplexity expenditure:  
Imitates a state

<latexit sha1_base64="4ZLrVFWnnSb18qwbBAXOVIbcIYg="></latexit>

H
r,⌘
h (⇢) = log min

tr(Q⇢)�⌘
tr(Q)

<latexit sha1_base64="DTGOB/J3pyfXFP1Kt/JUtckjXeE=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RERT0WvHgRWrAf0ISw2W7bpZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfEinImaEszzWk3kRRHIaedcHw79TuPVCoWiwc9Sagf4aFgA0awNlJgVzLvLA+ypscEug9kHthVp+bMgJaJW5AqFGgE9pfXj0kaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2aH5+jEKH00iKUpodFM/T2R4UipSRSazgjrkVr0puJ/Xi/Vgxs/YyJJNRVkvmiQcqRjNE0B9ZmkRPOJIZhIZm5FZIQlJtpkVTYhuIsvL5P2ec29ql00L6v1ehFHCY7gGE7BhWuowx00oAUEUniGV3iznqwX6936mLeuWMXMIfyB9fkDUuSS4A==</latexit>

Q2Mr

dd

• Complexity entropy, as variant 
of hypothesis testing entropy

<latexit sha1_base64="4ZLrVFWnnSb18qwbBAXOVIbcIYg="></latexit>

H
r,⌘
h (⇢) = log min

tr(Q⇢)�⌘
tr(Q)

<latexit sha1_base64="DTGOB/J3pyfXFP1Kt/JUtckjXeE=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RERT0WvHgRWrAf0ISw2W7bpZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfEinImaEszzWk3kRRHIaedcHw79TuPVCoWiwc9Sagf4aFgA0awNlJgVzLvLA+ypscEug9kHthVp+bMgJaJW5AqFGgE9pfXj0kaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2aH5+jEKH00iKUpodFM/T2R4UipSRSazgjrkVr0puJ/Xi/Vgxs/YyJJNRVkvmiQcqRjNE0B9ZmkRPOJIZhIZm5FZIQlJtpkVTYhuIsvL5P2ec29ql00L6v1ehFHCY7gGE7BhWuowx00oAUEUniGV3iznqwX6936mLeuWMXMIfyB9fkDUuSS4A==</latexit>

Q2Mr

Yunger Halpern, Kothakonda, Haferkamp, Munson, Eisert, Faist, arXiv:2110.11371 (2021) 
Munson, Yunger Halpern, Haferkamp,  Kothakonda, Eisert, Faist, in preparation (2023) 

Brandao, Datta, IEEE Trans Inf Th 57,1754 (2011)

gates



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

RESOURCE THEORY OF UNCOMPLEXITY?

r

“Uncomplexity”

r gates
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Agent

• Uncomplexity extraction:  
Distills pure qubits from a state

• Uncomplexity expenditure:  
Imitates a state
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• Complexity entropy, as variant 
of hypothesis testing entropy

<latexit sha1_base64="4ZLrVFWnnSb18qwbBAXOVIbcIYg="></latexit>

H
r,⌘
h (⇢) = log min

tr(Q⇢)�⌘
tr(Q)

<latexit sha1_base64="DTGOB/J3pyfXFP1Kt/JUtckjXeE=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RERT0WvHgRWrAf0ISw2W7bpZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeWHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfEinImaEszzWk3kRRHIaedcHw79TuPVCoWiwc9Sagf4aFgA0awNlJgVzLvLA+ypscEug9kHthVp+bMgJaJW5AqFGgE9pfXj0kaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2aH5+jEKH00iKUpodFM/T2R4UipSRSazgjrkVr0puJ/Xi/Vgxs/YyJJNRVkvmiQcqRjNE0B9ZmkRPOJIZhIZm5FZIQlJtpkVTYhuIsvL5P2ec29ql00L6v1ehFHCY7gGE7BhWuowx00oAUEUniGV3iznqwX6936mLeuWMXMIfyB9fkDUuSS4A==</latexit>

Q2Mr

Yunger Halpern, Kothakonda, Haferkamp, Munson, Eisert, Faist, arXiv:2110.11371 (2021) 
Munson, Yunger Halpern, Haferkamp,  Kothakonda, Eisert, Faist, in preparation (2023) 

Brandao, Datta, IEEE Trans Inf Th 57,1754 (2011)

CAN THINK OF A RESOURCE THEORY OF UNCOMPLEXITY
gates
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MONITORED QUANTUM CIRCUITS

dd• How do monitored quantum circuits come into play?
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dd
• Unitary circuits interrupted by local measurements at rate p undergo 

a “phase transition” between area law and volume law phase

dd• How do monitored quantum circuits come into play?
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MONITORED QUANTUM CIRCUITS

Measurements

Suzuki, Haferkamp, Eisert, Faist,  arXiv:2305.15475 (2023)

dd• How do monitored quantum circuits come into play?

dd

• Theorem: There are also two phases of
• a complexity upper bounded by a constant and 
• linearly growing complexity

Percolation theory
Semi-algebraic 
geometry tools
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• Theorem: There are also two phases of
• a complexity upper bounded by a constant and 
• linearly growing complexity

Percolation theory
Semi-algebraic 
geometry tools

THERE IS A “PHASE TRANSITION” OF COMPLEXITY



OUTLOOK
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• Quantum many-body random systems,  

complexity, and random quantum circuits
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• Random tensor networks 
Analytical insights 
out of reach otherwise
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• Quantum many-body random systems,  

complexity, and random quantum circuits
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• Random tensor networks 
Analytical insights 
out of reach otherwise

• Open: Would like to see more “physical” 
random tensor network models: 
Interacting continuum models
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• Quantum many-body random systems,  

complexity, and random quantum circuits
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• Random tensor networks 
Analytical insights 
out of reach otherwise

• Complexity in random circuits
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• Quantum many-body random systems,  

complexity, and random quantum circuits

Solution of reading of Brown-Susskind 
conjecture, designs, resource  
theories, and measurements 
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Solution of reading of Brown-Susskind 
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• Quantum many-body random systems,  

complexity, and random quantum circuits

THANKS FOR YOUR ATTENTIONTHANKS FOR YOUR ATTENTIONTHANKS FOR YOUR ATTENTIONTHANKS FOR YOUR ATTENTION


