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Motivation
Observation of black holes and neutron stars: a breakthroughBlack holes and neutron stars, breakthrough in observational data

GW signals from binaries at their ringdown phase : GW170817 neutron star merger,
GW190814 and the large mass secondary at 2.59+0.08

≠0.09 M§

Array of radio telescopes, EHT : image of M87 black hole with its light ring
GRAVITY VLT: observation of star trajectories orbiting SgrA central black hole : orbit
characteristics give us tests of strong gravity which get better as precision increases.
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- Alternatives to GR black holes and stars as precise rulers of departure from GR? 

- Other compact objects like wormholes?

:q bB;M�Hb 7`QK #BM�`B2b
�i i?2B` `BM;/QrM T?�b2
UGA:PfoB`;QV

AK�;2 Q7 J3d #H�+F ?QH2 rBi?
Bib HB;?i `BM; U7`QK �``�v Q7 `�/BQ
i2H2b+QT2b- 1>hV

P#b2`p�iBQM Q7 bi�` i`�D2+iQ`B2b
Q`#BiBM; a;`� +2Mi`�H #H�+F ?QH2
U:_�oAhuV

<latexit sha1_base64="nNB9IUHuAM+O7Nef1jrZqTY9Yy8="></latexit>



No hairs in GR

Monday 15 June 15

No hair theorems/arguments dictate that adding degrees of freedom lead to 
trivial (General Relativity) or singular solutions.

Monday 15 June 15

E.g. in the standard scalar-tensor theories BH solutions are GR black holes 
with constant scalar.

• Gravitational collapse ->

• Black holes eat or expel surrounding matter

• Their stationary phase is characterised by a limited number of charges

• No details about collapse 

• Black holes are bald

Collapse

M,J,Q
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Schwarzschild solution

GR black holes

In GR black holes are "unique" and characterised by a finite number of charges, essentially, J, M

They are relatively simple solutions-they have no hair, eg. quadrapole is fixed, Q2 = ≠J2/M

During collapse, black holes lose their hair and relax to some stationary state of large
symmetry. They are (mostly) vacuum solutions of Einstein’s eqs, Gµ‹ = 0
Static and spherically symmetric Schwarzschild solution :

ds2 = ≠f (r)dt2 +
dr2

f (r)
+ r2d�2

with f (r) = 1 ≠
2M
r , M mass black hole parameter

The zero(s) of f (r) are the horizon(s) of the black hole (rh = 2M).
An event horizon determines an absolute surface of no return. Its interior is the trapped
region of the black hole hiding the curvature singularity at r = 0

C. Charmousis A survey of compact objects in scalar tensor theories
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ds2 = ≠f(r)dt2 + dr2

f(r) + r2d�2, f(r) = 1 ≠ 2M
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Rotating vacuum black holes in General Relativity are described by the Kerr 
metric. 
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In Boyer-Lindquist coordinates:

Kerr solution Kerr'63

/s2 = ≠
3

1 ≠ 2Mr

fl2

4
/t2 ≠ 4aMr sin2 ◊

fl2 /t/Ï + sin2 ◊

fl2
#
(r2 + a2)2 ≠ a2� sin2 ◊

$
/Ï2

+ fl2

� /r2 + fl2/◊2

r?2`2 M Bb i?2 K�bb- a Bb i?2 �M;mH�` KQK2MimK �M/
fl2 = r2 + a2 cos2 ◊

� = r2 + a2 ≠ 2Mr
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� `BM; bBM;mH�`Biv �i fl =
Ô

r2 + a2 cos2 ◊ = 0- BX2X

r = 0 �M/ ◊ = fi

2
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Properties of the Kerr metric
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Important surfaces in the Kerr metric

 

from d'Inverno's book

Ergoregion
Ring singularity

Inner horizon     

Event horizon     Static limit



How to construct exact black hole solutions 
in modified gravity?

Shift-symmetry Conformal
symmetry

Stability of 
DHOST theory 
under conf/
disformal 
transformation



Horndeski theory 

G2(X, �), G3(X, �), G4(X, �), G5(X, �)

L2 = G2 (X, �)

L3 = G3 (X, �) ��

L4 = G4(X, �) R + G4,X(X, �)
�
(��)2 � (���)2

�

L5 = G5,X (X, �)
�
(��)3 � 3�� (���)2 + 2 (���)3

�
� 6G5 (X, �) Gµ��µ���

S =

�
d4xF

�
g, �g, �2g, �3g, ...�, ��, �2�, �3�, ...

�

X = �µ��µ�

Horndeski’1974

Deffayet+'09'11

Kobayashi+'11



Degenerate higher order Scalar-Tensor theories (DHOST)

S = M2
P

Z
/4x

p
�g

 
f(�, X)R+K(�, X)�G3(�, X)⇤�+

5X

i=1

Ai(�, X)Li

!

+SK [gµ⌫ , K]

L1 = �µ⌫�
µ⌫ , L2 = (⇤�)2, L3 = �µ⌫�

µ�⌫⇤�,
L4 = �µ�

⌫�µ↵�⌫↵, L5 = (�µ⌫�
µ�⌫)2

X = �µ�µ

<latexit sha1_base64="gbD9SlSK1AC/4AMUKvT3UG0FU70="></latexit>

Langlois&Noui, Crisostomi+'16

Monday 15 June 15

PM2 bm#+H�bb Q7 .>Pah Ubm#+H�bb A�V Bb T?2MQK2MQHQ;B+�HHv BMi2`2biBM; [Langlois,
Noui; Crisostomi+'16],

A2 = A2 (A1, A3)
A4 = A4 (A1, A3)
A5 = A5 (A1, A3)

<latexit sha1_base64="uWxHg5ZaP1b5lSVpRXMtHvQa27k="></latexit>



From DHOST to DHOST

DHOST DHOST 
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Coupling to matter is different: we get a different theory

Theory 1 Theory 2

S̄DHOST [gµ‹ , „] + SK�ii2`[gµ‹ , �K�ii2`]
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Hairy solutions in ST theories
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Shift symmetry



Static configurations in shift symmetric case
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Static solutions in theory with ”John” term Gµ‹ˆµ„ˆ‹„ [Rinaldi'12; Anabalon+'13;
Minamitsuji'13; EB, Charmousis’13] divergence of the scalar at the horizon, inside
the horizon the scalar solution does not exist.

Monday 15 June 15

Static and time-dependent solutions in the theories that evade a no-hair theorem [EB,
Charmousis & Lehébel'17].



Shift symmetry and time dependence
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Shift symmetry and time dependence
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Example of exact solution
EB, Charmousis’13
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remain equal even in inhomogeneous backgrounds. Actu-
ally, Ref. [4] claims that condition (2) also suffices around
arbitrary backgrounds, and we will confirm so below for
a specific exact solution — see Eq. (13). But this refer-
ence [4] uses the results of [40], which needed to neglect
scalar-graviton mixing terms in order to extract the spin-
2 excitations. Generically, the separation of the spin-2
and spin-0 degrees of freedom is background dependent
and highly non-trivial. The same argument applies to the
ADM decomposition of the Lagrangian (1) under condi-
tion (2). In the unitary gauge, one recovers the same
decomposition as in general relativity [3, 39]. However,
this does not necessarily mean that the helicity-2 per-
turbations propagate at cgrav = clight, because the La-
grangian contains mixing terms proportional to ḣijDiNj,
in usual ADM notation; the shiftNi cannot be eliminated
as in general relativity, because the gauge is already fixed.
It remains thus important to check whether this speed
equality is also satisfied in very curved backgrounds, with
large scalar-field gradients, for instance in the neighbor-
hood of a black-hole horizon. This is what we do now for
the particular case of an exact Schwarzschild-de Sitter
solution of the model

L = ζ (R− 2Λbare)− η ϕ2
λ + βGµνϕµϕν , (3)

where Gµν denotes the Einstein tensor, ζ = 1
2
M2

Pl > 0,

and MPl ≡ (8πG)−1/2 is the reduced Planck mass. (The
Gµνϕµϕν term has been nicknamed “John” in the “Fab-
Four” model [29, 30].) In terms of the notation of Eq. (1),
this corresponds to

G2(ϕ
2
λ) = −2 ζ Λbare − η ϕ2

λ, (4)

G4(ϕ
2
λ) = ζ −

β

2
ϕ2
λ, (5)

and G3 = F4 = 0. Since this vanishing of F4 is in contra-
diction with Eqs. (2) and (5), we can immediately con-
clude that this model does not satisfy the cgrav = clight
constraint, if matter (and thereby light) is assumed to
be minimally coupled to gµν as in Eq. (1). However, as
already underlined in [3, 4], it suffices to couple matter
to a different metric g̃µν , related to gµν by a disformal
transformation, to change the matter causal cone so that
cgrav = clight is ensured, at least in a homogeneous Uni-
verse. In the present model, the disformal transforma-
tions given in [13, 14, 22, 23] or the gravity speed derived
in [4, 40] allow us to prove that this physical metric must
read (or be proportional to)

g̃µν = gµν −
β

ζ + β
2 ϕ

2
λ

ϕµϕν . (6)

One may also rewrite Lagrangian (3) in terms of this
g̃µν , and one finds that it becomes of the form (1), with
rather complicated functions G̃4(ϕ̃2

λ) and F̃4(ϕ̃2
λ) (involv-

ing nested square roots), which now do satisfy the con-
straint (2) in terms of the variable ϕ̃2

λ ≡ g̃µνϕµϕν . This
guarantees that the speeds of light and gravity coincide at

least in the asymptotic homogeneous Universe, far away
from any local massive body.
We can go beyond this result by studying the speed

of spin-2 perturbations around a spherical black hole.
An exact Schwarzschild-de Sitter solution has indeed
been found in [26] for model (3), assuming linear time-
dependence of the scalar field [41]:

ds2 = −A(r) dt2 +
dr2

A(r)
+ r2

(

dθ2 + sin2 θ dφ2
)

, (7)

A(r) = 1−
2Gm

r
−

Λeff

3
r2, (8)

Λeff = −
η

β
, (9)

ϕ = q

(

t−
∫

√

1−A(r)

A(r)
dr

)

, (10)

q2 =
η + β Λbare

η β
ζ, (11)

where this last equality (11) forces its right-hand side to
be positive. Equation (9) defines the effective cosmolog-
ical constant Λeff entering the line element (7), and one
can note that it may be as small as one wishes, inde-
pendently of the magnitude of Λbare (it does not even
depend at all on Λbare, in the present model). This is
a particularly simple example of self-tuning. However,
the observer, made of matter, is now assumed to be cou-
pled to the physical metric (6), and this changes her per-
ception of the Universe. A straightforward calculation
shows that g̃µν remains of the exact Schwarzschild-de
Sitter form, with a scalar field of the form (10) in the
relevant transformed coordinate system, but the observ-
able cosmological constant now reads

Λ̃eff =

(

Λeff + Λbare

3Λeff − Λbare

)

Λeff. (12)

At this stage, it thus seems that a very small Λ̃eff re-
mains possible, for instance if Λeff = −η/β is chosen to
almost compensate Λbare. However, the field equations
written in the physical frame g̃µν actually always imply
Λ̃eff ∼ Λbare [42]. Moreover, we will see below that the
stability of the solution forces both Λeff and the observ-
able Λ̃eff to be of the same order of magnitude as Λbare

(or even larger). Therefore, in this simple model (3),
the small observed cosmological constant cannot be ex-
plained by the self-tuning mechanism, and some other
reason must be invoked, like in standard general relativ-
ity. It remains that this model is observationally consis-
tent if the constant Λbare entering (3) is small enough.
The odd-parity perturbations of solution (7)–(11) have

been analyzed in [43], and they define the effective metric,
say Gµν , in which spin-2 perturbations propagate. We
can thus compare it with the metric g̃µν , Eq. (6), to which
matter (including photons) is assumed to be coupled, and
we find

Gµν =

(

Λeff

Λeff + Λbare

)

g̃µν . (13)
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Geodesics in Kerr and Carter constant
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Rotating solution?
Charmousis+’19
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Stealth Kerr solution in DHOST

Charmousis+’19
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Cosmological black holes
EB, Charmousis, Lecoeur’23
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Cosmological black holes
EB, Charmousis, Lecoeur’23

Rotating case is more complicated

Seed Kerr-dS is another generalization
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Disformed Kerr black hole
Anson, EB, Charmousis, Hassaine’20
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Disformed Kerr black hole
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Disformed Kerr black hole
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Disformed Kerr metric

ergosphere
horizon

stationary 
limit



Conformal symmetry



BBMB solution
Bocharova, Bronnikov, Melnikov'70; Bekenstein'74
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BBMB solution
Bocharova, Bronnikov, Melnikov'70; Bekenstein'74

<latexit sha1_base64="6vDXdpSG/Jb1+qriqgNx23lC+rA="></latexit>

Monday 15 June 15

a+�H�` }2H/ rBi? MQM@KBMBK�H +QmTHBM;,

S =
⁄

d4x
Ô

≠g

3
R ≠ 1

2ˆµ„ˆµ„ ≠ 1
12R„2

4

Monday 15 June 15

h?2 ""J" bQHmiBQM Bb

ds2 = ≠
3

1 ≠ M

r

42
dt2 + dr2

!
1 ≠ M

r

"2 + r2d�2, „ = ± M

r ≠ M

Monday 15 June 15

S`QT2`iB2b, J2i`B+ Q7 i?2 2ti`2K�H _2BbbM2`@LQ`/bi`QKc b+�H�` /Bp2`;2b �i rh = M c Bi
Bb mMB[m2c ?�B` rBi? i?2 +?QB+2 ± /m2 iQ i?2 /Bb+`2i2 bvKK2i`v „ æ ≠„X

<latexit sha1_base64="QqCkqDPrmljHulD9dMZTICX0JfM="></latexit>

Monday 15 June 15

h?2 F2v BM }M/BM; i?2 bQHmiBQM Bb BM i?2 +QM7Q`K�H BMp�`B�M+2 Q7 i?2 b+�H�` T�`i Q7 i?2
�+iBQM- gµ‹ æ e2‡gµ‹ �M/ „ æ e≠‡„ ∆ S„ æ S„ + #XiX
�b � +QMb2[m2M+2 Q7 i?2 BMp�`B�M+2

R = 0 UTm`2 ;2QK2i`B+ +QMbi`�BMiV

⇤„ = 1
6R„ ∆ ⇤„ = 0 U}`bi BMi2;`�HV

Monday 15 June 15

h?Bb �HHQrb iQ /2`Bp2 i?2 KQbi ;2M2`�H �bvKTiQiB+�HHv ~�i bQHmiBQM [Xanthopoulos &
Zannias'91]



MTZ solution Martinez, Troncoso, Zanelli'03 
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Lessons from above solutions

Two key ingredients that help to find exact solutions:

Pure geometric constraint (thanks to conformal invariance 
of the scalar field action). Restricts the allowed possible 
spacetimes

Scalar equation is simple to integrate

1

2

However the requirement of conformal invariance can be 
relaxed to ask for conformal invariance of scalar EOM.



Generalization of the action
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Geometric constraint from conformal EOM

1
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Geometric constraint comes from conformal 
symmetry of the scalar EOM, without conformal 

invariance of the scalar action. 
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Geometric constraint from conformal EOM
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Rotating solution Fernandes'23 
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No symmetry (but simple scalar EOM?)
EB, Charmousis, Hassaine & Lecoeur '23
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h?2 +�b2 #27Q`2 +Q``2bTQM/b iQ

W = ≠—e2„, Vk = 12—e2„, Z = ≠2⁄e4„≠2�, V = ≠–„, V2 = 4– = V4, V3 = 2–.

<latexit sha1_base64="/uqDlxKydb3tdr2a5RKStyQTbS4="></latexit>GQQF 7Q` i?2 bQHmiBQM

ds2 = ≠f(r)dt2 + dr2

f(r) + r2d�2, „ = „(r).



No symmetry (but simple scalar EOM?)

<latexit sha1_base64="h13O1UdTqxnf8wo9E22VSKPVU4I="></latexit>:Bp2 mT i?2 `2[mB`2K2Mi Q7 i?2 bvKK2i`B2b\
"mi +QMbi`m+i � i?2Q`v i?�i vB2H/b � bBKBH�` b+�H�` }2H/ 2[m�iBQM rBi? 7�+iQ`Bx�iBQMX

S =
⁄

d4x
Ô

≠g

;
(1 + W („)) R ≠ 1

2Vk („) (Ò„)2 + Z („) + V („) G + V2 („) Gµ‹Òµ„Ò‹„

+V3 („) (Ò„)4 + V4 („)⇤„ (Ò„)2
Ô

.

Monday 15 June 15

h?2 +QK#BM�iBQM Et
t ≠ Er

r = 0 +�M #2 7�+iQ`Bx2/,
C

„ÕÕ

(„Õ)2 ≠ 1
DC

r2W„ + 4 (1 ≠ f) V„ + 2frV2„Õ + fr2V4 („Õ)2
D

= 0,

T`QpB/2/ bT2+B}+ `2H�iBQMb #2ir22M i?2 TQi2MiB�Hb UbiBHH H2�pBM; j �`#Bi`�`v TQi2MiB�Hb �i
i?Bb bi2T Z- V �M/ W VX

Monday 15 June 15

6Bt i?2 TQi2MiB�Hb Z- V �M/ W bQ i?�i i?2 `2K�BMBM; k 2[m�iBQMb �/KBi i?2 bQHmiBQM
7Q` f = f(r)

EB, Charmousis, Hassaine & Lecoeur '23



Conclusions

Monday 15 June 15

Use symmetries of gravity theories to construct analytic solutions.

Monday 15 June 15

Shift symmetry of a theory leads to a conserved current.

Monday 15 June 15

Conformal symmetry leads to a geometric constraint.

Monday 15 June 15

General disformal transformation as a way to construct new 
solutions.


