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Landau paradigm of phase transitions



Berezinskii-Kosterlitz-Thouless phase transition

4

𝐻 = −
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⟨𝑖,𝑗⟩

cos 𝜃𝑖 − 𝜃𝑗

2D classical XY model with U(1) symmetry 

Mermin-Wagner Theorem:
No continuous symmetry broken phase at 
finite temperature in any 1D and 2D systems. 
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Key features of BKT transition
spin-spin correlation function characterizes the binding of vortex pairs 

above 𝑇𝐵𝐾𝑇,

𝜉(𝑇) ∼ e Τ𝑏 𝑇−𝑇𝐵𝐾𝑇 , 𝑏 > 0

𝐺(𝑟) = ⟨e−𝑖𝜑(𝑟)e𝑖𝜑(0)⟩ ∼ e−𝑟/𝜉(𝑇)

below 𝑇𝐵𝐾𝑇, 𝐺(𝑟) ∼
𝑟

𝑎

𝜂(𝑇)

spin stiffness 

𝜃(𝑟
⃗
) → 𝜃(𝑟

⃗
) + 𝑣

⃗
⋅ 𝑟
⃗𝜌𝑠 =

𝜕2𝑓

𝜕𝑣2
|𝑣=0

twist field 

𝑙𝑖𝑚
𝑇→𝑇𝐵𝐾𝑇

𝜌𝑠(𝑇) =
2

𝑞2𝜋
𝑇𝐵𝐾𝑇

a universal jump in spin stiffness 
D. J. Bishop et al., PRB 22, 5171 (1980)

specific heat

infinite order phase transition

𝐶𝑉 ∼ 𝜉−2(𝑇+)

Sara A. Solla et al., PRB 23, 6008(1981)



RG method and Mont Carlo simulation
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renormalization group

self-similarity RG flow for XY model

Monte Carlo method

limitations:

• information only near fixed 

points

• hard to handle multiple 

topological defects

Kosterlitz, Rep. Prog. Phys. 79 026001 (2016)

evaluations of 𝜋 errors reduced by Τ1 𝑁

limitations:

• finite size effect

• inefficiency in reaching the low-

energy phase space

• No sharp criterion for transition



Tensor network approach

to the 2D XY spin models



𝑉†𝑈 Λ𝑀 =
𝑀

e𝛽cos(𝜃𝑖−𝜃𝑗) = ∑
𝑛
𝐼𝑛(𝛽)e

𝑖𝑛(𝜃𝑖−𝜃𝑗)
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quantum entanglement: a powerful tool

𝑇
̂

|Ψ⟩ = Λ𝑚𝑎𝑥|Ψ⟩𝑍2𝐷 = Tr(𝑇
̂
𝑁), 𝐻

̂

1𝐷 = −
1

𝛽
ln𝑇

̂

𝑆𝐸 = −Tr(𝜌𝐿ln𝜌𝐿), 𝜌𝐿 = Tr𝑅|Ψ⟩⟨Ψ|

entanglement entropy

1D quantum correspondence 

expectational values

Key physical idea in our study



Uniform variational matrix product state
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mixed canonical form

variational approximation process

𝑇
̂

|Ψ(𝐴)⟩ = Λ𝑚𝑎𝑥|Ψ(𝐴)⟩ 𝑚𝑎𝑥
⟨Ψ(𝐴)|𝑇

̂

|Ψ(𝐴)|⟩

⟨Ψ(𝐴)|Ψ(𝐴)⟩

M. T. Fishman, L. Vanderstraeten, V. Zauner-Stauber, J. Haegeman, and F. Verstraete, Phys. Rev. B 98, 235148 (2018).



2D XY spin model: BKT transition
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𝜌𝑠(𝑇) =
2𝑇

𝜋

entanglement and thermodynamics

correlation properties

𝜉(𝑇) ∼ e Τ𝑏 𝑇−𝑇𝐵𝐾𝑇

𝑇𝐵𝐾𝑇 = 0.89326

𝑇 = 0.8 𝑇 = 1.0



Our works on various problems of 2D XY spin models

• Hybrid Berezinskii-Kosterlitz-Thouless and Ising topological phase transition 

in the generalized two-dimensional XY model using tensor networks

Feng-Feng Song & Guang-Ming Zhang, Phys. Rev. B 103, 024518 (2021)

• Phase coherence of pairs of Cooper pairs as quasi-long-range order of half-

vortex pairs in a two-dimensional bilayer system

Feng-Feng Song & Guang-Ming Zhang, Phys. Rev. Lett. 128, 195301 (2022)

• Two-stage melting of an inter-component Potts long-range order in two 

dimensions

Feng-Feng Song & Guang-Ming Zhang, Phys. Rev. B 107, 165129 (2023)

• Tensor network approach to the two-dimensional fully frustrated XY model 

and a chiral ordered phase

Feng-Feng Song & Guang-Ming Zhang, Phys. Rev. B 105, 134516 (2022)

• Tensor network approach to the fully frustrated XY model on a Kagome 

lattice with a fractional vortex-antivortex pairing transition

Feng-Feng Song & Guang-Ming Zhang, Phys. Rev. B 108, 014424 (2023)



Fully frustrated XY spin model 

on a Kagome lattice

F. F. Song & G. M. Zhang, Phys. Rev. B 108, 014424 (2023).



Antiferromagnetic Ising model on a Kagome/triangular lattice



When the magnitude of the local order parameter field is frozen and the external gauge field
makes half quantum flux per triangular plaquette, 

Phase coherence of Cooper pairs of Kagome superconductors

From the Ginsburg-Landau free energy density of superconductivity in the external gauge field, 

where

the phase fluctuations of the Cooper pairs is effectively described by 

J1 > 0 denotes a fully frustrated XY model.

The ground state has a massive degeneracy due to the presence of chirality degrees of freedom.



“q=0” pattern for J2 > 0 pattern for J2 < 0

Two periodic pattern of chirality as the possible ground states



For the model with a finite J2, there are domain wall excitations 

and 1/3 fractional vortex excitations in the low-temperature phase.



Proposed phase diagram for the general fully frustrated model

J2=0 corresponds to the disordered pattern of chirality. 



Simplified representation of various topological excitations

a charge neutral pair of 1/3 vortex and anti-vortex

The 1/3 fractional vortex or anti-

vortex is related to a cluster of 

three Cooper pairs, and their 

bounded neutral pair with 

algebraic correlation represents the 

phase coherence of the so-called 

“charge-6e superconductivity”. 



Tensor network representation of the partition function

The free energy density strongly 
depends on the cutoff of the Fourier 
transformation d.



Tensor network representation of the partition function

Duality transformation



Numerical results of the entanglement entropy



Numerical results of free energy, internal energy, specific heat



Correlation functions & numerical results at low T phase



Conclusion

 A tensor network approach is established for the 2D fully 

frustrated classical XY spin Kagome lattice model, and the 

partition function is written as a product of 1D transfer matrix 

operators.

 The eigen-equation of 1D  quantum operator can be solved by 

the uniform variational matrix product state algorithm. The 

singularity of the entanglement entropy provides a stringent 

criterion for various phase transitions.

 In the thermodynamic limit, we proved that the Kagome 

model exhibits a single BKT phase transition only, which is 

driven by the unbinding of 1/3 fractional vortex-antivortex 

pairs determined.

Thanks for your attention!



Fully frustrated XY spin 

model on a square lattice 

F. F. Song & G. M. Zhang, Phys. Rev. B 105, 134516 (2022).



Fully frustrated 2D XY spin model

𝐻 = −𝐽 ∑
⟨𝑖𝑗⟩
cos 𝜃𝑗 − 𝜃𝑖 + 𝐴𝑖𝑗

As a result of minimization of local interaction, new degrees of freedom are formed:

chirality 𝜏 = ±1

𝑞𝑖 = ±
1

2

max[∑cos 𝜃𝑗 − 𝜃𝑖 + 𝐴𝑖𝑗 ] 𝜃𝑎 = 𝜃, 𝜃𝑏 = 𝜃 + 𝜏
𝜋

4
, 𝜃𝑐 = 𝜃 + 𝜏

𝜋

2
, 𝜃𝑑 = 𝜃 − 𝜏

𝜋

4

checkerboard pattern like AFM Ising model

topological charge 

𝑍2 degenerate ground state 
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When the magnitude of the local order parameter field is frozen and the external gauge field
makes half quantum flux per triangular plaquette, 

From the Ginsburg-Landau free energy density of superconductivity in the external gauge field, 

where



Phase transitions with two different topological excitations
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S. Teitel and C. Jayaprakash, Phys. Rev. B 27, 598 (1983).

domain walls

-

+

-

+

-

+

-

+

+

- -- -

+ + +

+

-

-

+

+

-

+

-

+

-

-

+

-

+

-

+ finite energy per length

S. E. Korshunov, Phys. Rev. Lett. 88, 167007(2002).
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𝑇𝐵𝐾𝑇 𝑇𝐼𝑠𝑖𝑛𝑔

disordered

differ by at most 1-2%

≤

quasi-long-range order coexists 

with the long-range chiral order

?

controversial phase transitions



(2011)         FFXYsq                          MC (𝐿 ∼ 𝑂(103))            2tr, 𝛿 ≈ 0.025 𝜂 = 0.20(1)
(2019)         FFXYsq                          energy probability distribution zeros  1tr   𝜈 = 0.824(30)

Controversial phase transitions
There is not yet a general consensus on the critical behavior of the FFXY model. 

29Hasenbusch, et al., J. Stat. Mech. Theory Exp.(2005); Soichirou Okumura, et al, Phys. Rev. B 83, 094429 (2011); A. B. Lima, et al, J Stat Phys 175, 960–971 (2019).



Tensor network approach 
standard contraction algorithms fail to converge (e.g. VUMPS, CTMRG)
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(i) constrains only imposed within a cluster

(ii) non-Hermitian transfer matrix

Direct expansion on the original lattice

Splitting of 𝑈(1) spins

𝑍 = Tr𝑒−𝛽𝐻 = ∏
𝑖
∫
d𝜃𝑖
2𝜋

∏
⟨𝑖𝑗⟩
e𝐽𝑖𝑗𝛽cos 𝜃𝑗−𝜃𝑖 = ∑

𝑛𝑙

∏
⟨𝑖𝑗⟩
(−1)𝑛𝑙𝐼𝑛𝑙(𝛽)𝛿𝑛1+𝑛3

𝑛2+𝑛4(𝑖)

multisite VUMPS algorithm



Numerical results 

entanglement 

entropy
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𝜉𝐵𝐾𝑇 ∝ exp(
𝑏

𝑇 − 𝑇𝐶
)𝜉𝐼𝑠𝑖𝑛𝑔 ∝

1

|𝑇 − 𝑇𝐶|

finite bond scaling consistent with BKT and Ising transition

[Phys. Rev. B 105, 134516(2022)]



Numerical results

Specific heat & chiral order parameter 
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𝑇𝑐1 < 𝑇 < 𝑇𝑐2𝑇 < 𝑇𝑐1

correlation functions: 𝐺(𝑟) = ⟨cos(𝜃𝑟 − 𝜃0)⟩

phase diagram

Phys. Rev. B 105, 134516 (2022).


