Lieb-Schultz-Mattis anomalies and web of dualities
induced by gauging in quantum spin chains

Christopher Mudry !
Oemer Aksoy ' Apoorv Tiwari 2

Akira Furusaki @
T Paul Scherrer Institute, Switzerland
2 KTH Royal Institute of Technology, Sweden

3 RIKEN, Japan

Tuesday, August 9 2023

C. Mudry (PSI)

“Entanglement in Strongly Correlated Systems”

[m]

Lieb-Schultz-Mattis anomalies and web of dug

=)



@ Motivation and main results

C. Mudry (PSI)

Lieb-Schultz-Mattis anomalies and web of dug

[m]

=)



Definition
Consider the quantum spin-1/2 XYZ chain
Hyo:=dy (AX RN N &,11)
Jjen
o > (B8 8 a0, 8] 85+ A, 57 6F,2)
jen

with H,_, as domain of definition. Here,

@ periodic (b = 0) boundary conditions are imposed,

@ the lattice A is made of 2N = |A| sites with N even,

(1)

@ the dimensionfull nearest-neighbor antiferromagnetic exchange coupling
J1 2 Os

@ the dimensionfull next-nearest-neighbor antiferromagnetic exchange
coupling J, > 0,

@ the dimensionless anisotropies A,, A, A, > 0 in internal spin-1/2 space
are positive,

@ for every site j € A, the triplet of Pauli operators &; = &, obeys the
Pauli algebra, while these operator commute on different sites.
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Relevant symmetries
There are four symmetries of interest:
@ two of which are crystalline;
» translation generated by j — £(j) = j + 1 mod 2N for any j € A,
» reflection j — r(j) = 2N — j mod 2N for any j € A that leaves j = N
and j = 2N unchanged,
@ two of which are internal (on-site);
» global rotation rX by 7 about the x axis in spin-1/2,
» global rotation r¥ by = about the y axis in spin-1/2.
The space group is

Gspa = Z[2N A Zé: (23.)
Z;NE{t, 2, o, BN fZNEe}, Zgz{r, rzze}, (2b)
rtrt = 2N (Zby is @ normal subgroup of Gyp,). (2¢)

The global internal symmetry group is
Gine = Z X ZQ (3a)

75 = {r;, (r)? = e}, 7 = {n{, (r)? = e}. (3b)
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Quantum mechanical representation of G, = G, x Gy,
The quantum mechanical representation of the symmetry group

G = G, X G,

ints (4)

spa

on the 22N-dimensional Hilbert space Hp_o is the group isomorphism defined
by

2N— R N—1 1
H § %)) o U=1135 (Lrtb , T &r(n) , (53)
j=1 j=1
2N 2N R R 2N
H Uy=1]8/, U:=(D"UsU, =]]67  (6b)

While the global representation of the Z x Z group in Eq. (5b) is a group
isomorphism, it is locally projective due to the Pauli algebra

sX oY
%

forany j € A.
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Translation LSM Theorem is applicable

Theorem (Translation LSM)

Consider a one-dimensional lattice Hamiltonian with the symmetry group

Gy = th/\\ x 7% x 7, where the subgroup Z\t/\| generates lattice translations
and the subgroup Z% x Z% generates internal discrete spin-rotation symmetry.
If the unit cell with respect to the translation symmetry Zf/\l hosts a
half-integer spin representation of Z% x Z4, then the ground states cannot be
simultaneously gapped, non-degenerate, and G,,,-symmetric.

Definition (Translation LSM anomaly)

When Theorem 1 holds, we say that there is a translation LSM anomaly.
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Reflection LSM Theorem is applicable

Theorem (Reflection LSM)

Consider a one-dimensional lattice Hamiltonian with the symmetry group

G = Z5 x Z x 72, where the subgroup Z5 generates site-centered reflection
and the subgroup Z% x Z3 generates internal discrete spin-rotation symmetry.
If each reflection center hosts a half-integer spin representation of Z3 x zg ,
then the ground states cannot be simultaneously gapped, non-degenerate,
and G,,,-symmetric.

Definition (Reflection LSM anomaly)

When the reflection LSM Theorem 2 holds, we say that there is a reflection
LSM anomaly.
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Phase diagram (J = J,/J; and A, = 1)

The constraints from the translation and reflection LSM theorems are fully
consistent with the phase diagram (Haldane 1981, Mudry et al. 2019).

Indeed, all gapped ground states in the phase diagram

break spontaneously G, if finitely degenerate.
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LSM anomaly versus mixed 't Hooft anomaly

Remark (LSM anomaly versus mixed 't Hooft anomaly)

The translation LSM and reflection LSM Theorems (anomalies) have been
interpreted as the presence of a mixed 't Hooft anomaly between crystalline
symmetry groups, either Z5,, or Z5, and internal symmetry group Z5 x Z3
(Cheng et al. 2016, Cho et al. 2017, Jian et al. 2018, Else et al. 2020, and
Cheng et al 2023). Accordingly, one cannot gauge the full internal symmetry
group G;,., while maintaining the space group G,,. However, a
non-anomalous subgroup H;,, € G, can still be consistently gauged.

nt

Question: What happens if we gauge the symmetry group 73,
which is the diagonal subroup of Z} x Z§?

It turns ou that the there are two ways to gauge the symmetry group Z3:
@ Kramers-Wannier (KW) gauging,
@ Jordan-Wigner (JW) gauging.

C. Mudry (PSI) Lieb-Schultz-Mattis anomalies and web of dug 9/52



Main result for Kramers-Wannier (KW) gauging: KW duality

Set

AEAy/AX, AZZO, 0§JEJ2/J1S1/2

Majumdar-Ghosh line Majumdar-Ghosh line
Dimer doublet DY doublet
™ I
= =
—\
Vi = Vv
~ ~
Vi 1
o =)
[INeel”)* | [INeel?)* | [PM) |SPT)
L . | .
0 < tanh(A) < T 0 < tanh(A) < i
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Main result for Jordan-Wigner (JW) gauging: JW duality

Set

AEAy/AX, AZZO, 0§JEJ2/J1S1/2

Majumdar-Ghosh line Majumdar-Ghosh line
Dimer doublet BDO
™ I
= =
—\
Vi = Vv
~ ~
Vi 1
o =)
[[Neel") 7] [INeel’) ] [[Kitacv) | [ IKitaey) |
L . | .
0 < tanh(A) < T 0 < tanh(A) < i
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e Triality of Z,-symmetric bond algebras on a chain
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Outline

Starting from Z,-symmetric quantum spin-1/2 XYZ chains defined on the
lattice

n={i] =1 2w}, ™
we are going to gauge the global Z, symmetry in two ways.

@ The first way delivers a bosonic bond algebra with global Z,-symmetry
that is supported on the dual lattice

L1,
/\*=:{/*E/+2’/e/\}, (8)

i.e., the links of the lattice A.

@ The second way delivers a fermionic bond algebra with global Z,
fermion parity symmetry that is supported on the lattice A.

We will then establish a triality between all three bond algebras, i.e., any pair
of the three bond algebras form dual pairs provided appropriate consistency
conditions are imposed.
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The bond algebra B, with b =0, 1

The Hilbert space is

5 —is?\" } on
Hp = span ®<12]> [ 1) | n=0,1, Gi M =11); ~C*, (9a)

JEN

where
67 67 =5 Ty, +ic*™ 57, [&,‘*,Af]_o, i<jen, (9b)

with the symmetry twisted boundary conditions
U/+2N - ( 1) ) &;/+2N = (_1 )b &jyv 6-j'z+2N = 6_\/2 (90)
The bond algebra
%bz<&f7 51 6% ’je/\>, (10)

is spanned by all complex-valued linear combinations of products of the generators 67
and 6} 6}, forany i,j € A.

It is invariant under the global internal symmetry group 73 generated by U,;T.
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The extended bond algebra B, ,, with b, b’ =0, 1

The extended Hilbert space is the tensor product
Hop = Hp @ Hy
with

AN }
Hy = span ¢ (X) T] [ D | e =01, 75 [ D) = [ 1)y p =

j* e
where

AL =0Ty, i AL, Al =0, I <jen,
obey the symmetry twisted boundary conditions

X b Ax Ay b Ay ~Z ~Z /
Foon = (=1)" 7, Flon=(1)"F., Fan=7%, b =01
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The extended bond algebra

, je/\>, (12)

N =

_ [ Az AX AZ AX w o
DBppr = <Uj, Oj Tjx Ot =7+

is spanned by all complex-valued linear combinations of products of the generators 67
and 67 7% 67, forany i,j € A

It is invariant under the local internal symmetry group generated by the local Gauss
operators

A AX ~Z AX A .
Gb,b’;[ = 7'/'*,1 O'j 7'/* = Gb,b’;j+2N7 j (S A. (13)
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Projection to the gauge-invariant states spanning H,’

Physical states are defined to be those states in H,, ,, that are eigenstates of all local

Gauss operators with the eigenvalue one. There exists a unitary transformation Ub,b'
such that

~ ~ T ~ ~ T
Ub,b’ 6'1)( (Ub,b/) - AJ)'(, Ub,b’ 6’12 (Ub,b’) - ’f'l')i_1 &lz ’7/;/)1, (14a)
~ ~ T ~ ~ T
Ub,b’ 7’3)1 (Ub.b’) == 7’3)17 Ub,b’ ’f'lz* (Ub,b’) == &IX 7’=ﬁ &f+1, (14b)
and :
Ub’bl Gb,b’;j (Ub,b’) - AI'z, j < /\ (14C)

After this unitary transformation, the physical subspace is the 22N-dimensional
gauge-invariant subspace

HB; = ﬁb,b/;G Hb,b’ C Hb,b/, (15a)
where
~ 1 [~ ~ PN
Powc =115 {1%7, + U Goproj (Ubr ) ] : (15b)
jen
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The KW dual bond algebra B,
The 2N ftriplets of projected operators

- 11 ~ - -
AXV — ~X
Y =Py g [U,, o 7 (Do) ] Py o = Powic T Posigs
- - 17 ~ ~
AY Vo ~Y —
#Y =Py [Ub o 677 651 Uy } Posric = Pobric 7 Pobria: (16a)
~ - ~ 1 ~ ~ ~
~AZV AX AZ AX _ ~Z
Tjx = ThbG [Ub,b’ 9} Tjx Tj+1 (Ub,b’) } Pobr: = Poprc T+ Popric

realize a Pauli algebra on the Hilbert space 7—[ that is isomorphic to the Pauli algebra (11c) on
the Hilbert space #,,. This implies that the proleotlon to H,; of the bond algebra By b delivers

the KW dual bond algebra

) n n 15 ~ A * *
By =Py [Ub,b’ By (U ) } Poa = (R4 71, ren).  (teb)

This is the bond algebra of operators that are symmetric under the dual ng symmetry with the
generator
Uy = [ #Y (16c)
JFEn*
of the global rotation by 7 about the z axis in internal spin-1/2 space attached to the dual lattice
A*.
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Consistency conditions for the KW duality
The pair of operators

(87, #RLa8Y) (17a)
and the pair of operators
(67 6f0s  #3Y) (17b)

N 2N ;o
f=0:. I (%}&1 +/§V) =(=1)? 1%;’) (18a)

and the pair of operators
2N b N v
AX A X T ~Z .71
IT(sf ofr) = (=105, TI#H" =02 (180)

each form a dual pair, respectively. The duality between the bond algebras (10) and (16b) holds only on the 22N=1_dimensional
subspaces

1

=~ /o~ 1~ -~
bt = [l“b +(-1"' 0, ] Ho M pp=5 [1,” +(=1)° U,%] Hy (19)

H z
K b/

of 22N_dimensional Hilbert spaces H, and H;;, , respectively. This duality between the bond algebras (10) and (16b) acting on
Hilbert spaces Hb_( 1)1;/ and Hl\;,_ (—1)b respectively, is nothing but the Kramers-Wannier (KW) duality with symmetry twisted
boundary conditions.
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The extended bond algebra %b s with b, f = 0,1
The extended Hilbert space is the tensor product

Hy = Hp ® Hy (20a)
with
IBA‘* - 1&/* nj* ﬁ,\-* +1&/* 2N
Hf:_span{|:ll_‘[ (2 0) | m. =0,1, T|o>:o >~
j*e/\*
(20b)
where

{am.6p}={B0. 8} =260 o To s {a. B} =0 injren, @00
obey the symmetry twisted boundary conditions
PN PN N PO AN .
djeon = (Pe) ajr (1) =(=0'aj,  Bpron=(Pe) B (BL) = (=1 B (200)
Here, we have introduced the global fermion parity operator

Pe= TT (B a5+) (21a)

j*EN*

that generates a 22N-dimensional representation of the cyclic group

75 = {pr, (pr)? = &} (21b)
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The extended bond algebra
— [/ Az AX (B A AX o . 1 .
%b,f:<a/.7 O'j (16/'* O‘j*)aj+1 ) J ::_/‘1'57 _/EA> N (22)

is spanned by all complex-valued linear combinations of products of the
generators 57 and &7 (i Aj* & ) 6/ foranyi,jen.

It is invariant under the local internal symmetry group generated by the local
Gauss operators

be/ =ifu 16784 = Gypjion:  JEN (23)
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Projection to the gauge-invariant states spanning H;’

Physical states are defined to be those states in H, ; that are eigenstates of all local

Gauss operators with the eigenvalue one. There exists a unitary transformation Ub,,
such that

=~ ~ A\ ~ ~ \t .4 aZ A
Uy 6] (Ub,f) =6, Up,r 6 (Ub,f) =iBj_1 67 byn,
e N N (24a)
Up,1 Bj« (Ub,f) = B 6111, Up, 1 G (Ub,l> =6} Gyr ,
and
~ o~ ~ t, .
Ub,f Gb,f;]‘ (Ub,f) =0y, JES] A. (24b)
After this unitary transformation, the physical subspace is the 22N-dimensional
gauge-invariant subspace
H = 'Bb,f;c Hor C Ho,ts (25a)
where
- 1 [~ ~ ~ N\t
Poia: =115 [n,{b,b/ + Un,s Gy (Unr ) ] : (25D)

JjEA
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The JW dual bond algebra 3,
The 2N doublets of projected operators
A -~ ~ I ~ \1] =~ ~ N
Bt = Pyra |:Ub,f (5/'* fff+1) (Ub,l) } Po.tc = Po,r.c B Pora>
(26)
&jy = Porc |:Ub,l (‘7/ G ) (Ub f) } Porc = Porcjr Pora

realize a Majorana algebra on the Hilbert space 7, that is isomorphic to the Majorana algebra
(20c) on the Hilbert space #;.

We also find that the projection to HfV of the bond algebra B, , is the JW dual bond algebra
B = (i &y, B4 ’je A (27a)
which is the algebra of operators invariant under conjugation by the generator

P = H (1 /v fv) (27b)

jen

of a global fermion-parity symmetry ZS.
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Consistency conditions for the JW duality
The pairs of operators

(67, 8 &) (28a)
and X X AV Y
(&/- &%, 1Bl & ) (28b)

each form a dual pair if and only if the pairs of operators
2N N 2N N
o =0z, 108 &) =R (28c)
j=1 j=1

and

J=1 J=1

2N 2N
JO PN b= f+1 5
(H (0/)-(0';(+1) = (=1°1y,, H(lﬁ/+1a ) = (1) P, ) (28d)
each form a dual pair, respectively. The duality between the bond algebras (10) and (27) holds only on the 22N=1_gimensional

subspaces

1 [~ b1 7y v = b+f+1 5V v
Hp (—ypri+1 = 5 [lnb +(=1 U,fr] Hpr  HyCppiret =5 [17{{\/ +(=1) Pr ] M (299)

-

of 22N_dimensional Hilbert spaces Hb and H, , respectively. This duality between the bond algebras (10) and (27a) acting on

Hilbert spaces Hb; (- 4 and H/; (—1)bH+1 respectively, is nothing but the Jordan-Wigner (JW) duality with symmetry

1yb+i+
twisted boundary conditions.
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Triality of the bond algebras 3, B By
By
B, B,
/ \2 Vv
(f, &%, b) My (e My, (—1pp My
1 T D 1 T v \2 1 T v vV
(0,1,0) E(LﬂffPF) H, 1 IHI;I/+U,7Zr Hy é(lﬂbv - r%)Hb
1 (5 B 1 (7 _ v v 1 (5 v v
(0,0,1) 1 (17*/ + F) H, 1 lﬂbv/ Uy |y 3 (jl%v + fﬁ) Hp
1 T B 1 T v \2 1 T v \2
(1,0,0) z (IH, + PF) Hy 3 lq.tby tUz | Hy H (1Hbv + r,zr> Hp
1 T D 1 T v Vv 1 T v vV
111 2 <1Hf - PF) Hy 2 lab\{ —Uz | Hy 2 (1715/ - r,{) Hp
=] = = E =
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0 LSM anomalies and triality
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KW dual of the LSM anomaly

To study the fate of the translation and reflection LSM Theorems under KW

duality, we choose b = b’ = 0 so that periodic boundary conditions are
imposed.

Space group and global symmetries need to be dualized. One finds

2N-1

N
Uy = I1 %(iHbv,:ﬁ%y-ﬁg*)), Uy =] %(iwzo++,¥-+,(vj*)),
j=1 j=1 0
for the space group and
N N 2N
L | AT | C A RS | (A
j=1 j=1

for the global internal symmetry group.
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The action of G/, on G.", is now non-trivial as it is given by the composition

spa int

rules
TV 17V AvT TV TIVTIV (11V T_’\v 32
t Yo t =U, t Ye t =U, (32a)
TV 17V Av]L v TIvVTIV (11V Ti”\v %h
r Y% r = Ue s r Ye r — Y% - (3 )

In other words, the dual symmetry group
Gtgt = Gsvpa X GiXt (33)

of the Hamiltonian ,‘fIbY:O in the bond algebra (16b) with b’ = 0 that is dual to
the Hamiltonian H,_, in the bond algebra (10) with b = 0 is a semi-direct
product of crystalline symmetries G/, and internal symmetries G,

spa int*
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One observes that the two LSM Theorems 1 and 2 do not apply to the dual
symmetry group G-

Proof.
This is because the local representation of G,), is not projective, unlike that of
G, .. Ll

nt

We further note that while being isomorphic to G
symmetry group G, is such that

spa

the dual crystalline

spa

v acts

nt

~ \2
on-site is associated with the generator (U,V) of translations, i.e., it is

@ the “natural” unit cell on which the internal symmetry group G

twice that of the unit cell associated with the generator U,V of
translations,

@ the operator U,V acts as a link-centered reflection on lattice A* such that
there are no invariant unit cells.

Both properties can be interpreted as a trivialization of mixed anomalies
between internal and spatial symmetries under the gauging of a subgroup of
the internal symmetries.
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In anticipation of the discussion of the phase diagram of the quantum spin-1/2
XYZ chain, we close this discussion by focusing on the reflection symmetry
subgroup Z} of Gy,

spa*

As a consequence of the underlying LSM anomaly, the Abelian group
Zh x L5 x 7% (34a)

formed by the subgroup of reflection symmetry Z7 together with the group of
internal symmetries G,,, = Z% x Z} is mapped to the non-Abelian dihedral
group of order eight

. 2 2 _ 2 _ —
Dg := {r, r-= e} X {e, ry, r, | () =) =e rr,=r, ro}
= {e, a &, a,r ra ré, ra3‘ a=rr,a'=r*=e, rar:ras},
(34b)

after gauging the diagonal subgroup Z3 C ZJ x Zg by KW duality.
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JW dual of the LSM anomaly

Having set b = b’ = 0 for the KW duality, triality of the bond algebras enforces f = 1.
However, we will consider the generic case of f = 0, 1.

The extension of the crystalline symmetries on the Hilbert space #,, ; are obtained by
demanding the covariance of the local Gauss operators under translation and
reflection. We thus define the unitary operators

o= (i0a0) 11 & [(3 - i) (67 - ai)]. 350
2N
0 = (iBaw i) Il 75 (T + 84 (35b)

where the globgl fermiog parity P’ takes the form (27b). For any j € A, conjugation of
& and B,-V by U,’s and U,’; implement the maps

& = (D) Gy, B e (1) B, (362)
& (=) By B e —(=1) e g, (36b)
respectively.
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In the fermionic case, reflection is not an order two operation. Instead, one verifies that

~ 2 ~
(U,Y,) - (37a)
Similarly, translation is not an order 2N operator if f = 1, instead
~ 2N ~ f
(Oo)" = (P) (37b)
This leads to a mixing of crystalline symmetries with the fermion parity. We denote the

crystalline group obtained after JW duality as Gy -

What is the relation between the JW dual Gsvp;iF and the KW dual GYP.J?
The JW dual GSVP;F is obtained by the central extension of the KW dual Gy, by fermion
parity Z5 specified by the short exact sequence

0 — Z5 — Ga — Gapa — 0, (38)

with the extension class [;] € H*(Gy,, Z5) and the extension map

rYf(r7 r) = Pr, ’Yf(ta ) tb) = (pF)f [(arb)/2N] ) rYf(r>t) = (pF)f ) (39)

where pr was defined in Eq. (21b) and | -] is the lower floor function. All other maps
can be derived using these relations and the cocycle condition for ;.
Having defined the crystalline symmetries, we now turn to the internal symmetries.
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Under the JW duality,

N
Oy =165 0% — O =] (1051 B3) (40a)
L1 =
~ IN ~ N N
O, =164 0% 0 = T (51 a3). (40b)

j=1 j=1

The pair UOV and LA/ev of dual internal symmetry operators compose to the
fermion parity operator, R R
uyuy =~pr. (40c)

The pair of operators UOV and Uev generates a 2°N-dimensional
representation of the internal symmetry group

Gy =73 x Zs, (412)
with
z={r, (nP=e}, z5={r (LP=e}. (41b)
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The generators (35) of the dual crystalline symmetries act on the operators U, and
U." according to the composition rules

oy oY (U[\/)T — (=1 T, AT (U,V)T — (=1 T,
OO (0) =Dy 0O () =T, @)
0B (0) =R, 0B (0) =R

The total symmetry group G.;" is obtained by taking the semi-direct product of Gy
and Glan together with coseting by the fermion parity group Z5 defined in Eq. (21b),
ie.,

Gu" = (Gy w6 /74, (43a)
Here, the semi-direct product Gy, x G;;" is specified by the action

trt™"'=r., rrrt=r,

trt ' =r,, rrrt =n, (43b)

tppt ' =pr,  rper' = pr.

of dual crystalline symmetry group Gspa on the dual internal symmetry group G,nt .
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We emphasize that the structure of G,.;" is different from GY, in Eq. (33)
obtained via the KW duality.

More precisely, under the JW duality the resulting dual total symmetry group
G is assembled from the crystalline Gy, and internal G, symmetry
groups using a nontrivial central extension in addition to the semi-direct
product structure.

In contrast, the dual of G, under the KW duality is a semi-direct product of
the crystalline and internal symmetry groups.

Finally, one observes that the two LSM Theorems 1 and 2 do not apply to the
dual symmetry group G,;*. This is because the local representation of G.""

nt

is not projective, unlike that of G, ,. As was the case with the KW dual G,Y,, the
trivialization of mixed anomalies between internal and spatial symmetries
under the JW gauging of a subgroup of the internal symmetries can be

attributed to a doubling of the natural unit cell for the dual internal symmetries.
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° Triality and the phase diagram of the quantum spin-1/2 XYZ chain
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Phase diagram of the quantum spin-1/2 XYX chain
We start from

m - AX NN 5Z 5Z
Hp_o =, Z (Axaj G+ 4, 7 Ojt1 + A, 65 0j+1)

J
JeA
AX A AY Ay AZ AZ
+p D (Ax 0 Ojra + By 6j Gj,p + A, 5 Uj+2) :
Jjen

Its zero-temperature phase diagram has the exactly soluble points

<1

()

Majumdar-Ghosh line

0 < tanh

C. Mudry (PSI) Lieb-Schultz-Mattis anomalies and web of dug
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Reduced coupling space
The reduced coupling space is defined by
0<A=A,/A,, A, =0, 0<d=d,/d; <1/2 (45)

The corresponding zero-temperature phase diagram is

At (A, J) = (0, 0), the two degenerate ground states are

[NeelX) = | =, «=, =, <=, -++), [Neell) i= |+, —, <=, —, -+ -).
Majumdar-Ghosh line (46a)
At (A, J) = (o0, 0), the two degenerate ground states are
8 INeely) := |7, o, Ay oy -o0) INeell) = |/, 2 7 A )
vi (46b)
A
Vi
°© Along the MG line (A, J) = (A, 1/2), the two degenerate ground states are
N N
= ° - [Dimer,) := @) 1[2/ — 1,2]]), [Dimer,) := @) [[2/,2 +1]) . (46c)
0 < tanh(A) <1 j=1

j=1
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Correlation functions

These ground states are distinguished by the non-vanishing expectations values of the order

parameters

~

OI(\)IeelX = Z( 1)I+1 AX (473)
~ 1 i1 .

Reer = 5 Z(—nf+1 &/, (47b)
ST 1L

Odimer = N Z(_1) g a’/ : aj+17 (470)

respectively. The order parameters for the Neel, and Neel, phases are odd under Drz symmetry,

while the dimer order parameter is even. In other words, the order parameter for the two Neel
phases do not belong to the bond algebra (10) and do not have an image in the dual bond
algebras (16b) and (27). For this reason, it is more convenient to define the operators

C. Mudry (PSI)

X e AX AX
Jin =67 Ofin (48a)
o 2SN
Cien =97 Fjim (48b)
~ 1., .
Dj = 3 G Gy (48¢c)
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Phase diagram of KW dual to the quantum spin-1/2 XYX chain

The KW dual to Eq. (44) is

Hyoi=di > [BcF2Y — A, (FEY 22V #5Y)) + B, (71 75Y0)]

j*e/\*
oy Y [AGRY AR Ay (R ARV ) (1Y AR A )
l‘*e/\*

O, (R ) (Y )]
(49)

with the domain of definition 7,;_, defined in Eq. (15a).
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Reduced coupling space

On the reduced coupling space (45), the corresponding zero-temperature
phase diagram is

At (A, J) = (0, 0), the non-degenerate ground state is

[PM) =[], -, 1),

Majumdar-Ghosh line %/iv Mo D= — o0, e At (50)
At (A, J) = (o0, 0), the non-degenerate ground state is defined implicitly by
Q
7 AV ARV AR ISPT) = 4+ [SPT),  j* € A, (51)
S
o SPT Along the MG line (A, J) = (A, 1/2), the four degenerate ground states are
D=1, =24 be, ), (52a)
= TS =1 I 12) = |4, 4, =, 4, 4, =, ), (52b)
By == 4, &= b b ), (52c)
[4) = |+ = b= b =04 (52d)
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KW duality holds only after imposing the consistency conditions

Majumdar-Ghosh line Majumdar-Ghosh line

Dimer doublet Dy doublet
o o
= =
Vi = v
~ ~
Vi Vi
o - 4
[INeel)* | [INeel”)* | |PM) |SPT)
| . |

0<tanh(A) <1

0 < tanh(A) < 1

=] =
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KW dual correlation functions

The correlation functions (48) KW dualize to

j*+n—1
XV o, ~ZV
=TI =Y. (53a)
L=j*
J*+n—1
AYV L AXV  AXV ~ZV AXV AXV
Gl jin = Tjx 21 T H T | Tirn=1Tjr+nm (53b)
o=j*
~ 1
Vo AZV _ AXV 2ZV aX AXV
Dj = 5 (Tj* T T Tjx o Tjx +1 +T* j*+1) . (530)

We observe that operators C]XI nand C] in defined in Egs. (48a) and (48b), respectively, dualize

to non-local string operators, while the local operator f)/ defined in Eq. (58c) remains local after
dualization.

C. Mudry (PSI)
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Phase diagram of JW dual to the quantum spin-1/2 XYX chain

The JW dual to Eq. (44) is

gV . AV AV SAV A AV AV AV AV
Hly=d > (AX B4 & + Ay B G + A, Bf B & aj+1)

JjeN
<k 54
AV AV AV AV AV AN AV AV
+d D (Ax Bt Bive & Gjiq + By &1 &y2 B By (54)
j=1

AV AV AV AV
+ A, B B2 ij+2)7

with the domain of definition #, ; defined in Eq. (25a).
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Reduced coupling space

On the reduced coupling space (45), the corresponding zero-temperature phase diagram has three gapped phases, each of

which is controlled by the fixed points:

@ At(A,J) = (0, 0), the non-degenerate ground state is defined by

131\/ dé/N |Kitaev) = 4 |Kitaev) ,

iéj\:_1 &/-v |Kitaev) = — |Kitaev) , j=1,--- 2N —1.
@ At (A, J) = (o0, 0), the non-degenerate ground state is defined by

iBng &1v |Kitaev) = 4 |Kitaev) ,

iB &4 [Kitaev) = — |Kitaev), j=1,--- ,2N—1.

@ At(A,J) = (1,1/2), the two degenerate ground states are

L

N
o R ) 1
|B0nding0v) = |:/| | 7 (0511 + szj T) |0}, |Bondmgev> = I:/l | 7 (szj Ty

j=1 =1

where the complex fermion operators are defined as

N 1 A . 1 A
gVt .= E(z:vv —i /vv), & = 5(ozly +1ij).

Lieb-Schultz-Mattis anomalies and web of dug

VT
Gj1

)| 10,

(85)

(56)

(57a)

(57b)
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JW duality holds only after imposing the consistency conditions

Majumdar-Ghosh line

Majumdar-Ghosh line

Dimer doublet BDO
N N
= s
Vi = v
~ ~
Vi v
S - S)
[INeel’) 7] [INeel’)7] [IKitaey) | [ IKitaey) |
" T ® u = ® u

C. Mudry (PSI)
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JW dual correlation functions

The correlation functions (48) JW dualize to

j+n—1

Clitn= 1 B af (58a)
=
j+n—1

c{jin =[] i8/ &1, (58b)
=

—~ 1 /.4 R A VIR
D=3 (15111 &) +iB) &y + By By &y a,v+1) . (58¢)

As was the case with the KW dualization, we observe that operators C/X/+n and éj’Hn defined in
Egs. (48a) and (48b), respectively, dualize to non-local string operators, while the local operator

5]. defined in Eq. (58c) remains local after dualization.

C. Mudry (PSI) Lieb-Schultz-Mattis anomalies and web of dug 47/52



e Triality with open boundary conditions
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KW dual to the quantum spin-1/2 XYZ chain with OPBCs

The Kramers-Wannier dual of the Hamiltonian (1) when open boundary conditions are
imposed in the reduced coupling space is

2N—1 2N-2
v _ AZV AZV  AXV ZV AXV AZV
H; = Tj+1 A 7'1+1 Toyl + § : +‘ / +1 T+ +TZN 2+ Tan—14]
j=1 %
2N-2
AZN AZV AZN AXV AXNV AZV aAXV
T4 T A (75T T TS T
I (Fiyiay) (s 2)
= (59)
2N-3
+ ,;\_ V%Z\/,}\_X\/ ,}\_X\/,}\_Z\/ AXV
- =3 g T3 ) it T3 T3
j=

+ AXV AZV AXV AXV AZV
Tan—3+} Ton—2+3 Tan—1+3 ) \Tan—2+] Tan—14}

Evidently, the dual of the Hamiltonian (1) when open boundary conditions are imposed
is not the Hamiltonian (49) when open boundary conditions are imposed.
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JW dual to the quantum spin-1/2 XYZ chain with OPBCs

The Jordan-Wigner dual of the Hamiltonian (1) when open boundary conditions are
imposed in the reduced coupling space is

2N—-1
Foo =Y (B a/ir +0ia) By )
j=1

(60)
2N—-2 R
07 (B Bla g iz + D6} G Bl Bla)
j=1
If we do the unitary transformation
B = +a, & — —py, (61)

we recover Hamiltonian (54) in the reduced coupling space with open boundary
conditions.

The two-fold degeneracy of the Neel, or Neel, phases is now interpreted by the
existence of a single Majorana zero mode localized at the left and right ends of the
open chain.
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e Summary
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Summary

Majumdar-Ghosh line

Dimer doublet

<
4
~
\
o
[INeel)* | [INee’)* |
= 0<tanh(A) <1
Majumdar-Ghosh line
Dimer doublet
I
=
i
~
i
o
‘ [Neel®) ‘ ‘ |Neel?) ‘
.

0 < tanh(A) < It

1

1

Majumdar-Ghosh line

<12

0 < tanh(A) < i

Majumdar-Ghosh line

<1/2

[IKitacv)

=

0 < tanh(A) < It

Lieb-Schultz-Mattis

52/52



	Motivation and main results
	Triality of Z2-symmetric bond algebras on a chain
	LSM anomalies and triality
	Triality and the phase diagram of the quantum spin-1/2 XYZ chain
	Triality with open boundary conditions
	Summary

