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Majorana fermions

o Particles that are their own antiparticles
oyl =7aand 2 =1

o All known fermions of the Standard model are Dirac fermions
o ... except, perhaps, neutrinos
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Majorana fermions

©

Particles that are their own antiparticles
o vl =72 and 72 =1

All known fermions of the Standard model are Dirac fermions

©

o ... except, perhaps, neutrinos

o But in condensed matter

o excitations can appeas a Majorana bound states
o obey non-Abelian statistics Read and Green, PRB 2000; Kitaev, Uspekhi 2001;
Stern, Ann.Phys. 2008.

©

Quantum error corrections Kitaev '20
o Majorana fermions are ”intrinsically immune to decoherence”
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A chain of non-interacting Majoranas

Majorana chain:

H=it Z YaVa+1
t —t —t t _t _t__t
N [l e el el ]
a

B U U LIty

Kitaev ’20
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Majorana vs transverse-field Ising chains

Majorana chain:

H=it) Yarar
a
Yoj = Kjos e = Koy ey = ios; Ky = H O

h J
Uz’@ Q—Q O
W OO HEoooo

Transverse field Ising model:
H = Z Jojoi, + hoj
J
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Scope

o Interacting Majorana chain
o Ising
o Floating
o No generalized C-IC transition

o Interactions + Disorder
o Resilient infinite randomness

o Competing interactions
o 91 phases
o 8-vertex criticality
o Emergent particle-hole symmetry
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Interacting Majorana chains



BN
The model

Majorana chain:

H=it Z YaYa+1 — 9 Z YaYa+1Ya+2%a+3
a a

----------------------------

______________________________



The model in terms of Pauli matrices

Majorana chain:

H =it Z YaYa+1 — G Z YaYa+1Ya+2Ya+3
a a

____________________________

_____________________________

’)/a ””””””””””””””””

W=D [-Jofol,, —hoi +g(oi0s,, + 0FoT,)]

Ry 8
O 000000
o; g
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Duality



Duality

. x T z T T z __Z
H = g ofoi 1+ hoi +g(ofof o+ 0707 1)

)

Kramers—Wannier duality transformation:

T _r =z, Z _ ~T~T
0;0;4+1 = 0y 0; =0;0,41

H=~h ~ T~ +l~z+g(~ ~ +~z~ )

- 0;0i4+1 hUi h 0; 042 0; 0441

o Duality: h — h~ ! and g — g/h
o h =1 is a self-dual line

o up to boundary terms
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Previous studies



BN
Starting point

H = JZanerl—l-hZaf

+9 Z(Ufaf%z +070i41)

1

o Ising transition at h = J




Previous studies

_ xr T z xr T VA A
H = E 0; 041 — E 0y —g E (0f0iio+0i0i1)

/d)

gapped
4-fold

Ising+LL  lsing (free MF)
- c=3/2 c=1/2

-2.86
///'

generalized
\ C-IC

-0.28 0
/

Lifshitz TClI
z=3 c=7/10

Rahmani, Zhu, Franz, Affleck, Phys. Rev. B 92, 235123 (2015);
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Previous studies
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H= JZU%”J?’H tho*f
) 7

+9 Z(Ufffﬁtz +oioi1)
h=J
o g < 0.28 Ising phase
0 0.28 < g < 2.86 Ising+LL
o g > 2.86 gapped, 4-fold
degenerate

Rahmani, Zhu, Franz, Affleck, Phys. Rev. B 92,
235123 (2015)

see also Milsted, Seabra, Fulga, Beenakker, Cobanera
Phys. Rev. B 92, 085139 (2015) with g¢ ~ 5.
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Majorana chain: an extended phase diagram

35 T T T
i
i
3k * TCI 1
25 7
=0
£ Zs- period-2
& 21 =
1.5 F
Kosterlitz-Thouless
Ke=1/4
1k
Floating-1
0.5 K°c=1/2

0 0.5 1 1.5 2

NC, Laflorencie, SciPost Phys. 14, 152 (2023)

H:JZUfJfH—hZUf
i i

+ QZ(UfUz‘erz +oioi1)

(2

By looking away
from the self-dual line h = 1
we can understand better the
critical properties along it!
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Z5 phase

35 ‘
3 |
H= Zafaf_,_l — hzgf
2.5 7 [
+ QZ(Ufow +070741)
s 2 @
s Z5 phase:
o Topologically non-trivial

hJ_h_J_h_J __h
Ya [ el e el ]

@ Beyond the disorder line
correlations are incommensurate

1.5

)

NC, Laflorencie, SciPost Phys. 14, 152 (2023)
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Incommensurate correlations
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Exact zero modes

3.5

Natalia Chepiga (TUDelft)

&)

H= g afafﬂ—hg o;

+QZ(UZC0'11'-¢-2 + Uizo'f+1)

k3

o Beyond the disorder line
correlations are incommensurate

0 IC + egde states = Exact zero
modes

O 060 060 060 060 0690 0690 O
- .
Jet o cos(gL)

Toskovic et al. Nat. Phys. 12, 656 (2016);
Vionnet, Kumar, Mila, PRB 95, 174404 (2017);
NC, Mila, PRB 96, 060409 (2017);

NC, Mila, PRB 97, 174434 (2018)
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Exact zero modes: g = 0.2

x10°8

3h S e g=02 (a) -
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NC, Laflorencie, SciPost Phys. 14, 152 (2023)



Exact zero modes: h = 0.5
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Paramagnetic phase

3.5

2.5

IC Paramagnetic

NC, Laflorencie, SciPost Phys. 14, 152 (2023)
Natalia Chepiga (TUDelft)

H= E afazﬂlfhg ol
i i

+QZ(UZ‘CU?+2 +070741)

K3

Z5 phase:
o Topologically non-trivial
o Beyond the disorder line

correlations are incommensurate

Paramagnetic:

(N B

@ Dual to Zs

0 Incommensurate beyond the
disorder line
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Period-2 phase

3.5
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o period-2

15
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Kosterlitz-Thouless
Ke=1/4

IC Paramagnetic

NC, Laflorencie, SciPost Phys. 14, 152 (2023)
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)

H= E afaﬁl—hg o;
i i

+QZ(Ufo+2 + Uizo'iz+1)

Zo phase
Paramagnetic
Period-2:

(R N

k3

o Spontaneously broken translation

symmetry
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Period-2-Zs phase

3.5 I

3r * TCI -

H= g afofﬂ—hg o;
i i

+QZ(Ufo+2 + Uizo'f+1)

k3

251 T

Zs- period-2

Ising

s 21 period-2

Zo phase

& Paramagnetic

A Period-2

Period-2-7Z-

i @ Spontaneously broken translation
4 and parity symmetries

R esvetic @ Dual to the period-2 phase

__ o Topologically non-trivial

n
)

NC, Laflorencie, SciPost Phys. 14, 152 (2023)
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Exact zero modes in Zs-period-2 phase

35 T i T
I\
i
i
3 4
H= g oioii—h E o;
i i
25 T T _x z _z
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Floating phases

3.5

2.5

period-2

Kosterlitz-Thouless

H= ZUfoﬂ — hZaf
i i
+ QZ(UfUzﬁa +oi0i1)
i
o Floating phases

@ Incommensurate Luttinger liquids

o Kosterlitz-Thouless transitions




Floating phases



Stability of the Luttinger liquid

(a)

o Superconducting instability: p?/(4K) then K¢ =1/2
Density wave: K¢ = (1 —pg)? =1/4

Stable Luttinger liquid for 1/4 < K < 1/2

Emergent U(1) symmetry

©

©

©

Verresen, Vishwanath, Pollmann, arXiv:1903.09179
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Friedel oscillations

o Response of the system to an impurity

©

In the gapped phase it decays exponentially
o At the critical point - with the corresponding critical exponent
o Open boundary conditions = impurity

o Prediction by boundary-CFT
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Friedel oscillations inside the floating phase

£
| of
};
“0.05 -
K h=0.8 K ~0.494
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o Edges polarized along z!

cos(qy)

co? —
© DOFT: 07 o 70y sin s 70TR

0 Scaling dimension =
Luttinger liquid parameter K
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Luttinger liquid exponent K & wave-vector ¢

Zo Floating-1 period-2

h=08 ~—9 N=401]
o N=801

0.8

0.7 F

0.6
X 0.5 . Lo
@ Stable Luttinger liquid for

o4r 1/4< K <1/2

03

02k . | .
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038
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3.5

251

0.5

period-2

Kosterlitz-Thouless
/

0.5 1 1.5 2

Floating-1 vs Floating-2

What is the difference?



Kosterlitz-Thouless
L=l

Floating-1 vs Floating-2

What is the difference?
Broken Zs symmetry



Floating-2 with broken Z, symmetry

1.5 D (e) h=15
. 1.5 2 g|le oee
SIN =400 § e
~ ¥ 4N = 800 =
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< 12 < &
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Order parameter

o Commensurate Ising:
x xT
|Ui - Ui+1|

0 Generalization to IC: A(oY)

Decay towards h = 1 with

8~0.116
o Ising 5 =1/8

Insensitive to
Kosterlitz-Thouless
transition
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Self-dual line

Kosterlitz-Thouless

Floating-1

Floating-2

Paramagnetic

3.5 I
i
i
3 * TCI
251 4
=0
£ Zy- period-2
s 2 period-2 =

Natalia Chepiga (TUDelft)

&)

Lifshitz transition:
0 Pairing has K¢ =1/2

0 In paramagnet domain walls appear

in pairs
... thus K°=1/2

o BUT none of the two are relevant
along h =1

0 K¢ =1 as in the free-fermion theory

Point S - Kosterlitz-Thouless

0 translation symmetry is broken
everywhere: K¢ =1/4

Tri-critical Ising end point
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Evidences of the tri-critical Ising

15
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Incommensurability persists beyond TCI

z
1

(07

0 50 100 150 200 250 300 350 400
|i — 4l




N
Self-dual line

3.5 T i T
i
i
3r % TCI 4
251 7
2 Zs- period-2
o 2 period-2 =
1.5
Kosterlitz-Thouless
/
1k
Floating-1
05 Ke=1/2

1st order with 6x GS
Tri-critical Ising (TCI) g = 3
Ising for 1.3 < g <3

Kosterlitz-Thouless (S) g ~ 1.3
probably emergent SUSY

Ising + LL 0.3 << g S 1.3
Lifshitz transition (M) g ~ 0.3

Ising for g < 0.3
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Disorder
Resilient infinite randomness
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Majorana chain in the presence of disorder

H= Z Jiojoii1 —hio; +g(0j0541+ 0505 42); Jiyhi €10.1,1.9] & InJ =Inh
J



Majorana chain in the presence of disorder

H=> Jio§ofu —hioi +g(0;071 + 050 0); Ji,hi €[0.1,1.9] & InJ =1Inh
J
Non-interacting case:
@ Infinite randomness critical point

Fisher, PRL (1992); Fisher, PRB (1995); Igloi, Monthus, Phys. Rep. (2005)



Majorana chain in the presence of disorder

xr __xT z z z x x
H= E :J’iaj ojp1—hioj +g(ojoj +0j0j42);
J

Non-interacting case:
0 Infinite randomness critical point
0 Dynamical critical exponent z = co

o Energy gap is broadly distributed: In A ~ —v/N

Fisher, PRL (1992); Fisher, PRB (1995); Igloi, Monthus, Phys. Rep.

(2005); Young, Rieger, PRB (1996)

Natalia Chepiga (TUDelft)

Ji,h; €

0.0001

P((In AE) / Li/2)
o
2

0.001

0.0001

[0.1,1.9] & InJ =

ERmaaLt

-30 25 20 715 -10 -5
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Majorana chain in the presence of disorder

xr T z z __z e xT
H= E  Ji0§ 0511 —hiog +g(0]05 1 + 0707 1);

J

Non-interacting case:

0 Infinite randomness critical point

Dynamical critical exponent z = co

)
o Energy gap is broadly distributed: In A ~ —v/N
°

Lack of self-averaging:

<U;UZI+T'> ~T

Fisher, PRL (1992); Fisher, PRB (1995); Igloi, Monthus, Phys. Rep.

—3+4V5

and In(ojoy,,) ~ —/T

(2005); Young, Rieger, PRB (1996)
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Majorana chain in the presence of disorder

H=> Jiofof—hiof +g(0j0; 1+ 0 0]2); Jiyhi €10.1,1.9] & InJ =Tnh

J

Non-interacting case:

0 Infinite randomness critical point
0 Dynamical critical exponent z = co
0 Energy gap is broadly distributed: InA ~ —V/N 3

o Lack of self-averaging:

P _345 P
(ofof ) ~r— 2 and In({ofoj, )~ —/T e
0 Entanglement entropy grows logarithmically 0 . i toor—

Sq(n) = % In(n) + sq

Fisher, PRB (1995); Young, Rieger, PRB (1996); Laflorencie, PRB (2005)
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Majorana chain in the presence of disorder

H= Z Jiojoii1 —hioi +g(oioii1 + 0505 42) Ji,hi €[0.1,1.9] & InJ =1Inh
J

(a) b
Non-interacting case - Infinite randomness fixed point: o= 1
osfg ="
o Energy gap is broadly distributed: InA ~ —v N %
o Lack of self-averaging: w4 o / &
345 R — S 5%
Joy, )~ 2 and In(cjo}, )~ —/T °
(o7 otsr) (oFot) ~ =T waf * * 34800
o Entanglement entropy grows logarithmically 0.35 & 0.02
cln 0 1 2 3 4 5
Sg(n) = % In(n) + s4 Inf2Esin( )]
l]ov (d)
Nor =3
Interacting case - very controversial SEZid o
0.6) '
o Fisher (1995): interacti irrelevant M
isher ( ): interactions are irrelevan . - pﬂf .
o Milsted et al (2005): Infinite randomness for g < 0 R EPEAPr e |
YR
o Karcher et al (2019): Clean physics for g < 0 02 “,," ’
@ both: Saturation of Ent. entropy for g > 0 s
nf2sin(z )]
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Majorana chain in the presence of disorder

H = Z Jiojoii1 —hio; +g(0j0541+ 0505 42); Ji,h; €[0.1,1.9] & InJ =1Inh

J
. 1 . - | . 1
Ising ¢ = 3 Ising+ Luttinger liquid ¢ = 5 Ising ¢ = 5 Clean case
M
I W I
0 0.29 1.3 9
7 o 0.8
*Bl@) 9=02 s osf ) 9= 10-1(©) g 857g, 0T go2 @
‘ - _ o o Lo T
03 / re=15 g=1 *§ —o05 ¥,
- / 0.7 K 88 %o 0.4
05, ! 2 ] 2 0.3 9=05
0.25 // 0.6 J lB 102 Qg - X,
= /e =05m2)  F on 10° 10" 102 10°
% 02 0.5 / = °§ J
©w E/ ] ] o
0.15 04r /) 103 O* o 24 4
N P ' Py o 32 *
& 7 . 48
01t/ : = 1)(11 0.3 N =101 o o 64
f 201 N =201 * 100
N =801 .
0.2 A 2 ~
0-05 m 102 m 102 W05 0 05 o 10 5 115 20
n nA/VN Vi
- R O R R R D
-1 02 0.2 05 I 2 9
Infinite Randomness Criticality Ceff = lnTZ Disordered case

Resilient infinite randomness criticality!
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Trick #1:
Fixed boundary conditions



Fixed BC = Lower entanglement

KKK

R .

©  DMAG: Free - Free
A DMRAG:h =001
DMRG: h,=0.03
v DMRG: h,=0.1
> DMRG: h,=0.3
o

DMRG: Fixed - Fixed (=
(112)in{(2Rim)sin(rr/R)+0.238272 5
— =+ (112}in{(2Rim)sin{rr/R))-0.106142 H
1 f

T T T W ST W T S N S N
200 300 400 500
r

Affleck, Laflorencie, Sorensen, J. Phys. A: Math. Theor. 42 504009 (2009)
Lower entanglement = lower computational costs
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Majorana chain in the presence of disorder

xr __xT z z __z r _x
M=) Jiojojis —hioj + (050541 +050512)

(@)

0-62’ 0.1

@=0.40 £ 0.03
02 é=10.35 =+ 0.02
0.35 £ 0.02

o 1 2 3 4 5
In[2ksin(f )]
@
08
o 32
L=064
SrIit o
0.6

o
’Fﬁpﬂﬁ’
v J'
04l /e
8/ W
9
ﬂl /’ °
02f

¢

«

T 2 3 4
In[2¢sin(72)]

Milsted et al (2015): OBC

Natalia Chepiga (TUDelft)

Sn(n)

Ji, hi € [0.1,1.9] & InJ =1In

-1050 05115
&

(b) g #0

10

100

NC, Laflorencie (2023): FBC
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Majorana chain in the presence of disorder

H = Z Jiojoii1 —hio; +g(0j0541+ 0505 42); Ji,h; €[0.1,1.9] & InJ =1Inh

J
. 1 . - | . 1
Ising ¢ = 3 Ising+ Luttinger liquid ¢ = 5 Ising ¢ = 5 Clean case
M
I W I
0 0.29 1.3 9
7 o 0.8
*Bl@) 9=02 s osf ) 9= 10-1(©) g 857g, 0T go2 @
‘ - _ o o Lo T
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©w E/ ] ] o
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Infinite Randomness Criticality Ceff = lnTZ Disordered case

Resilient infinite randomness criticality!
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Trick #2:

Target multiple states in DMRG
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Flat intervals = trustworthy excitations

-95.8206 -
-95.8208 -

-95.821 - -

Energy

-95.8212 -

. e
-95.8214 |, -
ks

-95.8216 [ 1 1 1 I I 1 1
500 600 700 800 900 1000 1100

DMRG interations

NC, Mila (2017); NC, Laflorencie (2023)
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Majorana chain in the presence of disorder

H = Z Jiojoii1 —hio; +g(0j0541+ 0505 42); Ji,h; €[0.1,1.9] & InJ =1Inh

J
. 1 . - | . 1
Ising ¢ = 3 Ising+ Luttinger liquid ¢ = 5 Ising ¢ = 5 Clean case
M
I W I
0 0.29 1.3 9
7 o 0.8
*Bl@) 9=02 s osf ) 9= 10-1(©) g 857g, 0T go2 @
‘ - _ o o Lo T
03 / re=15 g=1 *§ —o05 ¥,
- / 0.7 K 88 %o 0.4
05, ! 2 ] 2 0.3 9=05
0.25 // 0.6 J lB 102 Qg - X,
= /e =05m2)  F on 10° 10" 102 10°
% 02 0.5 / = °§ J
©w E/ ] ] o
0.15 04r /) 103 O* o 24 4
N P ' Py o 32 *
& 7 . 48
01t/ : = 1)(11 0.3 N =101 o o 64
f 201 N =201 * 100
N =801 .
0.2 A 2 ~
0-05 m 102 m 102 W05 0 05 o 10 5 115 20
n nA/VN Vi
- R O R R R D
-1 02 0.2 05 I 2 9
Infinite Randomness Criticality Ceff = lnTZ Disordered case

Resilient infinite randomness criticality!
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. Trick #3: .
Distant correlations

(Ufaf_w) ~7r " and In (afof+,,> ~ —/T

I
Friedel oscillations

(o) ~3~"% and In[(o7)] ~ —Vj
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Majorana chain in the presence of disorder

H = Z Jiojoii1 —hio; +g(0j0541+ 0505 42); Ji,h; €[0.1,1.9] & InJ =1Inh

J
. 1 . - | . 1
Ising ¢ = 3 Ising+ Luttinger liquid ¢ = 5 Ising ¢ = 5 Clean case
M
I W I
0 0.29 1.3 9
7 o 0.8
*Bl@) 9=02 s osf ) 9= 10-1(©) g 857g, 0T go2 @
‘ - _ o o Lo T
03 / re=15 g=1 *§ —o05 ¥,
- / 0.7 K 88 %o 0.4
05, ! 2 ] 2 0.3 9=05
0.25 // 0.6 J lB 102 Qg - X,
= /e =05m2)  F on 10° 10" 102 10°
% 02 0.5 / = °§ J
©w E/ ] ] o
0.15 04r /) 103 O* o 24 4
N P ' Py o 32 *
& 7 . 48
01t/ : = 1)(11 0.3 N =101 o o 64
f 201 N =201 * 100
N =801 .
0.2 A 2 ~
0-05 m 102 m 102 W05 0 05 o 10 5 115 20
n nA/VN Vi
- R O R R R D
-1 02 0.2 05 I 2 9
Infinite Randomness Criticality Ceff = lnTZ Disordered case

Resilient infinite randomness criticality!

Natalia Chepiga (TUDelft)
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Surprise

\-\.
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Incommensurability in the disordered chain

H= Z Jioj0j11 —hio; +g(0j0541 +070512); Ji,h; €[0.1,1.9] & InJ =Inh

J

0.18 0.29

o
(o)}
T

RANDOM

Incommensurate correlations beyond g & 0.18!
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Back to the clean case



Multi-critical point

3.5 i
i
i
3 * TCI q
251 4
=0
£ Zy- period-2
s 2 period-2 =

Kosterlitz-Thouless

Floating-2 q

(x)
B
|
B

Floating-1

Ke=1/2

Natalia Chepiga (TUDelft)

H= E Ufaf_,_lfhg ol
i i

+QZ(UZD0?+2 +070741)

K3

0 Floating phase collapses

o ... along a particle-hole symmetry
line h =0

o Direct transition between Z> and
period-2 phases

0 8-vertex critical point?
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Multicritical point in the

8-vertex universality class



Universality classes =
Family of quantum phase transitions characterized by
the same universal rules of the asymptotic scaling

In simplest cases this simply means
the universal critical exponents

Ising, 3-state Potts, Wess-Zumino-Witten, Kosterlitz-Thouless, Pokrovsky-Talapov...

... But sometimes it only means
the universal ratio/function of the critical
exponents

Ashkin-Teller, 8-vertex, chiral transitions, ...
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Eight-vertex criticality. Integrable model

— T T Y Y z .z z
H = E Jpoi 0+ Jyoiop  + Jo707 — Boy,

1

©

©

Control parameter:
p = acos[Jy/Jy].

©

Critical exponents

v=m/(2p), B=(m—p)/(4p),

Scaling dimenision

©

d=pB/v=m—p/(2m)

Baxter, Annals of Physics 70, 193 (1972)
Natalia Chepiga (TUDelft)

Critical, in 8-vertex universality class at J, = —J, and B =0

August 2023
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Eight-vertex criticality. Integrable model

— xr T Yy 2z P
H = E ng?(Tj o1+ Jy(fl-, i1 + ']/:/O',f o7 — B(f[

Hny = Z —t(dzdi_i,_l + h.C.) + )\(dzd;~f+1 + h.C.) — un; + Vngnge
[

Critical, in 8-vertex universality class at A = (V —2t)/2 and V = p

©

©

Control parameter:

p =acos[(1—=MN)/(1+ N)].

©

Critical exponents

v=m/(2p), B=(m—p)/(4p),

Scaling dimenision

©

d=B/v=r— p/(2n)

Natalia Chepiga (TUDelft) August 2023 43 /175



Non-interacting Kitaev chain

Hyx = > ~t(dldisy +hee) + MdldL,, +hec) = png

i/t
. - - - = 2
(25 2 15 1 05 0 05 1 15 2 25
w Ir -8 g 1
< [E =
=} =
172} wn
iz &=
0.5 R Z,-phase =8
0 ‘ ‘ ‘
25 2 -15 -1 05 0, 05 1 15 2 25
w/t

NC, Mila, PRB (2023)

Natalia Chepiga (TUDelft) August 2023

44/ 75



Phase diagram. V > 2

Hxn =Y —t(didiyr +hee) + Mdld],, +h.e) — pmi + Vi

i

oo
=
IS
IS}
{o
[N}
IS
=
o0

5 =
L T-
= disorder line 2
18- pil E
3F e k. 1
+ Z3-ph: R
g 2-phase ‘
< 2k # Pokrovsky-Talapov
. Kosterlitz-Thouless
1F )
floating
0

10 12 14

NC, Mila, PRB (2023)
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Eight-vertex criticality. Integrable model

— xr T Yy 2z P
H = E ng?(Tj o1+ Jy(fl-, i1 + ']/:/O',f o7 — B(f[

Hny = Z —t(dzdi_i,_l + h.C.) + )\(dzd;~f+1 + h.C.) — un; + Vngnge
[

Critical, in 8-vertex universality class at A = (V —2t)/2 and V = p

©

©

Control parameter:

p =acos[(1—=MN)/(1+ N)].

©

Critical exponents

v=m/(2p), B=(m—p)/(4p),

Scaling dimenision

©

d=B/v=r— p/(2n)
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Scaling dimension

11|
Ll
—_
o
T

ln(|ni —

InN



BN
Critical exponent v

0.25 o p=V=6E 0.45 p=V =20t 5
a
(a) o4 o (b)
v = U.
0.2 0.35
!~
03 V'~ 0.617
0.15
w 0.25 v 0641 B
—
02 v~ 0.634
0.1
0.15
0.05 0.1
0.05
o N =1201
0 0
18 19 2 21 22 23 85 9 9.5
A/t A/t



Critical exponent 3

—V =6t =V =20t
0.8 K 1 I
g (d)
0.8
B~ 0.0623
/—5 0.5 B~ 0.153 0.6 8~ 0.0623
£ 04 p 0153
|
£ 03 04
0.2
0.2
0.1
0 L
18 185 1.9  1.95 2 8.7 8.8 8.9 9
A/t A/t



sometimes tricky

0.5
0.08 (a) — (b)
0.07 Bk walt S
0.06 =
7 B~ 0.44
. 0.05 §0.3 B~ 0.35
0041 ~ 118 g B~ 0.34
v ~ 1.03 l 02
0.03 1% O% 1.02 S o N =601
0.02 - S o N =1201
© o FUTIN =0 s =20
0.01 =~ +~ N = 3001
0 0
0.3 0.4 0.5 0.6 0.7 0.3 0.35 04 045 0.5
At A/t




8-vertex critical point:

Numerical results vs theory predictions

K jpewe s voeny U 0.5
1. 3 — 2 K
6 3 ) W/(/P) 0.5¢ 04l |
: v : :
L4p D v 0.4+ :
: 0.3r
0.3
Sk =
! 0.2r
0.2 |
0 20 40 0 20 40 0 5 10 15 20
V/t V/t V/t

' Natalia Chepiga (TUDelit) P T



Back to Majorana

3.5 I H:E afalﬂlfhg ol
i i

3t 1C1 1 +QZ(U'¢T0?+2+U§U§+1)
i
25+ - .
0 Floating phase collapses
£ Z- period-2 o ... along a particle-hole symmetry
=2 B line h =0

@ Direct transition between Z> and
1 period-2 phases

Kosterlitz-Thouless ses :
osterlitz-Thouless 0 8-vertex critical point?

< fleatins2 1 Direct transition between Zs and period-2
i | phases; Collapse of the floating phase

Floating-1

Paramagnetic

n
n
&)

Natalia Chepiga (TUDelft) August 2023 51 /75



Eight-vertex criticality. Majorana chain

. T T Yy xr T z __Z z
H = E oiolyy L Lt goiol, + goiof — hoj
i

Particle-hole symmetry at h =0

©

©

8-vertex universality class?

©

Control parameter: no prediction!

p= ylJx

©

Critical exponents: still valid

v=m/(2p), B=(m—p)/(4p),

d=m—p/(2m)
o Express one exponent in terms of another:
B =d/(2—-4d)
Natalia Chepiga (TUDelft) August 2023
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Eight-vertex criticality. Majorana chain

0.8 ” . 1.2 5 ! !
(a) (b)
1k 1
1 |-
= g2} _
/\H N os
i 1
d~0.389 | ©
\l/ -1.6 V 06
[
N/.\ 1.8t 1 A
© d=0.410 © vee 0.4
v 2rog=04 al ©
— 0 g = 0.409 ol Vv
@ 221 & g=041 0.2
— 0 g=0411
241 x g=0.42
: : : 0
5 6 7
log(N)

NC, Laflorencie, SciPost Phys. 14, 152 (2023)
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Dual point

35
! HZE Ufaf_,_l—hg ol
i i

r b | +g E (070ite +070711)

K3

Floating phase collapses
Zy- period-2

Ising

. along a particle-hole symmetry
line h =0
@ Direct transition between Z> and
period-2 phases

s 2 period-2

Kosterlitz-Thouless
Ke=1/4 ] 0 8-vertex critical point
Floating-2 T

& There is a dual point at h = oo

Floating-1

Ke=1/2

August 2023 53 /75
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Majorana chain
with competing interactions



The model

Majorana chain:

H =it Z YaYat1 = 9 Z YaVat1Va+2Ya+3 = f Z YaVat1Ya+3 Yo+ 45

M= Z —Joto¥ — ho? + g(oioiy, +oal,,)

+f(05051105 10+ 07 0541071)] -

& f
Self-dual at h/J = 1!
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An extended phase diagram.

Focus on g — f plane at h =1




BN
An extended phase diagram. The starting point

0.4

0.6

0.8

f=0:
0 g =~ 0.29 Lifshitz point
0 g ~ 1.3 Kosterlitz-Thouless
0 g = 3 Tri-critical Ising



Previous studies: f-interaction

Majorana chain:

= 1t2'7a'7a+1 (IZ YaYa+1Ya+2Ya+3 — fZ'Ya’Ya+1’7a+3’Ya+4

a

77777777777777777777777777777

Yo 00

H = Z [—JO‘;;O'?_H —hoi+g(0joii 1 + 0707 s)
J
+(05054105 10 + 05051105 45)]

8 f
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Previous studies: g-interaction

_ xr T z xr T VA A
H = E 0; 041 — E oi—g E (0f0iio+0i0i1)

/d)

gapped
4-fold

Ising+LL  lsing (free MF)
- c=3/2 c=1/2

-2.86
/'

generalized
K C-IC

-0.28 0
/

Lifshitz TClI
z=3 c=7/10

Rahmani, Zhu, Franz, Affleck, Phys. Rev. B 92, 235123 (2015);

Natalia Chepiga (TUDelft)
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The model: f-interaction

PHYSICAL REVIEW LETTERS 120, 206403 (2018)

Editors' Suggestion

Lattice Supersymmetry and Order-Disorder Coexistence in the Tricritical Ising Model

Edward O'Brien' and Paul FendleyL 2
'Ruda[]" Peierls Cs’mr.:: for Theoretical Physics, 1 Keble Road, Oxford OX1 3NP, United Kingdom
“All Souls College, Oxford OX1 4AL, United Kingdom

X Xemmmmep (O nmmmmnman X

Ising TCI Exact G.S. Four-Fermi
(Aa =0) (A3 = 0.85677) (Aa = Ap) (Ar =0)
_ T T z z T x xr T z

J
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Previous studies:

3+ TCI 1
2.5
f=0
Ising-2 0 g~ 0.29 Lifshitz point
2 ]
0 g =~ 1.3 Kosterlitz-Thouless
0 g =~ 3 Tri-critical Ising
g1.5 :
— Kc=1/4 g=0:
o fr0 s .
 Boating.1 f =~ 0.428 Tri-critical Ising
+ o f = 0.5 Frustration-free and disorder
Ising point with 3-fold degenerate GS
0.5 1
b
Llstl;;;zg 9 TC‘I_L dilisordel‘* line Gl‘
0 0.2 04 0.6 0.8 1

f
' Natalia Chepiga (TUDelit) P T



Phase diagram

Gapped phases:

o 3-fold degenerate
o G1

G4 4 ° G2

&7 0 6-fold degenerate

i &7 o G3

d N |
g1.s R & o G4
sing-2| ¢ i

ssh\TCI ¢

" Commensurate line

Critical phases
o Floating-2

o Floating-3

o5k : ] Floating-3
) ot Kosterlitz-Thouless

o Ising+Floating-1
o Ising-1

0 o Ising-2

Natalia Chepiga (TUDelft) August 2023
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Phase diagram

Gapped phases:

o 3-fold degenerate
o G1
o G2
o 6-fold degenerate
o G3
o G4
Critical phases
Floating-2
Floating-3

First order transition

©

Ising+Floating-1

Ising

)
)
o Ising-1
)

Ising-2

August 2023 62 /175




Phase diagram

2.5F

0.5

TCI

Commensurate line

TLifshitz

Ising-1

G4

Gapped phases:

0 3-fold degenerate
o Gl
o G2

o 6-fold degenerate
o G3
o G4

Critical phases

©

Floating-2
Floating-3

First order transition

0.2

Natalia Chepiga (TUDelft)

Ising+Floating-1
Ising-1

© © ojleo

Ising-2

Ising

August 2023
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Duality in action

At the self-dual plance h = 1:

400 600 800 1000 1200

200

64/75

August 2023

NC, PRB (2023)



Lifshitz transition

3 g T T T
= o Lifshitz line
TCI : & iti
2.5 i g o K¢ =1+ C-IC transition
é . o Dynamical exponent z = 3
g 7
2k .5 G4 S 0.04
1O S/ C
i é}“/ f=0.1
B & 0.03
i §7/ o
gl.5p H \,}3 Q
Ising-2 Vi 10.02 f=0.15
Nr
1 0.01
) 0
0.5 Floating-3 0 0.5 5 1 14 5
. _ - Kosterlitz-Thouless 1/N %10~
\*-.disorder line

0 0.2 0.4 0.6 038 1
f

NC, PRB (2023)
Natalia Chepiga (TUDelft)
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Phase diagram

3 T T T T . .
@ TCI and disorder lines
. o Lifshitz line
250 \TCL ¢ 1 . ..
: o K¢ =1+ C-IC transition
g o z=23
7 .
2h : G4 S o Continues as a 1st order
: % sy
: éi‘ . transition
i 7
915t \;}3/ ] | W E—E
Ising-2\ J commensurate
: . 0.8 line
1 0.6 1* order transition
< disorder
Sh.4 | line
05k Floating-3
- Kosterlitz-Thouless 0.2
| ~ f=03
0
0 0.2 0.4 0.6 0.8
0 0.2 0.4 0.6 0.8 1 g
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Commensurate line: suppression of the floating phase

£
o P9
250 \TCL £ ]
]
- }
-]
20 £ G4 &7
_»U &

Natalia Chepiga (TUDelft)

Floating phases
o Stable when 1/4 < K < 1/2

Fl-1+lsing (G4 Floating-2i ~ G3 | Floating-4
0.3 a® g H [
(] i5 Il—-
0.28 2 iE p:
| i~ |
¥0426 | : |
H A
0.24 (K =1/ \
1
I 0.8
0.22 g : =
el commensurate line '
02 L1 1 1
0.5 1
1
b ! 1o N =401
0.95 ko ! AN =801
[ o+ N = 1201
€09 E I
~ ko I 1
o (] 1 B I
0.85 i X .
[ 1
[} 1 1
0.8
0 0.5 1
f

August 2023
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Commensurate line = collapse of the floating phase

3.5 T i T
i
i
3r % TCI 4
25F 9
H Zo- period.2 o Commensurate line
e 2r pericd o No floating phase
o Direct transition in the
15| 8-vertex universality class?
Kosterlitz-Thouless
/ Let’s check!
L
Floating-1
0.5 K°e=1/2

' Natalia Chepiga (TUDelt) P T



Commensurate line

9 Floating-1

Floating-2

Natalia Chepiga (TUDelft)

o Lifshitz line
0 Floating phases

o Commensurate line

o No floating phase
o Direct transition in the
8-vertex universality class?

Let’s check!

.. no exact particle-hole symmetry line

... but there is a commensurate line

August 2023 69 /175



Eight-vertex criticality along the commensurate line
H=) [~Jojojs1 —hof + (00511 +050512) + f(05074105 42 + 05051105 12)]
J

o No explicit particle-hole symmetry

©

8-vertex universality class?

©

Control parameter: no prediction!

P = y/Jx

©

Critical exponents: still valid
v=m/(2p), B=(m—p)/(4p),
d=r - p/(27)

o Express one exponent in terms of another:

d=28/(1+48)
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Friedel oscillations along the commensurate line

. DMRG

02 & .. fit F

uz 0.35 /

—~0.1 F o
‘Nb-s

< d=0.38

I of 1

o
S PR —

~0.1 -r \_
PNy g =0.45; f = 0.338

+
g=0.5;f=0315

023 I I I I I I I
100 200 300 400 500 600 700
2

Note that it is not mandatory to sit exactly at the commensurate line, but since the

G4-phase is too narrow for small g the commensurate line is the simplest choice.
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Scaling towards the transition

TCT i @

251 ICI i g
i g
3 %

2h L2 e S
S &
: &
&/
) &
gl1.5F : &
Ising-2 ~

" .
0.5 4 Floating-3

Kosterlitz-Thouless

1

Natalia Chepiga (TUDelft)

0 Commensurate line is not straight!

@ ... and there is no straight-line cut
within G4 phase

o Compute the distance to the

transition along the commensurate
line
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Multicritical point

NC, PRB (2023)

d
0.6
___+ Numerics
0.5 0.4
Q'
0.45 02 ARF -
02 04 6 -
. 04 25/ ad) e T
a
0235 7.
0.3 o N =401
o N =801
0.25 | o N =1201
0.25 0.3 ; 0.35 0.4




Summary

Interacting Majorana chains have

extremely rich critical behavior: ,sl\TC

o Ising y
ol G4 ] ;Qoo‘ vl
0 Disorder: Infinite randomness f;*/
S
R . : &7
0 Tri-critical Ising gist %@‘./ 1
Ising-2 >

o Floating

o Lifshitz transition: z = 3

Floating-3

@ 8-verte int 05p Isi
8-vertex multicritical point - Kosterlitz- Thouless]

o Commensurate line
o Emergent particle-hole symetry
o Collapse of the floating phase

_..disorder line
0 0.2 0.4 0.6 0.8 1
f
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Outlook

o Two copies of 8-vertex point

o Finite f seems to bring them
together
35

T T T

Kosterlitz-Thouless
4

=1/

Floating-1 %L




Outlook

25 \TCL & 5 1
-
2r % G4 .@Q./‘/ J
= S o Two copies of 8-vertex point
: $ .. .
H &3*./ o Finite f seems to bring them
gLy : % 1 together
7 ) N
Ising-2 7

o Particle-hole symmetric surface?

@ Supersymmetry

Floating-3

o Two superconformal TCI lines
Kosterlitz-Thouless ‘

NC, PRB (2023)
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SUSY when Ising dives into Luttinger liquid

"}} Sl Multicritical point Ry
Ty ">, N=(33) SUSY
ns”ﬂ)n‘\ RS
M, RS2
\‘ =
e | Gapless phase \\
Lg .,
_‘.-""".. S Gapped phase
u".’.- ~ a
\ Critical line w1th ..I-h""h.,.ﬁ
..-‘ N=(1,1) SUSY S
81

Huijse, Bauer, Berg, PRL 114, 090404; Sitte, Rosch, Meyer, Matveev, Garst, PRL 102, 176404 (2009)
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Outlook

251 \TCI i

ommensurate line

gl.5f

0.5F

G4

Floating-3
Kosterlitz-Thouless ‘

NC, PRB (2023)

Natalia Chepiga (TUDelft)

@ Two copies of 8-vertex point

@ Emergent particle-hole symmetry
along the commensurate line
o End point of the Lifshitz line?
o Two TCI lines merge into
Lifshitz?
O Supersymmetry

o Two superconformal TCI lines
o SUSY in Floating-1+Ising?
o SUSY at the KT transition?
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