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Chiral spin liquids (CSL): bosonic variant of FQH states
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Chiral spin liquids (CSL): bosonic variant of FQH states

A typical example: SU(2); CSL

Kalmeyer-Laughlin wave function Parton wave function
N
VIR [ B 2
L;E;z‘* ) ]E*”KP( zl') Vspin({x:}) = Pe [ ({x:3) @ Y ({x;: D]

Y. (x;): free fermion state with C = 1

2
Gutzwiller projector P, = Hi(nm — nu)
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Spin models for Chiral Spin Liquids

Parent Hamiltonian construction

D. F. Schroeter, E. Kapit, R. Thomale, and M. Greiter, PRL (2007)
R. Thomale, E. Kapit, D. F. Schroeter, and M. Greiter, PRB (2009)
A. E. B. Nielsen, G. Sierra, and J. I. Cirac, Nat. comm. (2013)

l. Glasser, J. I. Cirac, G. Sierra, and A. E. B. Nielsen, NJP (2015)
B. Jaworowski, A. E. B. Nielsen, PRB, (2022)

Models with scalar chirality or extended interactions

Bauer et al, Nat. comm. (2014)

S.-S. Gong, W. Zhu, and D. Sheng, Sci. rep. (2014)
A. Wietek and A. M. Lauchli, PRB (2017)
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Why infinite projected entangled pair states (iPEPS)? F. Verstraete and J. I. Cirac, 2006

* Asingle tensor describes the state on a lattice of arbitrary size Norbert et al, 2010

Topological order encoded in the virtual gauge symmetry

e Variational ansatz for numerical simulation on infinite lattice
Contraction
Optimization

T. Nishino (2006); J. Jordan et al, PRL (2008); Romdn Orus and Guifré Vidal, PRB (2009); P. Corboz, PRL (2014), PRB (2016); Liao et al., PRX (2019);
Vanderstraeten et al, PRB (2022)
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Topological obstruction

Free fermion system (proved)
(1) Chern insulators have no localized Wannier functions
(2) Gaussian fermionic PEPS (GfPEPS) composed of local tensors

= No—go theorem T. B. Wahl et al, 2013; J.Dubail and N. Read, 2015;
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Free fermion system (proved) '

10" 1
(1) Chern insulators have no localized Wannier functions

||F0ui (T - T’)”

(2) Gaussian fermionic PEPS (GfPEPS) composed of local tensors 10° |

kym =1 -1k

0 I1 '2
= No-go theorem T. B. Wahl et al, 2013; J.Dubail and N. Read, 2015; 10 10 10
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Power-law decay correlation

Interacting (spin) system (universal?)

S. Yang et al, 2015; D. Poilblanc et al, 2015;
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iPEPS investigations of CSLs in spin models
Method: symmetry constraints & variational optimization

_Jésé_ —Jfé— Ay, A5 IRREPS of Cyyp;

A + 1A

PT symmetric

D. Poilblanc, PRB (2017); J.-Y. Chen et al, PRB (2018), (2020), (2021); J. Hasik et al, PRL (2022).
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* Expected level counting in the entanglement spectrum

predicted by CFT

D. Poilblanc, PRB (2017); J.-Y. Chen et al, PRB (2018), (2020), (2021); J. Hasik et al, PRL (2022).

D. Poilblanc, PRB (2017);

entanglement spectrum
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iPEPS investigations of CSLs in spin models
Method: symmetry constraints & variational optimization

o

J. Hasik et al, PRL (2022).

Jfé_ AllAZ: IRREPS of C4v;

(D, ) =(3,288) a
_Qk (D, x) =(4,320) ©
(D, x) =(5,400) o
I I (2, (_, ) .
A+ A _ |
. &
PT symmetric 2
Characterization §
* Expected level counting in the entanglement spectrum
Gossamer tail = artifact
predicted by CFT 0 |
0 50 100
e Artifact in the correlation functions '

Short and long

distance correlations
D. Poilblanc, PRB (2017); J.-Y. Chen et al, PRB (2018), (2020), (2021); J. Hasik et al, PRL (2022).
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* |sthe artifact of chiral iPEPS universal? How faithful is iPEPS representation?
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CSL with bosonic iPESS on the kagome lattice
Spin-1/2 Kagome lattice models with CSL

H=J Z Si-S; + Jy Z Si - (S; x Sg), Bauer et al, Nat. comm. (2014)
(i,7) 1,7,kEN
H = JZ S; - Sj +J' Z S; - Sj + Z S; - Sj ’ S.-S. Gong et al, Sci. rep. (2014)

(i (ij)2 (ij)3

Possible CSL ground state at Heisenberg point? [DMRG] ~ R-Y.3unetal arXiv:2203.07321
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Spin-1/2 Kagome lattice models with CSL

H=Jy Z Si-S; + Jy Z S; - (S; x Sg), Bauer et al, Nat. comm. (2014)
(i,7) 1,7,k€EN
H = JZ S; - Sj +J' Z S; - Sj + Z S; - Sj ’ S.-S. Gong et al, Sci. rep. (2014)

(i (ij)2 (ij)3

Possible CSL ground state at Heisenberg point? [DMRG] ~ R-Y.3unetal arXiv:2203.07321

(a)

V3 x V3 VBS | VBS Il CSL
%
~—011 ~ —0.08 ~ —0.04 0.0 J’

Motivation |
Can we get insights on this problem from iPEPS method?
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Infinite projected entangled simplex states (IPESS)
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A unit-cell tensor a on the kagome lattice
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Infinite projected entangled simplex states (IPESS)

b= 5 . t:A. ) :

A unit-cell tensor a on the kagome lattice

Motivation Il
Can iPESS represent CSLs on non-bipartite lattice?

)\ )\ - Non-chiral RVB state!
A, + i

SU(2) Virtual space: V=06 1/2

Straightforward extension fails at D = 3. Why?



CSL with bosonic iPESS on the kagome lattice

Symmetric tensors
SU(2) symmetry: fusion rule

odd (§ =1/2)

even
I
— y

o d d even ceveln cvell

Odd: half-integer spin;
even: integer spin.

o

cvell
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Symmetric tensors
SU(2) symmetry: fusion rule

dd (S =1/2
0 ( / ) ecven
_ I
h — % = |
odd even cvell cvell

Odd: half-integer spin;
even: integer spin.

Point group Symmetrization
 C, onbtensor: by, by (equivalent)
* (3, 0nttensor: t}ll, t}lll, t}lz, t}llz

odd
tH = )\ .

odd

cvell
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Symmetric tensors

D*|D| Virtual space |ba
2 |3 00 2 1
3|6 0501 2
48| 05015 |4
5 (12100 ;1@ 5@ 3|5

ta, |ta, [ta, [ta,
10|01
112111
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Symmetric tensors

D*|D| Virtual space |ba
2 |3 0@ 5 1
3|6 0501 2
48| 05015 |4
5 (12100 ;1@ 5@ 3|5

ta, |ta, [ta, [ta,
10|01
112111
2 | 4 4
2 | 7 7

* ForD=3: onlyt = t}ll + e"‘f’t}llz allowed

Ansatz: linear combination of symmetric tensors
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A tensor conservation law in iPESS
[ Let t = t! 4+ e'®t!! be the t tensor on a lattice of size N

@) N =Ny, =N_pen, = Nogq, # of btensors, even/odd bonds

Count number of virtual bonds from either b tensor or t tensor

even odd

odd even even even odd even
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A tensor conservation law in iPESS
[ Let t = t! 4+ e'®t!! be the t tensor on a lattice of size N
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CSL with bosonic iPESS on the kagome lattice

A tensor conservation law in iPESS
[ Let t = t! 4+ e'®t!! be the t tensor on a lattice of size N

@) N =Ny, =N_pen, = Nogq, # of btensors, even/odd bonds

@ NOddZZNtH’
Nepen = 3N.1 + N,

= N,1 and N, are fixed in the global tensor product state

odd (§ =1/2)

even odd

odd even even even odd even
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Non-chiral and chiral Ansatze

Non-chiral ansatze:
(1) Pure A, or pure A, IRREP;

@ ty, +e Pty orty +e'ty

Chiral ansatz:
I II oo ] II
(tA1+tA1) + l(tA2 + tAz)
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Non-chiral and chiral Ansatze

Non-chiral ansatze:

H-Pure-Arorpure- A RRER

@ ty, +e Pty orty +e'ty

Chiral ansatz:
I II oo ] II
(tA1+tA1) + l(tA2 + tAz)

Non-chiral ansatz is a subset of chiral ansatz



CSL with bosonic iPESS on the kagome lattice

Numerical results: CSL H=J1) Si-Sj+J¢ Y Si-(S; xS,
Variationally optimized at J, /J; = tan(0.2m) (i.d) VLS
NN A —
048 o = —0.47913 o D=9
O D =12
049+ =il
Ep—g y—0o = —0.50134 ,, 15
g 0.5 teoaoogas—aeo = - —
ED:12,X:oo > f *
051+ = —0.50246 °° 2
*
-0.52 18
12
1 ==
0 1 2 3 4
D? 40
7 or N

energies evaluated at CTMRG bond dimension y
The variational energy becomes good for D = 8
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Numerical results: CSL
Variationally optimized at J, /J; = tan(0.2m)

N, = 8, even sector v = 8, oddgector‘
. > x
xS5=0 4% § | 4 % g % _ XSI%
>S=1 > § § k >S=3
0S=2 g X x g 0S=2
g 3(2)+B(1)+4(0) | g §
2| S 2(2)+5(1)H-4(0) 2| % B -
> (2)+4(1)+2(0 % 2(%)+3(%
R (2)+2(1)+2(0) o B (3)+2(1) «
0x > 201)+(0) 0 y % 9
-0.5 0 0.5 -0.5 0 0.5
k/2m k/2m

entanglement spectrum on cylinder with D = 8;
Level counting matches SU(2), CFT prediction for D = 8
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Numerical results: CSL
Variationally optimized at J, /J; = tan(0.2m)

N, = 8, even sector v = 8, oddgector‘
. > X
x5=0 % § % > % <S=1
>s=1 (4 R § | 4 % g || >S=3
0S=2 g X X g 08=3
g 3(2)+B(1)+4(0) ] g §
2 S 2(2)+5(1)i+4(0) o | % B -
> (2)+4(1)+2(0 B 2(3)+3(2
B (2)+2(1)+2(0) % B> (2)42(1) o
0x > 2(1)+(0) _ 0l L | « _
-0.5 0 0.5 -0.5 0 0.5
k/2m k/2m

Two identical branches

entanglement spectrum on cylinder with D = 8;
Level counting matches SU(2), CFT prediction for D = 8



CSL with bosonic iPESS on the kagome lattice

Numerical results: CSL
Variationally optimized at J, /J; = tan(0.2m)

(a) 0 | |
i Ay =40 oy = 240

o & oy =80 oy =500

N 5l & oy = 140

o] _ Gossamer tail

o0

< 1 Bulk correlations at D = 8;
T y: CTMRG bond dimension
I

0 20 40

r
Short distance: physical; long distance: artifact
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Numerical results: the transition and the Heisenberg point
Optimized with chiral ansatz

- =06 |

D =8
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-0.05
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-0.1
-0.15

* First order transition [DMRG, R. Haghshenas et al, PRB (2019)]
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Numerical results: the transition and the Heisenberg point
Optimized with chiral ansatz

- =06 |

D =8
- [ =12

-0.05

<ijk:>

-0.1
-0.15

* First order transition [DMRG, R. Haghshenas et al, PRB (2019)]
. ])C( decreases for larger D;



CSL with bosonic iPESS on the kagome lattice
Numerical results: the transition and the Heisenberg point

Optimized with chiral ansatz

b tensor ta, tensor ta, tensor
0 : .

" 0.2} | -
-0.2 | ‘ _
D=8 0 1 -0.2
-04 __,_,ﬁ ‘

0-2 0.4

06— 1 04|
| — AR— 0.6 '
0 0.2 04 0 0.2 04 0 0.2 04
JX JX JX
0.5 0.2 - - 0.5;
_,_,W {
T T \Ne————— —
0 0 ﬁ ' /m
D =12 02 | [
0.5 prr— 0.4} ! P
| - | - 0.5 - -



CSL with bosonic iPESS on the kagome lattice
Numerical results: the transition and the Heisenberg point

Optimized with chiral ansatz

b tensor ta, tensor ta, tensor
0 - .

-0.2 ¢ ' !
D=8 0 1 -0.2

04— ol A 04l AR

06——~"""" 1 .04} -
| — S— 0.6 -
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
JX JX JX
0.5 - - 0.2 - - 0.5 - -
0 0 % /”"fm
D =12 02 | [
O05———>=""——7" { -04¢} . m—— el
- - - | - -0.5 - -
0 0.1 0.2 0.3 0 0.1 0.2 0.3 0 0.1 0.2 0.3
Jy Jy Jx

* Variational parameters flow to the non-chiral ansatzat /, = 0;
no evidence for spontaneous time reversal symmetry breaking.
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CSL with bosonic iPESS on the kagome lattice
Summary

e Kagome CSL can be represented by iPESS

* No evidence of spontaneous time reversal symmetry breaking at the Heisenberg
point
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CSL with Gutzwiller projected Gaussian fermionic iPEPS
Motivation (why fermionic PEPS?)

* Topology is not guaranteed by symmetry constraints in bosonic iPEPS. A
universal way to construct generic CSL ansatz?



CSL with Gutzwiller projected Gaussian fermionic iPEPS
Motivation (why fermionic PEPS?)

* Topology is not guaranteed by symmetry constraints in bosonic iPEPS. A
universal way to construct generic CSL ansatz?

Redundant

e Subtle issues in bosonic chiral iPEPS
» Redundant identical chiral branch
(SU(N), non-Abelian)
» Minimally entangled states (non-Abelian)

-

I
|
|
|
|
|
|
|
|
(N
=1
I

0

J. Hasik et al, PRL (2022).

D. Poilblanc, PRB (2017); J.-Y. Chen et al, PRB (2018), (2020), (2021); J. Hasik et al, PRL (2022). A Hackenbroich et al, PRB (2018);



CSL with Gutzwiller projected Gaussian fermionic iPEPS
Ingredients

* Parton ansatz: Gutzwiller projected layered free fermions [1]

Yspin(1x:3) = Pe[r({x:}) & o ({x;})]

[1] A parton construction without SU(2) symmetry: S. Yang et al, PRL (2015);



CSL with Gutzwiller projected Gaussian fermionic iPEPS

Ingredients

* Parton ansatz: Gutzwiller projected layered free fermions [1]

Yspin(1x:3) = Pe[r({x:}) & o ({x:})]

e Gaussian fermionic iPEPS (GfPEPS) for free fermion states [2]
» Virtual particle: fermions;
> D = 2M M is # of virtual modes.

[1] A parton construction without SU(2) symmetry: S. Yang et al, PRL (2015);
[2] Variational optimization: T. B. Wahl et al, PRL (2013); Q. Mortier et al, PRL (2022); J.-W. Li, et al, PRB (2023).
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Setup

Hofstadter
(g o o o o

(a) Free fermion (mean-field)
model for Chern insulators
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Setup

Hofstadter D =2M
(tg— o o o ¢(b)

L
r;l/
17
rz/
17

S~
p—
S~
—
-

@ @ @ @ ®
¥4 \ \ \ \
e NN
Al B M

@ @ @ @ ®
(a) Free fermion (mean-field) (b) Optimized GfPEPS

model for Chern insulators



CSL with Gutzwiller projected Gaussian fermionic iPEPS

Setup

Hofstadter
(tg— o o o ¢(b)

(a) Free fermion (mean-field)
model for Chern insulators

D =2M

\-l -1 \-l \-l
| S | | B | | S | | |
1 \1 \_l \_l

| B | | B | | S | | |
\1 \1 \'l \'l
| S| | I | | I | | |
-1 -1 \_| \_|

| B | | B | | S | | |

(b) Optimized GfPEPS

()

D = 4M

Pa

T

)76

-
NI
- —

(c) Gutzwiller projected
layered GfPEPS for spin state



CSL with Gutzwiller projected Gaussian fermionic iPEPS

GfPEPS for Chern insulators: Hofstadter model, Chern number € = 1

(a) ty = 0.5 b
100 = | | M — ]2 E ( ) 1 .‘,

! 0.01 _
z - 3 0.005
T 10-2 = ' E qu
= - 0 A - 0.5
§ = O =T 0 S —

- O -

i | L2 9 s 0

0 2 4 6

M
(a) Variational energy; (b) entanglement spectrum

States become chiral for M = 2
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GfPEPS for Chern insulators: Hofstadter model, Chern number € = 1
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(a) Variational energy; (b) entanglement spectrum

States become chiral for M = 2
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GfPEPS for Chern insulators:
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Correlation functions for different t, (bulk gap).

Finite M effects: no practical limitation
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GfPEPS for Chern insulators:
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Correlation functions for different t, (bulk gap).

Finite M effects: no practical limitation
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Hofstadter model, Chern number C =1

Accurate short distance behavior
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What we learned and expect?
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What we learned and expect?

* GfPEPS represents Chern insulators faithfully with finite M

* We expect the projected spin state should exhibit expected number of branches

 We can take M = 2 for constructing CSL ansatz
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Gutzwiller projected spin state: topological sectors from parton
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* Unprojected states related by gauge transformation are equivalent after
projection
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Gutzwiller projected spin state: topological sectors from parton

T ., 3O

1 —

\ 4
.T ——¢ 0§

* 0
&

*—&
*— o ¢
*—¢

L 4

* Unprojected states related by gauge transformation are equivalent after
projection

* Anti-periodic boundary condition < flux insertion in virtual space
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Gutzwiller projected spin state: topological sectors from parton

T ., 3O

*——o—¢ @ r—o—9o ¢
.

*—&
*— o ¢
*—¢

* Unprojected states related by gauge transformation are equivalent after
projection

* Anti-periodic boundary condition < flux insertion in virtual space

e All minimally entangled states (MES) can be constructed

MES construction: Y. Zhang et al, PRB (2012); H.-H. Tu et al, PRB (2013)
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Gutzwiller projected spin state: C = 1 = Abelian SU(2), CSL
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* Level counting matches SU(2), CFT with exactly one branch in each sector
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Gutzwiller projected spin state: C = 1 = Abelian SU(2), CSL

(d)
8
+

4 — B XS:O 4 - ﬂ _|_S:%

&) = [>S:]_ ﬁ N S—§

> + + L =3

0 [ Lo 0S=2| 0f+ e

T = B I R N e R

0 1/3 2/3 1 0 1/3  2/3 1

k,/2m k,/2m

Main progress
* Level counting matches SU(2), CFT with exactly one branch in each sector
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Gutzwiller projected spin state: C = 1 = Abelian SU(2), CSL
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1 = Spin-spin correlation with M = 2;

x: CTMRG bond dimension

Gossamer tail

* Features of correlation functions are retained after projection
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Gutzwiller projected spin state: C = 1 = Abelian SU(2), CSL

(a’) 1009‘ |
i 0O x = 40 |
210-39 Ox =120
Q g > x = 240 |

1 = Spin-spin correlation with M = 2;
¥: CTMRG bond dimension

Gossamer tail

* Features of correlation functions are retained after projection
* Finite M effect?
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Gutzwiller projected spin state: C = 2 = non-Abelian SO(5), CSL

(c)  Identity (d)  Twist (e)
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* Level counting matches SO(5), CFT with exact branch number in each sector
Y. Zhang et al, PRB (2014); Y.-H. Wu et al, PRB (2022)
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Summary

* Fermionic iPEPS provides a faithful description of CSL edge spectra

Attention: states with different entanglement properties could have similar
variational energy!
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Summary

* Fermionic iPEPS provides a faithful description of CSL edge spectra

Outlook:

Use fermionic (virtual particle) iPEPS variational ansatz to simulate CSLs in spin
models?
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Conclusions

* iPEPS can represent generic CSLs, with faithful description of edge spectra;

 The weak Gossamer tails caused by topological obstruction is universal, but
brings no practical limitation to numerical simulation.

Thank you for your attention!
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GfPEPS for Chern insulators: scenario Il Qi-Wu-Zhang model, Chern number C = 1
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(a) Variational energy; (b) entanglement spectrum

States are chiral for M = 1, but dispersion becomes accurate for M = 2.
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GfPEPS for Chern insulators: scenario Il Qi-Wu-Zhang model, Chern number C = 1

(a) Exact (b) GfPEPS, M =1 (c) Error of M = 1 (d) GfPEPS, M =2 (e) Error of M = 2

0.4+

0.24

0.
1

1

0.5 0.5 0.5 0.5 : 0.5 0.5 0.5

ky/2m 0o ki /2w k;,,/27r 00 ks /2 ky/2m 00 k. /2w k!//27" 00 ki /2w ky/2m 0 ks /2w

Single-particle energy in momentum space

M = 1, smooth band, power-law decay correlations; similar to [T. B. Wahl et al, PRL (2013)]
M = 2, sharp singularity, crossover behavior in correlations.
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GfPEPS for Chern insulators: scenario Il Qi-Wu-Zhang model, Chern number C = 1
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Correlation functions.

Similar finite M effects



