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Astroparticle physics

Using fundamental physics to learn about astrophysics or the universe as 
a whole… 

…using astro/cosmo phenomena unaccounted for within current 
theories to learn about what lies beyond standard model(s)



Plan of the lectures

‣ I. Intro: Why should we look for fundamental physics in (high-energy) 
astrophysics? 

‣ II. Basic facts about cosmic rays & their environments

‣ III. Phase space approach to CR dynamics 

‣ IV. Basics on CR acceleration & the SNR ‘paradigm’ 

‣ V. 'Multimessenger’ approach: photons, neutrinos, secondaries (some 
notions on collisional aspects; relevant pheno) 



Recap of previous lecture

‣ As in several astrophysical and cosmological contexts, the  conditions probed in high-
energy astrophysics phenomena are ‘unusual’ for terrestrial standards and, can lead to 
unveil or to characterise them new phenomena. 

‣ CRs have been used as a ‘poor particle physicist’s accelerator’ in the past. Yet the 
problem of the origin of their primary component acceleration and propagation/
evolution remains open. Difficult due to ~isotropy (magnetic deflections) and 
~featureless spectra.

‣ The high-E/low-flux component must be studied indirectly, via shower properties.

‣ Direct measurements (low-E, ~large fluxes) reveal ~featureless spectrum and peculiar 
composition patterns.

‣  We now aim at tackling the CR problem ‘directly’, i.e. compare CR observed at Earth 
with model predictions accounting for production and propagation of CRs



How do CR propagate? (Heuristic approach)



ISM conductivity very high: large-scale, stationary E-fields → 0

In a constant B-field, a particle of charge q and momentum p 
follows a helical trajectory. EoM
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p = const.
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pz ⌘ p ·B = const
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µ ⌘ pz/p = const. (Pitch angle)

vz = const.

vx = v0? cos(� t)

vy = v0? sin(� t)

Let’s have a look at the quantities entering the solution
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z = z0 + vzt
µ = B̂ · p̂ = cos �

How do cosmic rays propagate?



Characteristic timescales and lengthscales

angular or cyclotron 
(gyro)frequency

Larmor or gyro-radius 
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Non-relativistic case
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Relativistic case
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time and spatial scales of this movement are very small for astrophysics standards! 
E.g. for protons, rL ~ distance between neighbouring stars at ~PeV;  rL ~Galactic size @ ~EeV=1018 EeV.



Expectations

The B-field far from ~uniform at those scales!

CRs probe very local field, affected by “small-scale inhomogeneities” 

→ changing direction by what appear “random kicks”, similar to brownian motion

Simulated trajectory in a realistic B-field



Expectations

The B-field far from ~uniform at those scales!

CRs probe very local field, affected by “small-scale inhomogeneities” 

→ changing direction by what appear “random kicks”, similar to brownian motion

Macroscopically, we expect this movement 
be described as diffusion

Fick’s law

Let’s get a closer look at how this emerges and some of its properties

Continuity Equation

Simulated trajectory in a realistic B-field



Adding a perturbation

y

|�B| << |B0| , �B � B0

pz = p µ

NB: perturbations chosen so that only pz  evolution non-
trivial; previous solution for the x-y components of p still 
valid in a “perturbation theory” spirit

Adding small, stochastic, static perturbations to the 
B-field, orthogonal to its regular value:

dp

dt
=

q v

c
⇥ (B0 + �B)



Adding a perturbation

y

|�B| << |B0| , �B � B0

pz = p µ

NB: perturbations chosen so that only pz  evolution non-
trivial; previous solution for the x-y components of p still 
valid in a “perturbation theory” spirit

Adding small, stochastic, static perturbations to the 
B-field, orthogonal to its regular value:

dp

dt
=

q v

c
⇥ (B0 + �B)

Averaging over fluctuations with random phase 𝜓, one can prove it shows diffusive features

gyrophase average

Zero average

resonant variance,
linear in time
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Pictorial intuition
The resonance condition tells us that:

if k-1>> rL the CRs surf adiabatically the 
perturbation, 

if k-1<< rL the CRs hardly feel their presence

Each time a resonance occurs, the CR 
changes pitch angle by δB/B with random 
sign

k-1>> rL

k-1<< rL

k-1~ rL

The momentum-dependence of the diffusion depends on how large field fluctuations 
are at different scales (their “power spectrum”) 
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III. (Sketch of) formal approach in phase space



Sketch of formal approach in phase space

For a hamiltonian system only evolving under externally assigned force fields, all 
information is encoded in the one-particle distribution function for species 𝜶, f𝜶

obeying the collisionless Boltzmann eq.
(also improperly called Liouville eq.)

If 2-body interactions, decays, particle creation/annihilation processes, etc. added, then RHS ≠ 0
(Collisional term, or Boltzmann equation)

Phase space density
(relativistic invariant)

The non-thermal nature of these particles depends on the 
collisional term being sub-leading in their dynamics 



Useful quantities used in CR description

(Isotropic) Flux [Monopole]

Since close to isotropy, useful to describe the CR in terms of moments with respect to the angular distribution

“Current” [Dipole]
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Useful quantities used in CR description

(Isotropic) Flux [Monopole]

Since close to isotropy, useful to describe the CR in terms of moments with respect to the angular distribution

“Current” [Dipole]
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�(t,x, p) ⌘ 1

4⇡

Z
d⌦f(t,x,p)

<latexit sha1_base64="27+VxKhWPULny+RSzSN2f/dSbsw="></latexit>

�(t,x, p) ⌘ 1

4⇡

Z
d⌦ p̂ f(t,x,p)

<latexit sha1_base64="D4IPwQd9FCMhe6OJEmkm9NSMAsk=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuxKUBshaGMZwTwgG8Ls5G4yZvbBzF0hLPkDG3/FxkIRW1s7/8bJo9DEAxfOnHMvc+/xYik02va3lVlaXlldy67nNja3tnfyu3t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbXY7/xAEqLKLzDYQztgPVC4QvO0Eid/LErwcdi6no+vR9duh4go3TydKt9MXKV6PXxpJMv2CV7ArpInBkpkBmqnfyX2414EkCIXDKtW44dYztlCgWXMMq5iYaY8QHrQcvQkAWg2+nknhE9MkqX+pEyFSKdqL8nUhZoPQw80xkw7Ot5byz+57US9C/aqQjjBCHk04/8RFKM6Dgc2hUKOMqhIYwrYXalvM8U42gizJkQnPmTF0n9tOSclcq35ULlahZHlhyQQ1IkDjknFXJDqqRGOHkkz+SVvFlP1ov1bn1MWzPWbGaf/IH1+QO1jZvW</latexit>

(j = ��)

<latexit sha1_base64="yx7JYA6CsHs2XsNDo1mPOpUc7jQ=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhCoSRa1I1QdOOygn1AE8pkOmmGTh7M3Agl5Dfc+CtuXCjiUlf+jdM2C209cOHMOfcy9x4vEVyBZX0bS8srq2vrpY3y5tb2zq65t99WcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTPzOA5OKx9E9jBPmhmQYcZ9TAlrqm5Z/hZ0k4Lh6ljkBgczxfJzkuUMHMWCMp2+nGfC86ggtqb5ZsWrWFHiR2AWpoALNvvnpDGKahiwCKohSPdtKwM2IBE4Fy8tOqlhC6IgMWU/TiIRMudn0shwfa2WA/VjqigBP1d8TGQmVGoee7gwJBGrem4j/eb0U/Es341GSAovo7CM/FRhiPIkJD7hkFMRYE0Il17tiGhBJKOgwyzoEe/7kRdI+rdnntfpdvdK4LuIooUN0hE6QjS5QA92iJmohih7RM3pFb8aT8WK8Gx+z1iWjmDlAf2B8/QCfbp97</latexit>

f = �+ 3p̂ ·�+ . . .

<latexit sha1_base64="2ed+IcbVP8SfDcPmKgvFydBHbwQ=">AAACGnicbZDLSsNAFIYn3q23qEs3g0VwVRIt6kbwsnFZwarQxDKZntTByYWZE7GEPIcbX8WNC0XciRvfxmkbRKs/DHz85xzOnD9IpdDoOJ/W2PjE5NT0zGxlbn5hccleXjnXSaY4NHkiE3UZMA1SxNBEgRIuUwUsCiRcBDfH/frFLSgtkvgMeyn4EevGIhScobHatpt7KqKd4mqb5l4Q0rti3wsAGS19it902PZSUGnbrjo1ZyD6F9wSqqRUo22/e52EZxHEyCXTuuU6Kfo5Uyi4hKLiZRpSxm9YF1oGYxaB9vPBaQXdME6HhokyL0Y6cH9O5CzSuhcFpjNieK1Ha33zv1orw3DPz0WcZggxHy4KM0kxof2caEco4Ch7BhhXwvyV8mumGEeTZsWE4I6e/BfOt2ruTq1+Wq8eHJVxzJA1sk42iUt2yQE5IQ3SJJzck0fyTF6sB+vJerXehq1jVjmzSn7J+vgCpJigBA==</latexit>

d3x = �dtdA?

<latexit sha1_base64="uaFjTQnEihDNsFKqFmVjVKyF+h4="></latexit>

F (t,x, E,⌦) =
dN

dtdA?dEd⌦
=

fd3xd3p

dtdA?dEd⌦
= �p2

dp

dE
f = p2f spectral 

intensity

 spectral 
density

<latexit sha1_base64="bcKvwW3xhHvUhzJEWlghdHphJuQ="></latexit>

n(t,x, E) =
1

�

Z
d⌦F =

4⇡p2

�
� p=p(E) intended

Auxiliary quantities (link to observations)



Specialisation to our case

<latexit sha1_base64="6Rcv9DCAiBrMcjXM0pE73I8lgw8="></latexit>

df

dt
=

@f

@t
+ v ·rxf + q

(p⇥B)

E
·rpf = 0



Specialisation to our case

<latexit sha1_base64="6Rcv9DCAiBrMcjXM0pE73I8lgw8="></latexit>

df

dt
=

@f

@t
+ v ·rxf + q

(p⇥B)

E
·rpf = 0

<latexit sha1_base64="+KKdmVTdGT10D5vyBD+N8BNCaXQ=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQxDIjRd0IpW5cVrAP6JSSSe+0oZnMkGSEMvQr3Pgrblwo4lbc+Tem7QjaeiBw7jn3cnOPH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqCiRFOo04pFs+UQBZwLqmmkOrVgCCX0OTX94PfGb9yAVi8SdHsXQCUlfsIBRoo3UtU9Tzw9wdXzlcSL6HHBWe3Janng94Jr8qF276JScKfAicTNSRBlqXfvT60U0CUFoyolSbdeJdSclUjPKYVzwEgUxoUPSh7ahgoSgOun0rDE+MkoPB5E0T2g8VX9PpCRUahT6pjMkeqDmvYn4n9dOdHDZSZmIEw2CzhYFCcc6wpOMcI9JoJqPDCFUMvNXTAdEEqpNkgUTgjt/8iJpnJXc81L5tlysVLM48ugAHaJj5KILVEE3qIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTP76A+sj2/3LZ6i</latexit>

B = hBi+ �B

<latexit sha1_base64="cEd2yUOcLS3uEiIOhjSs/4m2Sb4="></latexit>

dhfi
dt

=
@hfi
@t

+ v ·rxhfi+ q
(p⇥ hBi)

E
·rphfi = �q

⌧
(p⇥ �B)

E
·rp�f

�
6= 0

Decomposing into the “known” (ensemble-
averaged field)+perturbation

 The ensemble-averaged equation becomes



Specialisation to our case

The RHS makes it like a Boltzmann eq. for <f>, with the ‘collisional’ term 

<latexit sha1_base64="6Rcv9DCAiBrMcjXM0pE73I8lgw8="></latexit>

df

dt
=

@f

@t
+ v ·rxf + q

(p⇥B)

E
·rpf = 0

<latexit sha1_base64="+KKdmVTdGT10D5vyBD+N8BNCaXQ=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQxDIjRd0IpW5cVrAP6JSSSe+0oZnMkGSEMvQr3Pgrblwo4lbc+Tem7QjaeiBw7jn3cnOPH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqCiRFOo04pFs+UQBZwLqmmkOrVgCCX0OTX94PfGb9yAVi8SdHsXQCUlfsIBRoo3UtU9Tzw9wdXzlcSL6HHBWe3Janng94Jr8qF276JScKfAicTNSRBlqXfvT60U0CUFoyolSbdeJdSclUjPKYVzwEgUxoUPSh7ahgoSgOun0rDE+MkoPB5E0T2g8VX9PpCRUahT6pjMkeqDmvYn4n9dOdHDZSZmIEw2CzhYFCcc6wpOMcI9JoJqPDCFUMvNXTAdEEqpNkgUTgjt/8iJpnJXc81L5tlysVLM48ugAHaJj5KILVEE3qIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTP76A+sj2/3LZ6i</latexit>

B = hBi+ �B

<latexit sha1_base64="cEd2yUOcLS3uEiIOhjSs/4m2Sb4="></latexit>

dhfi
dt

=
@hfi
@t

+ v ·rxhfi+ q
(p⇥ hBi)

E
·rphfi = �q

⌧
(p⇥ �B)

E
·rp�f

�
6= 0

Decomposing into the “known” (ensemble-
averaged field)+perturbation

 The ensemble-averaged equation becomes

under some hypotheses, notably gyrophase-average

<latexit sha1_base64="Er48oqSDsjFbQXxQqf6JcKWix2o="></latexit>

�q

⌧
(p⇥ �B)

E
·rp�f

�
' �⌫✓✓ (hfi � �)

i.e. a ‘relaxation’ of <f> to the isotropic flux due to the CR interactions with the B-fluctuations (‘BGK’)



A diffusion equation
<latexit sha1_base64="yx7JYA6CsHs2XsNDo1mPOpUc7jQ=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhCoSRa1I1QdOOygn1AE8pkOmmGTh7M3Agl5Dfc+CtuXCjiUlf+jdM2C209cOHMOfcy9x4vEVyBZX0bS8srq2vrpY3y5tb2zq65t99WcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTPzOA5OKx9E9jBPmhmQYcZ9TAlrqm5Z/hZ0k4Lh6ljkBgczxfJzkuUMHMWCMp2+nGfC86ggtqb5ZsWrWFHiR2AWpoALNvvnpDGKahiwCKohSPdtKwM2IBE4Fy8tOqlhC6IgMWU/TiIRMudn0shwfa2WA/VjqigBP1d8TGQmVGoee7gwJBGrem4j/eb0U/Es341GSAovo7CM/FRhiPIkJD7hkFMRYE0Il17tiGhBJKOgwyzoEe/7kRdI+rdnntfpdvdK4LuIooUN0hE6QjS5QA92iJmohih7RM3pFb8aT8WK8Gx+z1iWjmDlAf2B8/QCfbp97</latexit>

f = �+ 3p̂ ·�+ . . .

<latexit sha1_base64="/StBTSZMrOjfPOexcN/EnN295Gk="></latexit>

@th�i+ �

3
rxh�i+⌦⇥ h�i ' �⌫✓✓h�i

<latexit sha1_base64="L+nmbpFP+L0fNR9qEBidywutvHI="></latexit>

@tj+
�2

3
rxh�i+⌦⇥ j ' �⌫✓✓j

<latexit sha1_base64="RTNtYBstUbxsook0jostWiGDT2s="></latexit>

@th�i+ �rx · h�i = 0
<latexit sha1_base64="dg+LUYfkevXQ++9rBQiKlciDsds=">AAACJXicbVBNSwMxEM36bf2qevQSLIIglF0p6kFB9OJRwarQlGU2zbbRbHZJZsWy9M948a948aCI4Mm/Yrr24NeDwMt7M8zMizIlLfr+uzc2PjE5NT0zW5mbX1hcqi6vXNg0N1w0eapScxWBFUpq0USJSlxlRkASKXEZ3RwP/ctbYaxM9Tn2M9FOoKtlLDmgk8LqPsvAoAQVImUKdFcJyrKepMyUny2mIVIQFiyK6d2A8U6KJb8eHPhhtebX/RL0LwlGpEZGOA2rL6yT8jwRGrkCa1uBn2G7GG7AlRhUWG5FBvwGuqLlqIZE2HZRXjmgG07p0Dg17mmkpfq9o4DE2n4SucoEsGd/e0PxP6+VY7zXLqTOchSafw2Kc0UxpcPIaEcawVH1HQFupNuV8h4Y4OiCrbgQgt8n/yUX2/Vgp944a9QOj0ZxzJA1sk42SUB2ySE5IaekSTi5J4/kmbx4D96T9+q9fZWOeaOeVfID3scn3cKleg==</latexit>

@th�i+rx · j = 0

<latexit sha1_base64="chKtvI3I251GsU41knZYKywYMhg=">AAACFHicbVDLSgMxFM34rPVVdekmWARBqDNS1GWpCO6sYB/QKSWT3pmGZjLTJFMoQz/Cjb/ixoUibl24829MHwttPXDh5Jx7yb3HizlT2ra/raXlldW19cxGdnNre2c3t7dfU1EiKVRpxCPZ8IgCzgRUNdMcGrEEEnoc6l7veuzXByAVi8SDHsbQCkkgmM8o0UZq505T1/PduxACMnKhn7AB7ruciIADHlu4PHLl5Hl2087l7YI9AV4kzozk0QyVdu7L7UQ0CUFoyolSTceOdSslUjPKYZR1EwUxoT0SQNNQQUJQrXRy1AgfG6WD/UiaEhpP1N8TKQmVGoae6QyJ7qp5byz+5zUT7V+1UibiRIOg04/8hGMd4XFCuMMkUM2HhhAqmdkV0y6RhGqTY9aE4MyfvEhq5wXnolC8L+ZL5VkcGXSIjtAJctAlKqFbVEFVRNEjekav6M16sl6sd+tj2rpkzWYO0B9Ynz+n456Q</latexit>

⌦ ⌘ qhBi/EPlugging in and defining

system of two equations



A diffusion equation
<latexit sha1_base64="yx7JYA6CsHs2XsNDo1mPOpUc7jQ=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhCoSRa1I1QdOOygn1AE8pkOmmGTh7M3Agl5Dfc+CtuXCjiUlf+jdM2C209cOHMOfcy9x4vEVyBZX0bS8srq2vrpY3y5tb2zq65t99WcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTPzOA5OKx9E9jBPmhmQYcZ9TAlrqm5Z/hZ0k4Lh6ljkBgczxfJzkuUMHMWCMp2+nGfC86ggtqb5ZsWrWFHiR2AWpoALNvvnpDGKahiwCKohSPdtKwM2IBE4Fy8tOqlhC6IgMWU/TiIRMudn0shwfa2WA/VjqigBP1d8TGQmVGoee7gwJBGrem4j/eb0U/Es341GSAovo7CM/FRhiPIkJD7hkFMRYE0Il17tiGhBJKOgwyzoEe/7kRdI+rdnntfpdvdK4LuIooUN0hE6QjS5QA92iJmohih7RM3pFb8aT8WK8Gx+z1iWjmDlAf2B8/QCfbp97</latexit>

f = �+ 3p̂ ·�+ . . .

<latexit sha1_base64="/StBTSZMrOjfPOexcN/EnN295Gk="></latexit>

@th�i+ �

3
rxh�i+⌦⇥ h�i ' �⌫✓✓h�i

<latexit sha1_base64="L+nmbpFP+L0fNR9qEBidywutvHI="></latexit>

@tj+
�2

3
rxh�i+⌦⇥ j ' �⌫✓✓j

<latexit sha1_base64="RTNtYBstUbxsook0jostWiGDT2s="></latexit>

@th�i+ �rx · h�i = 0
<latexit sha1_base64="dg+LUYfkevXQ++9rBQiKlciDsds=">AAACJXicbVBNSwMxEM36bf2qevQSLIIglF0p6kFB9OJRwarQlGU2zbbRbHZJZsWy9M948a948aCI4Mm/Yrr24NeDwMt7M8zMizIlLfr+uzc2PjE5NT0zW5mbX1hcqi6vXNg0N1w0eapScxWBFUpq0USJSlxlRkASKXEZ3RwP/ctbYaxM9Tn2M9FOoKtlLDmgk8LqPsvAoAQVImUKdFcJyrKepMyUny2mIVIQFiyK6d2A8U6KJb8eHPhhtebX/RL0LwlGpEZGOA2rL6yT8jwRGrkCa1uBn2G7GG7AlRhUWG5FBvwGuqLlqIZE2HZRXjmgG07p0Dg17mmkpfq9o4DE2n4SucoEsGd/e0PxP6+VY7zXLqTOchSafw2Kc0UxpcPIaEcawVH1HQFupNuV8h4Y4OiCrbgQgt8n/yUX2/Vgp944a9QOj0ZxzJA1sk42SUB2ySE5IaekSTi5J4/kmbx4D96T9+q9fZWOeaOeVfID3scn3cKleg==</latexit>

@th�i+rx · j = 0

<latexit sha1_base64="chKtvI3I251GsU41knZYKywYMhg=">AAACFHicbVDLSgMxFM34rPVVdekmWARBqDNS1GWpCO6sYB/QKSWT3pmGZjLTJFMoQz/Cjb/ixoUibl24829MHwttPXDh5Jx7yb3HizlT2ra/raXlldW19cxGdnNre2c3t7dfU1EiKVRpxCPZ8IgCzgRUNdMcGrEEEnoc6l7veuzXByAVi8SDHsbQCkkgmM8o0UZq505T1/PduxACMnKhn7AB7ruciIADHlu4PHLl5Hl2087l7YI9AV4kzozk0QyVdu7L7UQ0CUFoyolSTceOdSslUjPKYZR1EwUxoT0SQNNQQUJQrXRy1AgfG6WD/UiaEhpP1N8TKQmVGoae6QyJ7qp5byz+5zUT7V+1UibiRIOg04/8hGMd4XFCuMMkUM2HhhAqmdkV0y6RhGqTY9aE4MyfvEhq5wXnolC8L+ZL5VkcGXSIjtAJctAlKqFbVEFVRNEjekav6M16sl6sd+tj2rpkzWYO0B9Ynz+n456Q</latexit>

⌦ ⌘ qhBi/E

<latexit sha1_base64="Sh0Ztk2HUeq6TZi9LHqqA1hp0nw="></latexit>

@h�i
@t

=
@

@xi

✓
Kij

@

@xj
h�i

◆

<latexit sha1_base64="DVtjKvlbFNzr5PRZtxXStYOupa0="></latexit>

Kij =
�2

3⌫✓✓

⌫2✓✓�ij + ⌫✓✓⌦k✏ijk + ⌦i⌦j

⌫2✓✓ + ⌦2

<latexit sha1_base64="+RUGuA1Qq4OBb8BZUx7AalP7k9A=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqpJSAWMFC2OR6ENqQuW4TmvVcSL7BqmK8gEs/AoLAwix8gFs/A1umwFajmTr+NxzdX2PHwuuwba/rcLK6tr6RnGztLW9s7tX3j9o6yhRlLVoJCLV9YlmgkvWAg6CdWPFSOgL1vHH19N654EpzSN5B5OYeSEZSh5wSsBI/XLFDRShqeszIPe1LD1zZdJPXRiZ9/zOMuOyq/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47BS4kCTgXLSm6iWUzomAxZz1BJQqa9dLZMhk+MMsBBpMyRgGfq746UhFpPQt84QwIjvVibiv/VegkEl17KZZwAk3Q+KEgEhghPk8EDrhgFMTGEUMXNXzEdEZMOmPxKJgRnceVl0q5VnfNq/bZeaVzlcRTRETpGp8hBF6iBblATtRBFj+gZvaI368l6sd6tj7m1YOU9h+gPrM8f6G+cLw==</latexit>

�2

3⌫✓✓

<latexit sha1_base64="25Yo17I1HFhRs0M3duFJNSKbm3A=">AAACGXicbVDLSgMxFM34rPVVdekmWATdlBkVdSm6cWcFq0Knlkx6pw0mmSG5I5RhfsONv+LGhSIudeXfmD4Wvg7cy+Gce0nuiVIpLPr+pzcxOTU9M1uaK88vLC4tV1ZWL22SGQ4NnsjEXEfMghQaGihQwnVqgKlIwlV0ezLwr+7AWJHoC+yn0FKsq0UsOEMntSt+GBvG8zACZDc7Rb67FeqsnYfYc8KoF2GqqAjPFHTZdtGuVP2aPwT9S4IxqZIx6u3Ke9hJeKZAI5fM2mbgp9jKmUHBJRTlMLOQMn7LutB0VDMFtpUPLyvoplM6NE6MK410qH7fyJmytq8iN6kY9uxvbyD+5zUzjA9budBphqD56KE4kxQTOoiJdoQBjrLvCONGuL9S3mMuKnRhll0Iwe+T/5LLnVqwX9s736seHY/jKJF1skG2SEAOyBE5JXXSIJzck0fyTF68B+/Je/XeRqMT3nhnjfyA9/EFLhehCQ==</latexit>

�2

3(⌫✓✓ ± i⌦)

can be re-cast in terms of the single diffusion equation for the ensemble-averaged isotropic flux

where the spatial diffusion tensor writes

Eigenvalues

∥B

⟂B

Plugging in and defining

system of two equations



Further generalisation: What are the inhomogeneities?

Fluid equations
 Euler eq. (momentum eq.)

equation of state (EOS)

Continuity eq. (mass conservation) 

admit perturbative ‘wave’ solutions around background 

Reminder



Further generalisation: What are the inhomogeneities?

Fluid equations
 Euler eq. (momentum eq.)

equation of state (EOS)

Continuity eq. (mass conservation) 

admit perturbative ‘wave’ solutions around background 

<latexit sha1_base64="eJVYuV/XDHhQ7fqXUcriKQ81pdY="></latexit>✓
@2

@t2
� c2sr2

◆
�⇢ = 0

<latexit sha1_base64="H88Tj15hvgFR5D9aVKqwJ2Nw1NI=">AAACCXicbZC7TsMwFIadcivlFmBksaiQmEpSVcBYwcJYJHqRmhA5zmlr1blgO5WqqCsLr8LCAEKsvAEbb4PbZoCWX7L06T/n6Pj8fsKZVJb1bRRWVtfWN4qbpa3tnd09c/+gJeNUUGjSmMei4xMJnEXQVExx6CQCSOhzaPvD62m9PQIhWRzdqXECbkj6EesxSpS2PBNTT95XHXhI2Qg7AXBFcOMsB0cMYs8sWxVrJrwMdg5llKvhmV9OENM0hEhRTqTs2lai3IwIxSiHSclJJSSEDkkfuhojEoJ0s9klE3yinQD3YqFfpPDM/T2RkVDKcejrzpCogVysTc3/at1U9S7djEVJqiCi80W9lGMV42ksOGACqOJjDYQKpv+K6YAIQpUOr6RDsBdPXoZWtWKfV2q3tXL9Ko+jiI7QMTpFNrpAdXSDGqiJKHpEz+gVvRlPxovxbnzMWwtGPnOI/sj4/AF1S5mP</latexit>

c2s ⌘ �P/�⇢

“Sound waves equation”

obeying the dispersion relation

simple solution in Fourier space

with

can extract single master equation 

Reminder



Magnetohydrodynamics waves

In a magnetised medium,
same as before + Lorentz force and 

Maxwell equations

<latexit sha1_base64="AmWwH2rJf9euGeILbF0xMOctSIA=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEinoRSr14rGBtoQlls9m0SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5Uxpx/m2Siura+sb5c3K1vbO7p69f/CgkkwS2iYJT2Q3wIpyJmhbM81pN5UUxwGnnWB0M/U7j1Qqloh7PU6pH+OBYBEjWBupbx95AgcceyRMNMq9IELNybXTt6tOzZkBLRO3IFUo0OrbX16YkCymQhOOleq5Tqr9HEvNCKeTipcpmmIywgPaM1TgmCo/n50/QadGCVGUSFNCo5n6eyLHsVLjODCdMdZDtehNxf+8XqajKz9nIs00FWS+KMo40gmaZoFCJinRfGwIJpKZWxEZYomJNolVTAju4svL5OG85l7U6nf1aqNZxFGGYziBM3DhEhpwCy1oA4EcnuEV3qwn68V6tz7mrSWrmDmEP7A+fwAde5Tx</latexit>r ·B = 0
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⇢̄ = const. , P̄ = 0 , v̄ = 0 ,B = B0search a solution around the background

one can reduce oneself to a linear system of second-order differential equations,

<latexit sha1_base64="s9vf/Li8IodIBacdSycXpxmdGmM=">AAACFXicbVDLSgNBEJyNrxhfqx69DAYhQgi7EtSLEPXiMYJ5QHYJs5PeZMjsg5nZQFjyE178FS8eFPEqePNvnCR70MSChqKqm+4uL+ZMKsv6NnIrq2vrG/nNwtb2zu6euX/QlFEiKDRoxCPR9ogEzkJoKKY4tGMBJPA4tLzh7dRvjUBIFoUPahyDG5B+yHxGidJS1yxfl5wogD4p49TxfDycnDplpwdckbkwmnQz48rqmkWrYs2Al4mdkSLKUO+aX04vokkAoaKcSNmxrVi5KRGKUQ6TgpNIiAkdkj50NA1JANJNZ19N8IlWetiPhK5Q4Zn6eyIlgZTjwNOdAVEDuehNxf+8TqL8SzdlYZwoCOl8kZ9wrCI8jQj3mACq+FgTQgXTt2I6IIJQpYMs6BDsxZeXSfOsYp9XqvfVYu0miyOPjtAxKiEbXaAaukN11EAUPaJn9IrejCfjxXg3PuatOSObOUR/YHz+ABGxnYk=</latexit>

A(!,k) �vk = 0In Fourier space, admits non-trivial solution if the matrix equation

has det A=0. → determines the dispersion relation of the (propagating) modes,

the corresponding eigenvectors determining the different types of propagating modes

}Ideal MHD approximation: 
charge neutrality and fluid approximation, 
with macro evolution slow wrt microscopic 

process timescales



Alfvén waves
“Zoology” of modes, due to the types of medium/particles involved (cold, hot, different EoS, etc.)

Most notable ‘new’ beast:  
Alfvén waves,  transversal wave propagating ∥B: 

mechanical pressure plays no role!
(B-field acts as a plucked string, inertia given by mass 

of particles in the medium)

Alfvén velocity
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Alfvén waves
“Zoology” of modes, due to the types of medium/particles involved (cold, hot, different EoS, etc.)

Most notable ‘new’ beast:  
Alfvén waves,  transversal wave propagating ∥B: 

mechanical pressure plays no role!
(B-field acts as a plucked string, inertia given by mass 

of particles in the medium)

Alfvén velocity

Half off the Nobel Prize in Physics 1970 to Hannes Olof 
Gösta Alfvén 

"for fundamental work and discoveries in magnetohydro-dynamics 
with fruitful applications in different parts of plasma physics"

<latexit sha1_base64="KOTvyaq4EsonfykAoAoAT80g7IU="></latexit>
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Original, Nobel-worthy article…

© 1942 Nature Publishing Group

© 1942 Nature Publishing Group

Hannes Alfvén (1942) 
"Existence of  Electromagnetic-Hydrodynamic Waves". 
Nature 150 (3805), 1942

For us, 
key new information 

“The B-field disturbances” previously considered 
are not ‘at rest’ in the Lab (Galaxy) frame

The frame where these disturbances are on average at rest
can move; also, their ‘random’ movement is important



Generalisation

<latexit sha1_base64="vfyFFLA2O5EBqxMPvQzP3T8Xsdg=">AAADu3iclVJNaxsxEJV3+5G6H3HSYy+ippBSanbd0OYSCO2l0EsCdRKw7EUra71KtFohaUOM0I9sb/031a5t6mxyqAcEj5nRe2+GSSVn2kTRn04QPnr85OnOs+7zFy9f7fb29s91WSlCR6TkpbpMsaacCToyzHB6KRXFRcrpRXr9ra5f3FClWSl+moWkkwLPBcsYwcankr3OL5QpTCySWBmGOUQcizmnEMmcIdVg969q3MdW/0bxNmEOcZqZgx+JZVduK+bbxH9QbJ6b9xY1c9mUV9R9qBK2JRFzbk2h6GztOHb2U9uS537Qv9xKUa6Nu+5a12+ZCoM3tOV02FaHdzmWytMh9NuTstX8vw6Oz7pJrx8NoibgfRCvQB+s4jTp/UazklSFd0w41nocR9JMbM1NvEwXVZpKTK79TGMPBS6onth mUAff+cwMZqXyTxjYZDd/WFxovShS31lgk+t2rU4+VBtXJjuaWCZkZaggS6Gs8idYwvqQ4YwpSgxfeICJYt4rJDn2OzP+3OslxO2R74Pz4SD+PDg8O+yffF2tYwe8AW/BAYjBF3ACvoNTMAIkOAqmwTzIw+OQhFchX7YGndWf1+BOhNVfp2dCtQ==</latexit>
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Convection/advection: accounts for spatial transport due to large scale movements like Galactic winds. It is usually 
considered mostly perpendicular to the Galactic plane and antisymmetric with respect to it

Adiabatic energy gain/losses: crucial in particular for particle acceleration

Reacceleration: diffusion in momentum space due to dispersion velocity of the waves in the plasma frame

Note how 𝝂-dependence inverse wrt to spatial diffusion…

Q is a ‘source term’ : makes sense to insert it since ‘acceleration’ vs propagation can be largely factorised (different 
timescales)

}



Simplified 1D model and solution: building intuition
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Rd � H � h

only vertical, z coordinate relevant

(leading operators in the equation)



Simplified 1D model and solution: building intuition
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Rd � H � h

only vertical, z coordinate relevant

(leading operators in the equation)
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�(z, p) = a(p) + b(p)|z|
<latexit sha1_base64="iBqy5tHn63zTO5US8vLGVxkix5A="></latexit>

�(z, p) = �0(p)

✓
1� |z|

H

◆
general solution form

Boundary conditions (vanishing at border box)

Eq for φ0(p) can be found by integrating 
over a small interval around z = 0 

<latexit sha1_base64="z8TNVn5jBjVVJG2of2IsuzkUqkM="></latexit>
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�0(p) = q0(p)⌧d(p)

<latexit sha1_base64="+X3a9ZIadukS1qW/v2vl3kLTw/M="></latexit>
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• At z=0, equivalent to “leaky box”, i.e. homogeneous model with diffusion →effective (p-dependent) confinement time

•  Spectrum at the Earth ≠ source spectrum due to the energy-dependence of the propagation effects 

Solution has the form



IV. Basics on CR acceleration and the ‘SNR paradigm’



Recap
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f = �+ 3p̂ ·�+ . . .• Multipolar expansion (angular) of phase space

• Ensemble averaging over stochastic fluctuations of the magnetic field

• Account for movement of these ‘scattering centres’
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B = hBi+ �B



Recap

<latexit sha1_base64="vfyFFLA2O5EBqxMPvQzP3T8Xsdg="></latexit>

@h�i
@t

� @

@xi

✓
Kij

@h�i
@xj

◆
+ui

@h�i
@xi

�1

3

@ui

@xi

✓
p
@h�i
@p

◆
� 1

p2
@

@p

✓
p2Kpp

@h�i
@p

◆
= Q
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f = �+ 3p̂ ·�+ . . .• Multipolar expansion (angular) of phase space

• Ensemble averaging over stochastic fluctuations of the magnetic field

• Account for movement of these ‘scattering centres’

In the simple purely diffusive 1D approximation 

the solution has the form
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• At z=0, equivalent to homogeneous model with diffusion → effective (p-dependent) confinement time

•  Spectrum at the Earth ≠ source spectrum due to the energy-dependence of the propagation effects 
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f = �+ 3p̂ ·�+ . . .• Multipolar expansion (angular) of phase space

• Ensemble averaging over stochastic fluctuations of the magnetic field

• Account for movement of these ‘scattering centres’

In the simple purely diffusive 1D approximation 

the solution has the form
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�0(p) = q0(p)⌧d(p)
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⌧d(p) ⌘
H h

K(p)
⇡ 107 yr

H

3 kpc

h

100 pc

1028 cm2s�1

K

• At z=0, equivalent to homogeneous model with diffusion → effective (p-dependent) confinement time

•  Spectrum at the Earth ≠ source spectrum due to the energy-dependence of the propagation effects 

What about ‘the source’, i.e. acceleration?
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Requirements to accelerate particles

Energetics: must take energy somewhere! For example:
Kinetic Energy (translational in SNRs, rotational in pulsars) 
Gravitational Energy (accretion disks)
Magnetic (solar flares)

Mechanism for Energy Transfer: how to transfer energy from macroscopic 
objects into the (microscopic) acceleration of particles? Ultimately it must be 
electromagnetic process…

Confinement: need to check that the particle stays in the accelerator
for the time needed to accelerate it.

Lack of (significant) E-losses: accelerating particles is useless for explaining 
CRs if they lose energy too quickly…

Several candidates to supply the needed energy. 
The trickiest problem is the second one, first addressed by Fermi

E. Fermi, “On the Origin of the Cosmic Radiation”, Physics Review 75, 1169, (1949)



Macro/micro energy transfer

As long as ideal (i.e. zero resistance) MHD conditions are verified* 
(~ charge neutrality and fluid approximation, with macro evolution slow wrt 

microscopic process timescales)
since B-fields cannot make work, only inductive E-fields (from conductive 

fluid movement) can be used to accelerate

*Exception to some of these conditions can be found e.g. in pulsar magnetospheres or magnetic reconnection phenomena
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(~ charge neutrality and fluid approximation, with macro evolution slow wrt 
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since B-fields cannot make work, only inductive E-fields (from conductive 

fluid movement) can be used to accelerate

*Exception to some of these conditions can be found e.g. in pulsar magnetospheres or magnetic reconnection phenomena
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E = �u⇥B
Either encounters with turbulent scattering centres (as in original Fermi paper) or coherent motion of 

shock waves (theories developed in the 1970s) are typically invoked to implement this idea

u



Reminder on shocks

Abrupt changes in macroscopic variables (e.g. density) achieved 
within microscopic distances. They propagate faster than sound.
(Far from being exotic, they arise quite naturally once the non-linear 

nature of fluid equations is taken into account!)

Mach number >1 
in a shock

Conservation laws translate into links between physical quantities across the discontinuity. 
E.g. for an ideal fluid of EoS parameter 𝛾(=5/3) one has

NB:  
Shocks in space are collisionless, i.e. do not 

involve collision between atoms/ions, but the 
‘scattering’ with B-field inhomogeneities. 

In terrestrial Labs, hard to reproduce 
collisionless shock physics!

‘strong’

shock



Example: (ideal) 1st order Fermi acceleration
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(shock frame)

(To ease notation, here I call simply f what should be more properly denoted as <𝞿>)

1 D limit (infinite planar shock)

Must be satisfied on either side of the shock

Let’s consider a steady state solution, set Q=0

(In reality, source does matter, at very least to normalise the solution… 
however, the idealisation done here would e.g. imply infinite # of particles!)
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Far from the discontinuity, u=const and this equation reduces to 

(with u and D
different at the

two sides)

(shock frame)
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Upstream (ahead of the shock, which is at x0), convection balances 
diffusion and, imposing the correct boundary conditions,
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Upstream (ahead of the shock, which is at x0), convection balances 
diffusion and, imposing the correct boundary conditions,

f(x, p) = f(0, p) (x > 0)

Downstream (behind the shock) there is no physically acceptable (i.e. f-finite) way to balance
diffusion against convection. Only spatially constant solutions are acceptable; continuity imposes:



Solution, cont’d
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Integrating the transport equation around 
the shock, one obtains the condition

(the second term at the LHS follows from integrating from -∞ to 0- the eq. at the previous page)

p

f0

df0
dp

= � 3

1� u2/u1
f0(p) / p�

3
1�u2/u1 ⇡ p�4

dN/dp = 4�p2f0(p) / p�2 ~E-(2+𝝐), known (improperly)
as Fermi spectrum

or, equivalently

use jump conditions



Comments

1. The spectrum of accelerated particle is a power-law extending formally to infinite 
momenta: without E-losses, in the stationary approach there’s no limit!

2. The slope depends uniquely on the compression factor, it is universal
for strong shocks and is notably independent of the diffusion properties (miracle!)

3. The normalisation (equivalently, the efficiency of the acceleration) is a free parameter, 
depending on the details of the “injection” in the acceleration zone. One cannot check 
the consistency of the “test-particle approach”.

4. The scattering centres have been assumed to be at rest (or slow) in the shock frame. 
That’s not necessarily true

5. A planar (and infinite) geometry was assumed, and implicitly that the shock is 
“parallel”, i.e. the field responsible for diffusion is along the shock normal.

6. The universal “Fermi spectrum” is obtained for energetic particles at the source, does 
not necessarily hold for the CRs escaping in the ISM! Yet, not crazy to think that this, 
plus relatively mild ‘propagation effects’, might explain the CR spectrum… 

7. CR’s current (feedback on B & shock structure) not taken into account…



A longstanding suspect: Supernova remnants

! Power budget (oldest one; will see in a minute)

! Theoretical mechanism to accelerate particles with~ the right properties (just saw it!)

! Observed in many non thermal bands (from radio to gamma): they host energetic particles        
(will require going being collisionless approximation, multi messenger approach… rest of lecture!)

Three main arguments

Most likely culprit ‘implementing’ the previous ideas in astrophysics



The power budget
The integrated E-density in CR
is of about ρCR~0.5 eV/cm3

The confinement volume of the Milky 
Way is Vconf ~ π R2 h~ 8 1067 cm3

(using h~4 kpc and R~15 kpc)



The power budget
The integrated E-density in CR
is of about ρCR~0.5 eV/cm3

The confinement volume of the Milky 
Way is Vconf ~ π R2 h~ 8 1067 cm3

(using h~4 kpc and R~15 kpc)

The total Energy in CR in the Galaxy is of about WCR=ρCRVconf ~ 6.7 1055 erg

For a confinement time of 107 yr, LCR=WCR/τconf ~ 2 1041 erg/s



The power budget

Cosmic Rays could be accounted for with a conversion efficiency of ~20%
of the macroscopic kinetic energy into microscopic particle acceleration

The integrated E-density in CR
is of about ρCR~0.5 eV/cm3

The confinement volume of the Milky 
Way is Vconf ~ π R2 h~ 8 1067 cm3

(using h~4 kpc and R~15 kpc)

The total Energy in CR in the Galaxy is of about WCR=ρCRVconf ~ 6.7 1055 erg

For a confinement time of 107 yr, LCR=WCR/τconf ~ 2 1041 erg/s

A typical SN releases ~1051 erg in kinetic Energy  happens ~2 times per century, 
i.e. Lkin=Ekin ΓSN ~ 8 1041 erg/s 



Can’t be the whole story: Hillas criterion
The system must be able to  
contain the particle: its Larmor 
Radius must be smaller than the 
size of the accelerator: Rs > rL

SNRs are unable to account for
particles of the highest energy 

observed: other objects 
( mechanisms?) are needed!

Beyond level of these lectures, enough to 
say that currently some (subclass of) 

active galactic nuclei (either in processes 
near the core or in powerful jets, 
ultimately powered by SMBH) are 
thought to be involved in UHECRs
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M. Kachelriess

Irons @ 1020 eV

Protons @ 1021 eV


