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Astroparticle physics - exercise session

✦  Application of Heitler model for indirect detection of gamma rays

✦ Proving diffusive nature of the CR motion in perturbed B-field 

✦ Classical evidence for diffusive motion from chemical information: a simple model

✦  Making sense of proton/electron ratio in cosmic rays?

✦ Some challenge in searches for exotics in secondary species to be aware of 
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I. Heitler model for e.m. cascades

n = X/�

N(X) = 2n = 2X/�

hEi = E0/2
X/�

Nmax = E0/Ec Xmax = � log2(E0/Ec)

Assume a primary γ, impinging on the atmosphere, generating a 
pair after a characteristic grammage λ (g/cm2); each lepton in 
turn generates a γ via bremssthralung after about the same λ.

X, depth

# of particles

2n particles will be 
present in the shower
after n interactions 

Critical energy Ec below which particles lose energy without 
radiating new particles (e.g. ionization, etc.)

The shower maximum is reached at: 

.......

γ of energy E0

Since λ≈35 g/cm2 (see PDG, E-losses in matter) and are Ec≈80 MeV “atmospheric 
constants”, once calibrated the method can provide an estimate of primary energy

λ}
}
}
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X =

Z
⇢(`)d`Ind. variable: grammage

λ
λ



Exercise

h0 ' 6.4 km �0 h0 ' 1300 g/cm2

➡ Estimate what is the height in the atmosphere at which the first interaction of a vertically 
downgoing VHE photon takes place.
 
➡ Based on the Heitler model, how many particles are expected in a 100 GeV (1 TeV) gamma-ray 
induced shower? In the above model, what is the typical height of this maximum for a downgoing 
photon?

�(h) ⇡ �0 exp(�h/h0)

➡ Use an isothermal (exponential) model for the (upper) atmosphere

X(⇤, �) =

Z 1

`
dl ⇥(h(l, �))

h(l, �) =
q
R2

� + 2lR� cos � + l2 ⇡ l cos � +
l2

2R�
sin2 �

Let us use the key model constants λ≈35 g/cm2 and Ec≈80 MeV



Exercise
➡ Estimate what is the height in the atmosphere at which the first interaction of a downgoing VHE 
photon takes place.

 
➡ Based on the Heitler model, how many particles are expected in a 100 GeV (1 TeV) gamma-ray 
induced shower? In the above model, what is the typical height of this maximum for a downgoing 
photon?

Note: IACTs placed on mountains (like MAGIC & CTA-north in La Palma, ~2.2 km) makes them,
among other things (atmospheric quality, etc.), somewhat closer to the maximum of the shower
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Nmax ' E�

Ec
=

100÷ 1000GeV

80MeV
= 1.25⇥ 103÷4
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Xmax ' � log2 Nmax = 35 g/cm2 log2(1.25⇥ 103÷4) ' 360÷ 476 g/cm2
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hmax = h0 ln

✓
1300

360÷ 476

◆
= 6.4÷ 8.2 km
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� =

Z 1

h1

dh⇢(h)
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) h1 = h0 ln

✓
h0⇢0
�

◆
' 23 km

i.e. deduce h1 such that the 
crossed grammage is 𝝺



II. Emergence of diffusive motion

y

|�B| << |B0| , �B � B0

pz = p µ

NB: perturbations chosen so that only pz  evolution 
non-trivial; previous solution for the x-y components 
of p still valid in a “perturbation theory” spirit

Adding small, stochastic, static perturbations to 
the B-field, orthogonal to its regular value:

dp

dt
=

q v

c
⇥ (B0 + �B)

Averaging over fluctuations with random phase 𝜓, one can prove it shows diffusive features

gyrophase average

Zero average

resonant variance,
Linear in time
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dµ

dt

�

 

= 0
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d
⌦
�µ2

↵
 

dt
! ⇡C2�(w) = ⇡ (1� µ2)⌦

|�B|2

B2
0

kres� (k � kres)

<latexit sha1_base64="NNUIodAr4pydLWNPYoGOdCD4wZM=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquSiJFXRbduLOCfUATwmR60w6dSeLMpFBCfsCNv+LGhSJu3bvzb5w+Ftp64MLhnHu5954g4Uxp2/62lpZXVtfWCxvFza3tnd3S3n5Txamk0KAxj2U7IAo4i6ChmebQTiQQEXBoBYPrsd8aglQsju71KAFPkF7EQkaJNpJfOh74mSsFlqByFx5SNnRDSWjm3grokTwbuiLN/VLZrtgT4EXizEgZzVD3S19uN6apgEhTTpTqOHaivYxIzSiHvOimChJCB6QHHUMjIkB52eSbHJ8YpYvDWJqKNJ6ovycyIpQaicB0CqL7at4bi/95nVSHl17GoiTVENHpojDlWMd4HA3uMglU85EhhEpmbsW0T0wa2gRYNCE48y8vkuZZxTmvVO+q5drVLI4COkRH6BQ56ALV0A2qowai6BE9o1f0Zj1ZL9a79TFtXbJmMwfoD6zPHy21nOo=</latexit>

kres ⌘
⌦

vµ
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II. Emergence of diffusive motion

y

|�B| << |B0| , �B � B0

Adding small, stochastic, static perturbations to 
the B-field, orthogonal to its regular value:

dp

dt
=

q v

c
⇥ (B0 + �B)

dµ

dt
=

q v0?
c p

[cos(� t)⇥By � sin(� t)⇥Bx] =

=
q
p
1� µ2 |⇥B|
cm �

[cos(� t) cos(k z + ⇤)� sin(� t) sin(k z + ⇤)]

We used ultrarelativistic approximation for the CR, and the magnetic field 
perturbation as “slow”, hence practically seen as stationary by the CR

y
the evolution the “pitch angle” obeys to is

we plug in the unperturbed solution for 
x-y coordinates...



II. Emergence of diffusive motion

dµ

dt
=

q
p
1� µ2 |⇥B|
cm �

[cos(�� k vµ)t+ ⇤]

⌧
dµ

dt

�
= 0 ,

⌦
�µ2

↵
=

 
q
p

1� µ2 |⇥B|
cm �

!2 Z
cos [(⇥� k vµ)t00 + ⇤] dt

Z
cos [(⇥� k vµ)t0 + ⇤] dt0

cos(A) cos(B) =
cos(A�B) + cos(A+B)

2

⇥�µ2⇤ = 1

2

 
q
p

1� µ2 |⇥B|
cm �

!2 Z
dt0
Z

dt00 cos[(⇥� k vµ)(t00 � t0)]

By using prosthaphaeresis formula 
(high school was useful,
after all...)

averaging over the random phase ψ , the (A+B) term vanishes and the only one left is

𝜓

𝜓

Δt

Δt Δt



II. Emergence of diffusive motion

k = kres ⌘
�

vµ

⌧
�µ2

�t

�
=

⇥ q2v(1� µ2) |�B|
c2p2µ

� (k � kres)

Z +1

�1
eikxdk = 2⇥�(x)

to find that, in the limit Δt ≫𝛺-1, the above Eq. writes in fact as a resonant diffusion

We can now differentiate wrt to time and 
use Euler formula

⇥�µ2⇤ = 1

2

 
q
p

1� µ2 |⇥B|
cm �

!2 Z
dt0
Z

dt00 cos[(⇥� k vµ)(t00 � t0)]

cosx =
eix + e�ix

2

as well as the Dirac representation

𝜓

𝜓



III. Classical evidence for diffusive propagation

Very large Li-Be-B to e.g. C-O ratios, e.g. B/C~0.25
(Similarly, for sub-Fe/Fe)



Why interesting?
Inconsistent with the Galaxy crossing timescale:

✦ a CR crossing ballistically the thin disc would accumulates a grammage X~mp nH h/cos𝜽~ 

10-3 g/cm2 (h/cos𝜽=300 pc~1021 cm as Galactic disc thickness, nH ~1 cm-3 as ISM density)

✦ simple model can show that the observed ratio requires a much larger grammage, hence a 
much larger residence time (motion is far from ballistic!)



Simple modelling
dnp

dX
= �np

�p
,

dns

dX
= �ns

�s
+

pspnp

�p
,

X =

Z
dl �(l)

�i = m/⇥i

psp = �sp/�tot

Consider two CR species: primaries with 
number density np and secondaries with number 
density ns. If the two are coupled by the 
spallation process p → s+..., then 

interaction lengths (in g/cm2),
CNO ~6.7  LiBeB~10

Grammage (amount 
of  traversed  matter)

spallation probability
for CNO ~0.35

ns

np
=

psp�s

�s � �p


exp

✓
X

�p
� X

�s

◆
� 1

�

From the ratio S/P being ~0.25, one deduces X~4.3 g/cm2



Why interesting?
Inconsistent with the Galaxy crossing timescale:

✦ a CR crossing ballistically the thin disc would accumulate Xball~mp nH h/cos𝜽~10-3 g/cm2 

(h/cos𝜽=300 pc~1021 cm as Galactic disc thickness, nH ~1 cm-3 as ISM density)

✦ simple model can show that the observed ratio requires a much larger grammage, hence 
a much larger residence time (motion is far from ballistic!)

A similar timescale of ~ 107 yr follows from the relative abundances of

radioactive isotopes, like 10Be/9Be (τ10Be~1.5 x 106 yr)

The comparison of the isotopic ratio at the production in spallation events in the Lab 
wrt what measured in CR provides a measure of their “age”.

(Another manifestation of ‘astroparticle’ physics)

 tprop~(X/10-3 g/cm2)(h/c cos𝜽)~ 107 yr.

 The residence time of cosmic rays in the galaxy follows as                          

Xobs~4.3 g/cm2>> Xball~10-3



IV. Making sense of O(1%) p/e ratio (wrt kin energy) in CR?

6

IV. GALACTIC COSMIC RAYS

In order to give some context for the following discus-
sion, in this section we briefly summarize some of the
basic facts about galactic cosmic rays.

A. The spectrum of galactic cosmic rays

The energy spectrum of individual CR species has now
been measured by space- and balloon-borne detectors
over some 7 decades in energy—at least for the more
abundant ones—and is largely dominated by protons,
as shown in figure 3. Among the other singly-charged
species, electrons amount to some 10�2–10�3 (depending
on the energy) of the proton flux, and positrons and an-
tiprotons are even less abundant, the latter being some
10�4 of the proton flux. We shall come back to these
numbers in section IXA when discussing the challenges
one has to face in separating the di�erent species.
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FIG. 3: Spectra of the singly-charged components of the cos-
mic radiation. The data points are taken from [2] and cor-
respond to references [8–18]. For each species, the dashed
line represents the weighted average of all the recent available
measurements, and will be used in the following as the base-
line for sensitivity estimates. For completeness, the model for
the positron spectrum has been obtained by combining the
(e+ + e�) spectrum with the positron fraction measured by
AMS-02 [19].

As it turns out, cosmic rays include all sort of nuclei.
Helium nuclei, amounting to some 10% of the protons,

constitute the second more abundant component, and
carbon and oxygen are also relatively abundant, as shown
in figure 4.
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FIG. 4: Spectra of some of the more abundant cosmic-ray
species with z > 1, compared with the proton spectrum
shown in figure 3. The data points are taken from [2] and
correspond to references [8–10, 20–28]. For each species, the
dashed line represents the weighted average of all the recent
available measurements, and will be used in the following as
the baseline for sensitivity estimates.

For completeness, the dashed lines in figures 3 and 4
represent weighted averages of all the recent available
measurements for each CR species, and we shall use them
in the rest of this review for sensitivity estimates. We
shall be fairly liberal, within reason, in terms of extrapo-
lating di�erential and integral spectra at energies where
there are not yet measurements available.

B. The cosmic-ray gamma-ray connection

Though it is not very common to see cosmic-ray and
gamma-ray di�erential intensities overlaid on the same
plot, cosmic rays and gamma rays are tightly tied to each
other. The vast majority of celestial gamma rays in the
GeV energy range are produced by interactions of cos-
mic rays with the interstellar medium and with galactic
magnetic and radiation fields. The study of this galac-
tic di�use emission provides a prospective on the di�u-
sion of cosmic rays in the galaxy complementary to di-
rect measurements—as a matter of fact, it is the realiza-



Lemma: Rigidity is what matters in acceleration!
EOM in presence of electromagnetic fields only
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Lemma: Rigidity is what matters in acceleration!
EOM in presence of electromagnetic fields only
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+ identity

Divide by q2

In any process/environment in which both e and p (proxy for all nuclei) are accelerated from the ‘same pool’: 


Neglecting losses (‘collisional effects’) they should attain the same momentum spectrum



Implication
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Let’s parameterise this distribution as a power-law (inspired by acceleration theory…)
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energy ~ T0, T0<< me, e..g 1 keV)
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From which it follows

Some Limitations: 


• power-law not valid to non-relativistic energy?

• Losses not accounted for

• Plasma assumed pure p-e (e.g. no positrons)

Yet right ballpark for s~2-3, notably
around ~10 GeV where some effects mitigated…



V. Some challenge in searches for exotics 
in secondary species to be aware of
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Now the source term is due to 
primary collisions, yielding
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S/P ratio used to determine the diffusion timescale, breaking 
the degeneracy of injection and propagation effects 

However,  uncertainties in x-sec introduce an important 
systematic error, especially at low rigidities!

Similarly as above

Now the source term is due to 
primary collisions, yielding

where

Y. Genolini et al. 
1904.08917



What if an exotic source injects it in the whole volume?

its solution has the form

Before sketching the proof, why is this relevant?



What if an exotic source injects it in the whole volume?

its solution has the form

Before sketching the proof, why is this relevant?

Basically, because besides depending from parameters that can be inferred e.g. from constraints e.g. 
on secodaries/primaries [𝝉eff], also on (additional combination) of parameter(s) [Here H/h], which 

are much more poorly known!

Part of the game consist in devising new observables providing such additional handle on 
astrophysical parameters in order to sharpen sensitivity to BSM physics!



What if an exotic source injects it in the whole volume?

its solution has the form

*

*

This yields the claimed form of solution


