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Soft theorems (aka consistency relations)

� Goldstone
They arise from spontaneously broken (nonlinearly realized) symmetries.   Recall:

Simple example in LSS: gravitational potential is like a Goldstone in the sense

that                             is a symmetry of the dynamics (shift symmetry).

<latexit sha1_base64="IdZvmfFCbDSUR7956SqEB4uBVns=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSiJ+FoW3bisYB/QhDKZTpqhk5kwM1FKKG78FTcuFHHrV7jzb5ymWWjrgQuHc+7l3nuChFGlHefbKi0sLi2vlFcra+sbm1v29k5LiVRi0sSCCdkJkCKMctLUVDPSSSRBccBIOxheT/z2PZGKCn6nRwnxYzTgNKQYaSP17D0viSj0JB1EGkkpHmAuHEPcs6tOzckB54lbkCoo0OjZX15f4DQmXGOGlOq6TqL9DElNMSPjipcqkiA8RAPSNZSjmCg/y18Yw0Oj9GEopCmuYa7+nshQrNQoDkxnjHSkZr2J+J/XTXV46WeUJ6kmHE8XhSmDWsBJHrBPJcGajQxBWFJzK8QRkghrk1rFhODOvjxPWic197x2dntarV8VcZTBPjgAR8AFF6AObkADNAEGj+AZvII368l6sd6tj2lrySpmdsEfWJ8/HhKWnA==</latexit>
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What does it imply for correlation functions? 

We are familiar with how symmetry implies invariant correlation functions (e.g. spatial translation).

But the same can’t be true  for something like shift symmetry i.e. 

Instead, we have soft theorems. They take the schematic form: 
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A less trivial nonlinear realized symmetry is to shift       by a linear gradient i.e.                                       (KRPP)

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
<latexit sha1_base64="0B/IcAU7xQPBHGt7u4wgI3fa33E=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIhTIjvpZFNy4r2Ad0SsmkaRuaSYbkTrUM/Qg3/oobF4q4deHOvzGddqGtBy6cnHMvufcEkeAGXPfbySwtr6yuZddzG5tb2zv53b2aUbGmrEqVULoREMMEl6wKHARrRJqRMBCsHgyuJ359yLThSt7BKGKtkPQk73JKwErtfNGP+hz7mvf6QLRW9zgVitgfMool9mlHwfTx0M4X3JKbAi8Sb0YKaIZKO//ldxSNQyaBCmJM03MjaCVEA6eCjXN+bFhE6ID0WNNSSUJmWkl61BgfWaWDu0rbkoBT9fdEQkJjRmFgO0MCfTPvTcT/vGYM3ctWwmUUA5N0+lE3FhgUniSEO1wzCmJkCaGa210x7RNNKNgcczYEb/7kRVI7KXnnpbPb00L5ahZHFh2gQ3SMPHSByugGVVAVUfSIntErenOenBfn3fmYtmac2cw++gPn8wcHeZ2N</latexit>

� ! �+ ~n · ~x



Soft theorems (aka consistency relations)

� Goldstone
They arise from spontaneously broken (nonlinearly realized) symmetries.   Recall:

Simple example in LSS: gravitational potential is like a Goldstone in the sense

that                             is a symmetry of the dynamics (shift symmetry).

<latexit sha1_base64="IdZvmfFCbDSUR7956SqEB4uBVns=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSiJ+FoW3bisYB/QhDKZTpqhk5kwM1FKKG78FTcuFHHrV7jzb5ymWWjrgQuHc+7l3nuChFGlHefbKi0sLi2vlFcra+sbm1v29k5LiVRi0sSCCdkJkCKMctLUVDPSSSRBccBIOxheT/z2PZGKCn6nRwnxYzTgNKQYaSP17D0viSj0JB1EGkkpHmAuHEPcs6tOzckB54lbkCoo0OjZX15f4DQmXGOGlOq6TqL9DElNMSPjipcqkiA8RAPSNZSjmCg/y18Yw0Oj9GEopCmuYa7+nshQrNQoDkxnjHSkZr2J+J/XTXV46WeUJ6kmHE8XhSmDWsBJHrBPJcGajQxBWFJzK8QRkghrk1rFhODOvjxPWic197x2dntarV8VcZTBPjgAR8AFF6AObkADNAEGj+AZvII368l6sd6tj2lrySpmdsEfWJ8/HhKWnA==</latexit>

� ! �+ c

What does it imply for correlation functions? 

We are familiar with how symmetry implies invariant correlation functions (e.g. spatial translation).

But the same can’t be true  for something like shift symmetry i.e. 

Instead, we have soft theorems. They take the schematic form: 

<latexit sha1_base64="8wGJvEex8dBmH4RZ45nmlTCQzUU=">AAACLHicbVDLSgMxFM34rPU16tJNsAgVocyIr2WxG5cV7AM6pWTSO21oJjMkGaGUfpAbf0UQFxZx63eYTkeorQcSDuecS3KPH3OmtONMrJXVtfWNzdxWfntnd2/fPjisqyiRFGo04pFs+kQBZwJqmmkOzVgCCX0ODX9QmfqNJ5CKReJRD2Noh6QnWMAo0Ubq2BWPE9HjgL24z7JLZoqA/K9bTJ1zTM/maZbs2AWn5KTAy8TNSAFlqHbsN68b0SQEoSknSrVcJ9btEZGaUQ7jvJcoiAkdkB60DBUkBNUepcuO8alRujiIpDlC41SdnxiRUKlh6JtkSHRfLXpT8T+vlejgtj1iIk40CDp7KEg41hGeNoe7TALVfGgIoZKZv2LaJ5JQbfrNmxLcxZWXSf2i5F6Xrh4uC+W7rI4cOkYnqIhcdIPK6B5VUQ1R9Ixe0QeaWC/Wu/Vpfc2iK1Y2c4T+wPr+AbRbpWY=</latexit>

h��i 6= h(�+ c)(�+ c)i
lim
q!0

1

P�(q)
⇥�(q)O(k1)...O(kN )⇤ � ⇥O(k1)...O(kN )⇤

�

⇠
A less trivial nonlinear realized symmetry is to shift       by a linear gradient i.e.                                       (KRPP)

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
<latexit sha1_base64="0B/IcAU7xQPBHGt7u4wgI3fa33E=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIhTIjvpZFNy4r2Ad0SsmkaRuaSYbkTrUM/Qg3/oobF4q4deHOvzGddqGtBy6cnHMvufcEkeAGXPfbySwtr6yuZddzG5tb2zv53b2aUbGmrEqVULoREMMEl6wKHARrRJqRMBCsHgyuJ359yLThSt7BKGKtkPQk73JKwErtfNGP+hz7mvf6QLRW9zgVitgfMool9mlHwfTx0M4X3JKbAi8Sb0YKaIZKO//ldxSNQyaBCmJM03MjaCVEA6eCjXN+bFhE6ID0WNNSSUJmWkl61BgfWaWDu0rbkoBT9fdEQkJjRmFgO0MCfTPvTcT/vGYM3ctWwmUUA5N0+lE3FhgUniSEO1wzCmJkCaGa210x7RNNKNgcczYEb/7kRVI7KXnnpbPb00L5ahZHFh2gQ3SMPHSByugGVVAVUfSIntErenOenBfn3fmYtmac2cw++gPn8wcHeZ2N</latexit>

� ! �+ ~n · ~x

Soft theorems hold even if  1.    the hard modes are deep in the nonlinear regime, 

                                                     2.    the hard mode observables are galaxies,   3. the observables are in redshift space.

To derive them, one needs to know how the initial conditions transform under the symmetry in question i.e. the form of the soft

theorems is initial condition dependent. Thus, verifying soft theorems with data becomes a way to probe initial conditions.

It also can be thought of as checking the symmetries of the dynamics (e.g. equivalence principle for KRPP).
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Soft theorems hold even if  1.    the hard modes are deep in the nonlinear regime, 

                                                     2.    the hard mode observables are galaxies,   3. the observables are in redshift space.

To derive them, one needs to know how the initial conditions transform under the symmetry in question i.e. the form of the soft

theorems is initial condition dependent. Thus, verifying soft theorems with data becomes a way to probe initial conditions.

It also can be thought of as checking the symmetries of the dynamics (e.g. equivalence principle for KRPP).

More concretely:  the squeezed bispectrum to power spectrum ratio should have no pole i.e.
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Warm up exercise with N-body simulations:

A model of the squeezed bispectrum  to power spectrum with no pole fits

the simulation results very well if          = 0, but not if         = 100. 

Here, we use k up to 0.65 h/Mpc (where variance is about 10), and q up to 0.06 h/Mpc.

Collaboration with Esposito, Scoccimarro.
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Collaboration with Goldstein, Esposito, Philcox, Hill, Soccimarro, Abitbol
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Warm up exercise with N-body simulations:

A model of the squeezed bispectrum  to power spectrum with no pole fits

the simulation results very well if          = 0, but not if         = 100. 

Here, we use k up to 0.65 h/Mpc (where variance is about 10), and q up to 0.06 h/Mpc.

Collaboration with Esposito, Scoccimarro.
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Collaboration with Goldstein, Esposito, Philcox, Hill, Soccimarro, Abitbol

But:  error bar on              not competitive (i.e. around 10, for a (2.4 Gpc/h)^3 box). This uses mass. If we use halos, shot-noise 
will be important, but scale dependent bias will also become relevant. To be explored: collapsed trispectrum: 
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fNL

See also LH, Joyce, Komissarov, Parmentier, Santoni, Wong on spontaneously broken boost.
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EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
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the Love number surprise

Static perturbations around BH turn out to have surprising amount of exact symmetries. 

For Schwarzschild: 6 symmetries of SO(3,1). For Kerr: 2 symmetries. They explain why BH Love number vanishes.
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the Love number surprise

Static perturbations around BH turn out to have surprising amount of exact symmetries. 

For Schwarzschild: 6 symmetries of SO(3,1). For Kerr: 2 symmetries. They explain why BH Love number vanishes.

Interesting questions to explore: What are the symmetries for dynamical perturbations? For nonlinear perturbations? 

Can we understand I-Love-Q relations of neutron stars as consequence of weakly (or spontaneously) broken symmetries?

Collaboration with Joyce, Penco, Santoni, Solomon, and with Berens, Sun. 
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Another application of linear BH perturbation theory (this time keeping time derivatives): ring-down.
r ! 1r ⇠ rs

ingoing wave at horizon outgoing wave at infinity

These boundary conditions are impossible in general, except at special frequencies  
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! labeled by `,m, n, e.g. !220

Typically focus on frequencies rather than amplitudes. The quasi-normal mode (QNM) spectrum

tells us a lot about the BH space-time, analogous to seismology. See Chandrasekhar. …..



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

ring down

Another application of linear BH perturbation theory (this time keeping time derivatives): ring-down.
r ! 1r ⇠ rs

ingoing wave at horizon outgoing wave at infinity

These boundary conditions are impossible in general, except at special frequencies  
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! labeled by `,m, n, e.g. !220

Typically focus on frequencies rather than amplitudes. The quasi-normal mode (QNM) spectrum

tells us a lot about the BH space-time, analogous to seismology. See Chandrasekhar. …..

What if we go to second order: [@2 + V ]� ⇠ @2�2 Write  � = �(1) + �(2) + ... [@2 + V ]�(1) ⇠ 0

[@2 + V ]�(2) ⇠ @2�(1)2

Not surprising that pairs of linear QNMs source a quadratic QNM e.g.:

�(1) contains e�i!220t

linear QNM quadratic QNM

�(2) contains e�i 2!220t



Expect quadratic quasi-normal modes from pairs of linear quasi-normal modes.

e.g. from pairs of !220 we get quadratic ! = 2!220

Colllaboration with Mitman, Lagos, Stein, Ma et al.

We searched for quadratic QNM in black hole merger simulations, and

verified (220)x(220) amplitude goes as square of (220) amplitude.

See also Cheung et al.

Colllaboration with Lagos.
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With very good numerical relativity simulations, why do we care about perturbation theory?

1. Recall what is simulated: vacuum solutions of Einstein equations. Perturbation theory (because of its flexibility)  is helpful 
in testing the assumptions, (a) GR (i.e. testing gravity), and (b) vacuum (i.e. probing the BH environment). 


      An example of the latter is the possibility of an axion cloud around the BH (from super radiance and/or from dark matter).

2. Extreme mass ratios are out of reach of numerical simulations. Perturbation theory is the only method we have to treat such cases.

Understanding nonlinear ringdown helps (a) provide a more accurate modeling of the ring-down, (b) get us closer to the 
merger time where signal to noise is highest, (c) test the nonlinear structure of perturbations around BH (the relative 
amplitude between                and                  becomes useful to look at).�(2) �(1)
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Wave dark matter

When dark matter mass m is below about 30 eV,  its de Broglie wavelength  >  inter particle separation.
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� ⇠ F at early times until H ⇠ m
V (�)
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The fuzzy limit (Hu, Barkana, Gruzinov) is                        .  An interesting motivation is relic abundance of axion/axion-like particle

from misalignment mechanism (Preskill, Wise, Wilczek; Abbot, Sikivie; Dine, Fischler):
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Don’t obsess about                          !   Wave dark matter need not be fuzzy to be interesting 
e.g. inevitable time varying wave interference substructure on de Broglie scale:
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3⇥ 10�19 eV

The existing constraints should be taken seriously. This means one should understand the assumptions behind them.

e.g. from lensing (flux anomaly): 

Schutz 2020 rules out m <                               for predicting too little substructure.
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Correctly accounting for wave interference substructure? Effect of baryons? 

Effect of tidal stripping? 

e.g. from Lyman alpha forest, etc.
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3⇥ 10�19 eV

Correctly accounting for wave interference substructure? Effect of baryons? 

Effect of tidal stripping? 

e.g. from Lyman alpha forest, etc.

Strategies: 

1. Understand what wave dark matter really predicts.

2. Wave dark matter need not be fuzzy to be interesting. Thus keep pushing the limits on m. Can they be further improved?

3. Because each astrophysical constraint comes with its own limitations, more variety of constraints is useful (e.g. Kim’s talk).

4. From a string theory point of view, where axion-like particles arise generically as zero-modes of higher form fields, there 

could well be multiple axion/axion-like particles at play (e.g. Mateja ’s talk).

If interested, come to discussion organized by Mateja, Luis. Also, see ARAA review on wave dark matter.



Symmetries, broken or otherwise: 

soft theorems, black hole perturbation theory 


& wave dark matter

Lam Hui

Columbia University

a robust way to use highly 
nonlinear modes

use tidal deformation & nonlinear ringdown

to test gravity / probe BH environment

fuzzy or wavy?




