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It has been known for more than forty years that SU(N) Yang-Mills (YM) theory admits the 't Hooft 
large-N topological expansion [5] for the n-point correlators of gauge-invariant single-trace operators. 

To say it in a nutshell, the corresponding Feynman graphs in 't Hooft double-line representation,
after a suitable gluing of reversely oriented lines, are topologically classified by the sum on the genus g of 
n-punctured closed Riemann surfaces, where each topology is weighted by a factor of  𝑁! with 𝜒=2-2g-n 
the Euler characteristic of the Riemann surface: 

[5] G. ’t Hooft, A Planar Diagram Theory for Strong Interactions, Nucl. Phys. B72 (1974) 461.

n-punctured spheres, g= 0, 
are triangulated by planar 
diagrams: 

Higher genus, g, n-punctured
surfaces are triangulated by 
nonplanar diagrams:
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‘t Hooft double line prescription:



In the ‘t Hooft large-N expansion, Feynmann diagrams -in the double line representation- are topologically 
equivalent to closed Riemann surfaces (with punctures). 

Then, the perturbative series can be rearranged so that the topologically equivalent contributions are resummed 
together. 

Therefore, by assuming the ‘t Hooft expansion, the generating functional of single trace operators

should be interpreted as a sum of topologically distinct terms
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where n stands for the number of operator insertions and the ellipses for higher-genus contributions.

Graphically
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Nonperturbatively,                   , which perturbatively resums the ('t Hooft) planar contributions, is a sum of tree 
diagrams involving glueball propagators and vertices,

while                   , which perturbatively resums the leading-non('t Hooft-)planar contributions, is a sum of glueball 
one-loop diagrams. 

Nonperturbatively,                   should have the structure of the logarithm of a functional determinant. Indeed, in 
the yet-to-come nonperturbative solution of large-N YM theory, the very same correlators should be computed by the 
correlators of a glueball field with an infinite number of components, the corresponding generating functional being 
schematically to one loop accuracy:
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where      and       are fixed by matching the corresponding spectral representations as a sum of free propagators 
for 2-point correlators of      at            , while     stands for a presently unkown algebraic structure on the 
glueball fields. 
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The minus sign in front of the logDet in                 arises from the spin-statistics theorem, since all the 
gauge-invariant glueball interpolating fields have integer spin, and thus the glueballs should be bosons
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We briefly explain our recent computation of the renormalization-group (RG) improved generating functional of 
Euclidean twist-2 operators [3]. 

We start with twist-2 operators in Minkowskian space-time with maximal-spin projection on the      light-cone 
direction in pure SU(N) Yang-Mills theory [3]. 

For simplicity in this talk we consider only the even-spin nonchiral operators, which are exactly bilinear in the 
light-cone gauge           :
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where s is the collinear spin, i.e. the eigenvalue of the spin operator along the light-cone direction and     
are Gegenbauer polynomials, which are a special case of the Jacobi polynomials

<latexit sha1_base64="09E9nNJ5X1QyZtjVSgAGNCwEOO0="></latexit>

Y
5
2
s�2(
�!
@ +,
 �
@ +) =

 �
@ +(i

�!
@ + + i

 �
@ +)

s�2C
5
2
s�2

 �!
@ + �

 �
@ +

�!
@ + +

 �
@ +

!
�!
@ +

=
�(3)�(s+ 3)

�(5)�(s+ 1)
is�2

s�2X

k=0

✓
s

k

◆✓
s

k + 2

◆
(�1)s�k �@ s�k�1

+

�!
@ k+1

+

<latexit sha1_base64="lPfkTgTYrtQ4Tpd8XDXq1V4sfPk="></latexit>

Os =
1

2
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We have computed the conformal generating functional as a Gaussian functional integral in the light-cone 
gauge            to the lowest order [3]

The connected conformal generating functional reads
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From analytic continuation to Euclidean space-time we obtain

By means of a careful choice of the renormalization scheme that reduces the mixing of the above operators to the 
multiplicatively renormalizable case to all orders of perturbation theory [2], we have lifted                 to the 
generating functional of the RG-improved correlators            -as all the coordinates are uniformly rescaled by a factor      

-
that inherits the very same structure of the logarithm of a functional determinant [3]
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In [2] it demonstrated that in the above scheme           is diagonalizable and one-loop exact to all orders of 
perturbation theory with eigenvalues
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Explictly, we separate the sphere and torus asymptotic contributions:
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Remarkably, our asymptotic result reproduces the logDet structure of the glueball one-loop generating functional

Yet, surprisingly, the sign is the opposite of what would follow from the spin-statistics theorem

The aim of this talk is to solve the above sign puzzle and to discuss the implications of the solution. 
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One of the hypotheses of the spin-statistics theorem is that the number of fields is finite. Indeed, in theories with 
an infinite number of fields, counterexamples to the theorem are known.
These counterexamples are based on massive infinite dimensional representations of the Lorentz group. For 
instance, in [10] examples are constructed of theories with an infinite number of integer-spin fields where fermionic 
statistics must be imposed in order to ensure positivity of the energy.

Conversely, there are examples of fields with half-integer spins that require bosonic quantization [10][11][12][13].

A significant issue with this hypothetical way out of the sign puzzle is that the aforementioned infinite-
dimensional representations of the Lorentz group have infinite mass degeneracy. Namely, the fields constructed by 
means of these representations decompose –according to the Wigner theorem- into the sum of irreducible 
representations of the Poincaré group corresponding to an infinite number of particles of any spin, all having the 
same mass.
This would correspond to vertical Regge trajectories that is not acceptable in large-N Yang-Mills theory, as 
evidence from lattice calculations shows [14]             

[10] Harish-Chandra. “Infinite Irreducible Representations of the Lorentz Group.” Proceedings of the 
Royal Society of London. Series A, Mathematical and Physical Sciences 189, no. 1018 (1947)

[12] Streater, R.F. Local fields with the wrong connection between spin and statistics. Commun.Math. 
Phys. 5, 88–96 (1967). 
[13] R. Casalbuoni, Majorana and the Infinite Component Wave Equations, PoS EMC2006 (2006), 
[hep-th/0610252].
[14] M. Bochicchio,  Glueball and Meson Spectrum in Large-N QCD, Few Body Syst. 57 (2016) no.6, 455-459

[11] Feldman, G. and Matthews, P. T., Unitarity, Causality, and Fermi Statistics, Phys. Rev. 151 , 4, (1966)



We have found a different way out of the sign puzzle: New topologies actually occur in the large-N expansion of the 
generating functional that refine ‘t Hooft topological expansion

To understand where the extra topologies come from, we reconsider the proof of the ‘t Hooft topological expansion.

In SU(N) Yang-Mills theory the color dependence of the propagator has a leading and subleading contribution

In the double line representation [15][16]
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The vertices of the Lagrangian are                             and     

They are drawn in double line as [15]

The subleading propagator does not contribute when attached to the vertices of the Lagrangian. Indeed, the 
subleading propagator is a U(1) contribution, while the vertices are purely nonabelian. Graphically

Therefore, the topology of vacuum-vacuum diagrams matches the ‘t Hooft topological expansion [15]. The same holds 
for all the gluon composite operators whose local vertices are proportional to the matrix product of a string of       
[16]. 
Therefore, we conclude that in these cases we may drop the subleading contribution to the propagator and the 
‘t Hooft expansion holds for SU(N) [15][16].
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Yet, we point out that the above proof does not apply to 2-gluon operators – specifically, our twist-2 operators in the 
light-cone gauge. Indeed, even in the adjoint representation, their local vertex involves       as opposed to     . 

As a consequence, when the subleading part of the propagator is attached to the local vertex, a nonzero contribution 
is obtained. 

Equivalently, in the SU(N) theory we may keep only the leading part of the propagator -in order to maintain the      
‘t Hooft double line representation- provided that we project the above operators on their traceless part

Hence, the 2-gluon operators can be represented as a 2-point vertex with a subleading contribution

while keeping the propagator in the standard double line representation
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This subleading contribution to the operator vertex gives rise to new topologies. For example, we get the following 
color structure for the 2-point correlators of twist-2 operators to the leading perturbative order

Hence, new diagrams arise -in addition to the planar one above- that are possibly color-disconnected (but space-time 
connected) punctured disks. Following ‘t Hooft gluing prescription, the first one has the topology of a punctured 
sphere
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while the topology of the remaining ones arises by identifying the doubly punctured disk with an infinite strip and 
gluing together the opposite edges into an infinite cylinder that is a 2-punctured sphere, to get possibly disconnected 
punctured spheres with two punctures pairwise identified.

<latexit sha1_base64="ZwTHT23n8av9ej8reJLip+C8J/s=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GUjFt24kor2Am0sk+mkHTqZhJmJUEIfwY0LRVzqu7h3I76N07QLbf1h4OP/z2HOOX7MmdKO823l5uYXFpfyy/bK6tr6RmFzq6aiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1v38xyuv3VCoWiVs9iKkX4q5gASNYG+vm6s5pF4pOycmEZsGdQPHswz6N377sSrvw2epEJAmp0IRjpZquE2svxVIzwunQbiWKxpj0cZc2DQocUuWl2ahDtGecDgoiaZ7QKHN/d6Q4VGoQ+qYyxLqnprOR+V/WTHRw4qVMxImmgow/ChKOdIRGe6MOk5RoPjCAiWRmVkR6WGKizXVscwR3euVZqB2U3KPS4bVTLJ/DWHnYgV3YBxeOoQyXUIEqEOjCAzzBs8WtR+vFeh2X5qxJzzb8kfX+AytykLs=</latexit>

N0

<latexit sha1_base64="81c26kdL+mmEkuASjrMgZ+o+Dbc=">AAAB73icbVDLSgNBEOyNryS+oh69DAbBS8JuhOgx6MWTRDAPjGuYncwmQ2Zn15lZMSz5CS8iinj15L9482t08jhoYkFDUdVNd5cXcaa0bX9ZqYXFpeWVdCa7ura+sZnb2q6rMJaE1kjIQ9n0sKKcCVrTTHPajCTFgcdpw+ufjvzGHZWKheJSDyLqBrgrmM8I1kZqFkrnN0nhcNjO5e2iPQaaJ86U5CuZ6Onq4/672s59XndCEgdUaMKxUi3HjrSbYKkZ4XSYvY4VjTDp4y5tGSpwQJWbjO8don2jdJAfSlNCo7H6eyLBgVKDwDOdAdY9NeuNxP+8Vqz9YzdhIoo1FWSyyI850iEaPY86TFKi+cAQTCQztyLSwxITbSLKmhCc2ZfnSb1UdMrF8oVJ4wQmSMMu7MEBOHAEFTiDKtSAAIcHeIYX69Z6tF6tt0lryprO7MAfWO8/+y+TBg==</latexit>

�2N�3
<latexit sha1_base64="b9w5RM0nnZhSpPxDUh8HuAXRLCg=">AAAB7nicbVDLSgNBEOz1mcRX1KOXwSAIYtgViR6DXjxJBPPAZA2zk0kyZHZ2mJkVw5KP8CKoiFdv/os3v0Ynj4MmFjQUVd10dwWSM21c98uZm19YXFpOpTMrq2vrG9nNrYqOYkVomUQ8UrUAa8qZoGXDDKc1qSgOA06rQe986FfvqNIsEtemL6kf4o5gbUawsVL14PI2OTweNLM5N++OgGaJNyG5Ylo+3Xzcf5ea2c9GKyJxSIUhHGtd91xp/AQrwwing0wj1lRi0sMdWrdU4JBqPxmdO0B7VmmhdqRsCYNG6u+JBIda98PAdobYdPW0NxT/8+qxaZ/6CRMyNlSQ8aJ2zJGJ0PB31GKKEsP7lmCimL0VkS5WmBibUMaG4E2/PEsqR3mvkC9c2TTOYIwU7MAu7IMHJ1CECyhBGQj04AGe4cWRzqPz6ryNW+ecycw2/IHz/gOHj5LJ</latexit>

+N�4
<latexit sha1_base64="thVpBZEv/Jr5Jl+cecHXigdRhWM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8Eg2Bh2U0QbMWhjJRHMBZI1zE5mkzGzO8vMrBCWvIONhSI2Fj6KvY34Nk4uhSb+MPDx/+cw5xw/5kxpx/m2MguLS8sr2VV7bX1jcyu3vVNTIpGEVongQjZ8rChnEa1qpjltxJLi0Oe07vcvRnn9nkrFRHSjBzH1QtyNWMAI1saqXd2mR8VhO5d3Cs5YaB7cKeTPPuzT+O3LrrRzn62OIElII004VqrpOrH2Uiw1I5wO7VaiaIxJH3dp02CEQ6q8dDztEB0Yp4MCIc2LNBq7vztSHCo1CH1TGWLdU7PZyPwvayY6OPFSFsWJphGZfBQkHGmBRqujDpOUaD4wgIlkZlZEelhios2BbHMEd3bleagVC26pULp28uVzmCgLe7APh+DCMZThEipQBQJ38ABP8GwJ69F6sV4npRlr2rMLf2S9/wBdvZIB</latexit>

N�2

<latexit sha1_base64="/+K+d4eqwMSjjNZs2nCOJ1Yb7t4=">AAAB7nicbVDLSgNBEOz1mcRX1KOXwSAIYtjNIXoMevEkEcwDkxhmJ7PJkNnZYWZWDEs+wougIl69+S/e/BqdPA6aWNBQVHXT3eVLzrRx3S9nYXFpeWU1lc6srW9sbmW3d6o6ihWhFRLxSNV9rClnglYMM5zWpaI49Dmt+f3zkV+7o0qzSFybgaStEHcFCxjBxkq1o8vb5LgwbGdzbt4dA80Tb0pypbR8uvm4/y63s5/NTkTikApDONa64bnStBKsDCOcDjPNWFOJSR93acNSgUOqW8n43CE6sEoHBZGyJQwaq78nEhxqPQh92xli09Oz3kj8z2vEJjhtJUzI2FBBJouCmCMTodHvqMMUJYYPLMFEMXsrIj2sMDE2oYwNwZt9eZ5UC3mvmC9e2TTOYIIU7ME+HIIHJ1CCCyhDBQj04QGe4cWRzqPz6rxNWhec6cwu/IHz/gOEhZLH</latexit>

+N�2
<latexit sha1_base64="/+K+d4eqwMSjjNZs2nCOJ1Yb7t4=">AAAB7nicbVDLSgNBEOz1mcRX1KOXwSAIYtjNIXoMevEkEcwDkxhmJ7PJkNnZYWZWDEs+wougIl69+S/e/BqdPA6aWNBQVHXT3eVLzrRx3S9nYXFpeWU1lc6srW9sbmW3d6o6ihWhFRLxSNV9rClnglYMM5zWpaI49Dmt+f3zkV+7o0qzSFybgaStEHcFCxjBxkq1o8vb5LgwbGdzbt4dA80Tb0pypbR8uvm4/y63s5/NTkTikApDONa64bnStBKsDCOcDjPNWFOJSR93acNSgUOqW8n43CE6sEoHBZGyJQwaq78nEhxqPQh92xli09Oz3kj8z2vEJjhtJUzI2FBBJouCmCMTodHvqMMUJYYPLMFEMXsrIj2sMDE2oYwNwZt9eZ5UC3mvmC9e2TTOYIIU7ME+HIIHJ1CCCyhDBQj04QGe4cWRzqPz6rxNWhec6cwu/IHz/gOEhZLH</latexit>

+N�2



Analytically, the Euclidean conformal generating functional can be written without performing the color trace as

<latexit sha1_base64="2JEAYlIntTg1yCrJC+sJTskxjwE="></latexit>

WE
conf[JOE ] =� logDet

✓
I +

1

2
��1I

JOE
s

N
⌦ Y

5
2
s�2

◆

� logDet

 
I � 1

2

⇣
I +

1

2
��1I

JOE
s

N
⌦ Y

5
2
s�2

⌘�1
��1P

JOE
s

N
⌦ Y

5
2
s�2

!

<latexit sha1_base64="S5cCqctyCVgYOMVLEjogCdixKqQ="></latexit>
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where the term containing I-P involves the SU(N) propagator:

As we said earlier, in order to keep the 't Hooft double-line representation that only involves the leading propagator  
also beyond the planar limit of the SU(N) theory, we transfer the 1/N dependence from the propagator to the vertex 
by the following identity

The first logDet above is the planar contribution -- involving the leading vertex -- and the second  logDet the 
leading-nonplanar one -- involving at least one subleading vertex for 2-gluon operators carrying the factor of P.

<latexit sha1_base64="dhOmUMgK5kQSBBrN5RPR9K23lCc=">AAAB83icbVDLSsNAFL2pr1pfVRcibgaL4MaSCGqXRTeupIJ9QBPKZDpph04mYWYilJDfcONCEbf+i7jTjVs/w+ljodUDFw7n3Mu99/gxZ0rb9ruVm5tfWFzKLxdWVtfWN4qbWw0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+oOLkd+8pVKxSNzoYUy9EPcECxjB2kjukRtITFInS6+yTrFkl+0x0F/iTEmpWvl83fn42q11im9uNyJJSIUmHCvVduxYeymWmhFOs4KbKBpjMsA92jZU4JAqLx3fnKEDo3RREElTQqOx+nMixaFSw9A3nSHWfTXrjcT/vHaig4qXMhEnmgoyWRQkHOkIjQJAXSYp0XxoCCaSmVsR6WOTgjYxFUwIzuzLf0njuOyclk+uTRrnMEEe9mAfDsGBM6jCJdSgDgRiuIMHeLQS6956sp4nrTlrOrMNv2C9fANUGpWl</latexit>

� 1

N

<latexit sha1_base64="ziW0DTdZRO8ProxuZ6i5E++Slmk=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVd4pFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvMlOQNA==</latexit>

i
<latexit sha1_base64="4GURdRg4ITNV1kjsjjWyvd7W6po=">AAAB6HicbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJumkZ6G7RwhDjp68eFDEq1+R7/DmN/gTdpaDJj4oeLxXRVU9LxZcadv+spaWV1bX1jMb2c2t7Z3d3N5+VUWJZFhhkYhk3aMKBQ+xorkWWI8l0sATWPP6t2O/9oBS8Si814MY3YB2Qu5zRrWRyr1WLm8X7AnIInFmJF88GpW/H49HpVbus9mOWBJgqJmgSjUcO9ZuSqXmTOAw20wUxpT1aQcbhoY0QOWmk0OH5NQobeJH0lSoyUT9PZHSQKlB4JnOgOqumvfG4n9eI9H+tZvyME40hmy6yE8E0REZf03aXCLTYmAIZZKbWwnrUkmZNtlkTQjO/MuLpHpecC4LF2WTxg1MkYFDOIEzcOAKinAHJagAA4QneIFXq2c9W2/W+7R1yZrNHMAfWB8/wUCQnw==</latexit>
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<latexit sha1_base64="Wne2Qv51tEXIExEQc54fS/EwHZ4=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVdEpFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvNt+QNw==</latexit>

l
<latexit sha1_base64="dsmJLKtHAo3Ptwpn7EGPOyrtTGM=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVE8LIRi25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9GPduxLdx2rrQ1h8GPv7/HOacEyScKe26X1ZuYXFpeSW/aq+tb2xuFbZ36ipOJcUajXksmwFRyJnAmmaaYzORSKKAYyMYXI3zxh1KxWJxo4cJ+hHpCRYySrSxqoNOoeiW3ImcefB+oHjxbp8nb592pVP4aHdjmkYoNOVEqZbnJtrPiNSMchzZ7VRhQuiA9LBlUJAIlZ9NBh05B8bpOmEszRPambi/OzISKTWMAlMZEd1Xs9nY/C9rpTo88zMmklSjoNOPwpQ7OnbGWztdJpFqPjRAqGRmVof2iSRUm9vY5gje7MrzUD8qeSel46pbLF/CVHnYg304BA9OoQzXUIEaUEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GzVbkDY=</latexit>
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<latexit sha1_base64="ziW0DTdZRO8ProxuZ6i5E++Slmk=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVd4pFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvMlOQNA==</latexit>

i
<latexit sha1_base64="4GURdRg4ITNV1kjsjjWyvd7W6po=">AAAB6HicbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJumkZ6G7RwhDjp68eFDEq1+R7/DmN/gTdpaDJj4oeLxXRVU9LxZcadv+spaWV1bX1jMb2c2t7Z3d3N5+VUWJZFhhkYhk3aMKBQ+xorkWWI8l0sATWPP6t2O/9oBS8Si814MY3YB2Qu5zRrWRyr1WLm8X7AnIInFmJF88GpW/H49HpVbus9mOWBJgqJmgSjUcO9ZuSqXmTOAw20wUxpT1aQcbhoY0QOWmk0OH5NQobeJH0lSoyUT9PZHSQKlB4JnOgOqumvfG4n9eI9H+tZvyME40hmy6yE8E0REZf03aXCLTYmAIZZKbWwnrUkmZNtlkTQjO/MuLpHpecC4LF2WTxg1MkYFDOIEzcOAKinAHJagAA4QneIFXq2c9W2/W+7R1yZrNHMAfWB8/wUCQnw==</latexit>
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<latexit sha1_base64="Wne2Qv51tEXIExEQc54fS/EwHZ4=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVdEpFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvNt+QNw==</latexit>

l
<latexit sha1_base64="dsmJLKtHAo3Ptwpn7EGPOyrtTGM=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVE8LIRi25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9GPduxLdx2rrQ1h8GPv7/HOacEyScKe26X1ZuYXFpeSW/aq+tb2xuFbZ36ipOJcUajXksmwFRyJnAmmaaYzORSKKAYyMYXI3zxh1KxWJxo4cJ+hHpCRYySrSxqoNOoeiW3ImcefB+oHjxbp8nb592pVP4aHdjmkYoNOVEqZbnJtrPiNSMchzZ7VRhQuiA9LBlUJAIlZ9NBh05B8bpOmEszRPambi/OzISKTWMAlMZEd1Xs9nY/C9rpTo88zMmklSjoNOPwpQ7OnbGWztdJpFqPjRAqGRmVof2iSRUm9vY5gje7MrzUD8qeSel46pbLF/CVHnYg304BA9OoQzXUIEaUEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GzVbkDY=</latexit>

k



Graphically, the leading-nonplanar conformal generating functional reads

After the RG improvement, the leading-nonplanar asymptotic generating functional reads:

<latexit sha1_base64="4Xr/hbLvnkbm9L5wCOzeIPaIqB4="></latexit>
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Remarkably, now the overall sign of the first logDet is consistent with the bosonic statistics for the glueballs, but 
at the price of introducing a refined topological expansion.



Remarkably, the new diagrams are the normalization of pinched tori, where the pinches are cut in 
possibly disconnected components that are punctured spheres with two punctures pairwise identified:

Interestingly, the smooth-torus contribution is suppressed in perturbation theory with respect to the remaining 
diagrams, since the smooth torus inevitably involves the Lagrangian vertices (that carry powers of the coupling).

Yet, in the RG-improved generating functional the smooth tori are essential to provide the renormalization factors 
due to the anomalous dimensions also for the new topologies, since they mix by renormalization because they have the 
same weights.

Hence, our refined topological expansion of the one-loop generating functional of twist-2 operators reads:

<latexit sha1_base64="5iJeSDlavLILPKgjEOSjS4A0chA=">AAAB73icbVDJSgNBEO1xTeIW9eilMQhCIMwILsegF48RzILJEHp6epImPd1jd40YQn7Ci4giXj35L978Gu0sB018UPB4r4qqekEiuAHX/XIWFpeWV1Yz2dza+sbmVn57p2ZUqimrUiWUbgTEMMElqwIHwRqJZiQOBKsHvYuRX79j2nAlr6GfMD8mHckjTglYqVFsiVCBKbbzBbfkjoHniTclhXI2ebr5uP+utPOfrVDRNGYSqCDGND03AX9ANHAq2DDXSg1LCO2RDmtaKknMjD8Y3zvEB1YJcaS0LQl4rP6eGJDYmH4c2M6YQNfMeiPxP6+ZQnTmD7hMUmCSThZFqcCg8Oh5HHLNKIi+JYRqbm/FtEs0oWAjytkQvNmX50ntqOSdlI6vbBrnaIIM2kP76BB56BSV0SWqoCqiSKAH9IxenFvn0Xl13iatC850Zhf9gfP+A66Gk3o=</latexit>

+ . . .+
<latexit sha1_base64="dzcrJsInTMcJarUt1vXY6jMZDHs=">AAACD3icbVC7SgNBFJ31bXxFLW2GiGJj2BV8NEJQEMsI5gHZsMxOJjo4O7PM3BXDsn9gY+V/2FgowdbWzsbO/3A2sVDjgQuHc+7l3nvCWHADrvvujI1PTE5Nz8wW5uYXFpeKyyt1oxJNWY0qoXQzJIYJLlkNOAjWjDUjUShYI7w6zv3GNdOGK3kOvZi1I3IheZdTAlYKipt+ROCSEpE2siD1tn1gN5AKpeIsw4fYN0kUpDILiutu2R0AjxLvm6xXTu5X+6XPj2pQfPM7iiYRk0AFMabluTG0U6KBU8Gygp8YFhN6RS5Yy1JJImba6eCfDG9YpYO7StuSgAfqz4mURMb0otB25tebv14u/ue1EugetFMu4wSYpMNF3URgUDgPB3e4ZhREzxJCNbe3YnpJNKFgIyzYELy/L4+S+k7Z2yvvntk0jtAQM2gNldAW8tA+qqBTVEU1RNEtekBP6Nm5cx6dvvMybB1zvmdW0S84r1/8XKEA</latexit>

W1�loop =
X

n

<latexit sha1_base64="NXVhKcLrvdp5yaKBBEAWHAkHgKw=">AAAB7XicbZDLSgMxFIbPeK3jrerSTbAIbiwzgpeNWHTjSirYC7RjyaRpG5tJhiQjlKHv4MaFIm5c+Cju3YhvY3pZaOsPgY//P4ecc8KYM20879uZmZ2bX1jMLLnLK6tr69mNzbKWiSK0RCSXqhpiTTkTtGSY4bQaK4qjkNNK2L0Y5JV7qjST4sb0YhpEuC1YixFsrFW+uk33Rb+RzXl5byg0Df4Ycmcf7mn89uUWG9nPelOSJKLCEI61rvlebIIUK8MIp323nmgaY9LFbVqzKHBEdZAOp+2jXes0UUsq+4RBQ/d3R4ojrXtRaCsjbDp6MhuY/2W1xLROgpSJODFUkNFHrYQjI9FgddRkihLDexYwUczOikgHK0yMPZBrj+BPrjwN5YO8f5Q/vPZyhXMYKQPbsAN74MMxFOASilACAnfwAE/w7Ejn0XlxXkelM864Zwv+yHn/AbiXkjw=</latexit>

N�n <latexit sha1_base64="7EvMDgzg0ZlOr725cipidS/H3Mg=">AAAB6HicbVDJSgNBEK2JWxK3qEcvjUEQhDAjuByDXjwmYBZMhtDTqUna9Cx094hhyBd48aBIrv6A/+LNr9FO4kETHxQ83quiqp4XC660bX9amaXlldW1bC6/vrG5tV3Y2a2rKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uBq4jfuUSoehTd6GKMb0F7Ifc6oNlL1uFMo2iV7CrJInB9SLOfi8e37w1elU/hodyOWBBhqJqhSLceOtZtSqTkTOMq3E4UxZQPaw5ahIQ1Quen00BE5NEqX+JE0FWoyVX9PpDRQahh4pjOguq/mvYn4n9dKtH/hpjyME40hmy3yE0F0RCZfky6XyLQYGkKZ5OZWwvpUUqZNNnkTgjP/8iKpn5Scs9Jp1aRxCTNkYR8O4AgcOIcyXEMFasAA4RGe4cW6s56sV2s8a81YPzN78AfW2zeT+JCH</latexit>

+
<latexit sha1_base64="NXVhKcLrvdp5yaKBBEAWHAkHgKw=">AAAB7XicbZDLSgMxFIbPeK3jrerSTbAIbiwzgpeNWHTjSirYC7RjyaRpG5tJhiQjlKHv4MaFIm5c+Cju3YhvY3pZaOsPgY//P4ecc8KYM20879uZmZ2bX1jMLLnLK6tr69mNzbKWiSK0RCSXqhpiTTkTtGSY4bQaK4qjkNNK2L0Y5JV7qjST4sb0YhpEuC1YixFsrFW+uk33Rb+RzXl5byg0Df4Ycmcf7mn89uUWG9nPelOSJKLCEI61rvlebIIUK8MIp323nmgaY9LFbVqzKHBEdZAOp+2jXes0UUsq+4RBQ/d3R4ojrXtRaCsjbDp6MhuY/2W1xLROgpSJODFUkNFHrYQjI9FgddRkihLDexYwUczOikgHK0yMPZBrj+BPrjwN5YO8f5Q/vPZyhXMYKQPbsAN74MMxFOASilACAnfwAE/w7Ejn0XlxXkelM864Zwv+yHn/AbiXkjw=</latexit>

N�n
<latexit sha1_base64="NXVhKcLrvdp5yaKBBEAWHAkHgKw=">AAAB7XicbZDLSgMxFIbPeK3jrerSTbAIbiwzgpeNWHTjSirYC7RjyaRpG5tJhiQjlKHv4MaFIm5c+Cju3YhvY3pZaOsPgY//P4ecc8KYM20879uZmZ2bX1jMLLnLK6tr69mNzbKWiSK0RCSXqhpiTTkTtGSY4bQaK4qjkNNK2L0Y5JV7qjST4sb0YhpEuC1YixFsrFW+uk33Rb+RzXl5byg0Df4Ycmcf7mn89uUWG9nPelOSJKLCEI61rvlebIIUK8MIp323nmgaY9LFbVqzKHBEdZAOp+2jXes0UUsq+4RBQ/d3R4ojrXtRaCsjbDp6MhuY/2W1xLROgpSJODFUkNFHrYQjI9FgddRkihLDexYwUczOikgHK0yMPZBrj+BPrjwN5YO8f5Q/vPZyhXMYKQPbsAN74MMxFOASilACAnfwAE/w7Ejn0XlxXkelM864Zwv+yHn/AbiXkjw=</latexit>

N�n



We now provide a nonperturbative interpretation of our refined topological expansion in terms of the effective 
theory of glueballs. It has been known for more than 40 years that punctured spheres correspond to glueball tree 
diagrams [16][17]

<latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=

<latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=
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The sphere with two punctures corresponds to an 
infinite sum of glueball propagators [16]. 

[17] E. Witten Baryons in the 1/N expansion, Nucl. Phys. B160 (1979) 57-115.

The sphere with three punctures corresponds in 
Minkowskian space-time to vertices that may carry sums 
of 3 or 2 poles [17]. We point out that the 2-pole graph 
contributes zero to the S matrix because of the missing 
glueball external leg [4].[16] A. Migdal, Multicolor QCD as Dual Resonance Theory, Annals Phys. 109 (1977) 365.



Glueball loops in the effective theory are represented by higher-genus surfaces. Specifically, 2-point glueball one-
loop diagrams correspond to the punctured torus:
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Interestingly, we observe [4] that in the effective theory on the right-hand side of the above picture also diagrams 
without external glueball legs occur. Moreover, for our new topologies we obtain the following interpretation
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The maximally pinched (color-disconnected) diagrams are the only ones that 
have a 1-to-1 correspondence with the effective theory, since they do not carry 
any external leg.

The punctures that arise from the normalization 
of pinches are identified in spacetime and cannot 
represent an external glueball leg. Consequently, 
both diagrams contribute zero to the S matrix as 
well.
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For the graphs that only contain bivalent vertices, i.e., the maximally (disconnected) pinched ones, we verify the 
spin-statistics theorem directly by the sign of the asymptotic result in the last line 
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Hence the new topologies solve the sign puzzle and specifically in the maximally pinched sector. 

Moreover, the new topological sector dominates the UV asymptotics of the correlators of twist-2 operators, but 
contributes zero to the nonperturbative S matrix, since nonperturbatively it consists of tori with at least one pinch 
corresponding to glueball one-loop diagrams with at least one glueball external leg missing. 



In the SU(N) YM theory it exists a new topological sector for twist-2 operators that refines the ‘t Hooft 
topological expansion, both perturbatively and nonperturbatively.

Instead, in the U(N) YM theory the new sector is absent perturbatively for twist-2 operators.

Yet, this does not solve the aforementioned sign problem nonperturbatively, since in the U(N) theory the 
asymptotics of the generating functional is the sum of the RG-improved SU(N) result and the free U(1) part

with the U(1) contribution in the second line being actually exactly conformal and not only asymptotic, since the 
U(1) theory is free. 
Hence, nonperturbatively -even in the U(N) theory- the solution of the sign puzzle is the one outlined above in 
the SU(N) theory.

Conclusions
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The new topological sector dominates the UV of the correlators of twist-2 operators in the SU(N) theory, and its 
existence is necessary for consistency with the spin-statistics theorem for the glueballs. 

Nonperturbatively the entire new sector does not contribute to the S matrix, since in the effective theory it consists 
of diagrams with at least one external glueball leg missing. 

Hence, by limiting ourselves to the nonperturbative S matrix only, the original ‘t Hooft topological expansion is 
complete even for the twist-2 operators.

A crucial consequence is that a canonical string solution matching the topology of closed punctured Riemann surfaces 
cannot exist for the Yang-Mills correlators, but it may exist for the S matrix.

Yet, a noncanonical string solution may exist also for the correlators provided that it contains extra couplings to 
D-branes [8] ([M.B.] to appear).

Indeed, the new topological sector may be exactly solvable because of the vanishing S matrix ([M.B.] to appear).

In fact, the maximally color-disconnected diagrams have been conjectured [8] to be described by Chern-Simons 
theory on non-commutative space-time coupled to D-branes [8], which would provide the necessary logDet matching 
the UV asymptotics ([M.B.] to appear) in the present talk.

[8] M. Bochicchio, An asymptotic solution of large-N QCD, for the glueball and meson spectrum and the collinear S-matrix, HADRON 2015, AIP Conf. Proc. (2016).



EXTRA
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Twist-2 operators transform to the leading order as primary operators with respect to the conformal 
group [6]

[6] N. Beisert, G. Ferretti, R. Heise and K. Zarembo, One-loop QCD spin chain and its spectrum, Nucl. Phys. B 717 (2005) 137–189, [hep-th/0412029].

Yang-Mills theory is conformal to order     (leading order) and also      (next-to-leading) of 
perturbation theory (as the beta function enters the solution of the Callan-Symanzik equation to 
order     ).
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Õ
T =2
⇢1...⇢s

are the ”balanced” operators that appear as leading terms in the OPE of tensor currents in 
Minkowskian space-time near the light-cone.
They are balanced as the number of dotted and undotted indices in the spinor representation 
coincides.
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ST =2
µ⌫⇢1...⇢s�2��

are the ”unbalanced” operators as they are chiral, i.e. have a different number of dotted and 
undotted indices in the spinor representation

Generalization of the stress-energy tensor
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g0



, which can be computed at the lowest order of perturbation theory, is not zero.  
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The corresponding UV asymptotics for          is 
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Z(�) = P exp
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�(g0)

�(g0)
dg0

⌘
is the renormalized mixing matrix that involves the computation of a 
path-ordered exponential.

in general, the above operators mix with derivatives of lower spin operators of twist-2. 
As a consequence we get from the Callan-Symanzik equation as         

Defining 

where 

Step 2



Hence, the evaluation of the asymptotics of correlators involves the computation of sums of products of
and

These computations are technically challenging, even in our case where the anomalous dimension matrix is 
triangular to all perturbative orders, so that the expansion of the path-ordered exponential terminates to a 
finite order [7].
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Zij(�)

Therefore, it is of the outmost importance to establish whether a renormalization scheme exists where Z is 
diagonalizable to all perturbative orders.
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[7] M. Becchetti and M. Bochicchio, Operator mixing in massless QCD-like theories and Poincaré-Dulac theorem, Eur. Phys. J. C 82 (2022), [2103.16220].



The idea in [2] is to find a (formal) holomorphic gauge transformation depending on the coupling that defines a 
finite change of renormalization scheme

Under the above gauge transformation                                   transforms as a gauge connection with a pole at 
g=0 [2].

Besides, if      is diagonalizable,          is diagonalizable as well with eigenvalues 
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In [2] it demonstrated, by means of the Poincaré-Dulac theorem, that under the “non-resonant” condition

with i>j, k a positive integer and       the eigenvalues of       in non-increasing order, an S(g) exists such that

to all orders of perturbation theory                           is one-loop exact, so that only the pole part survives.
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Hence, to summarize, in the non-resonant diagonal renormalization scheme, the UV asymptotics is greatly 
simplified
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Moreover, for twist-2 operators in SU(N) Yang-Mills theory the non-resonant condition is verified [8][3] and 
the non-resonant diagonal renormalization scheme restricts at the leading and next-to-leading order of 
perturbation theory to the standard conformal basis (defined above), since in the latter     is already diagonal. 
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[8] U. Aglietti, M. Becchetti, M. Bochicchio, M. Papinutto and F. Scardino, Operator mixing, UV asymptotics of nonplanar/planar 2-point correlators, and nonperturbative large-N       
expansion of QCD-like theories, [2105.11262].
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Topological considerations

Finally, the occurrence of pinched tori with punctures resembles the Deligne-Mumford (DM) compactification of 
the moduli space of punctured Riemann surfaces that arises in canonical string theories due to their underlying 
conformal structure.

Yet, our pinched tori do not occur in the DM compactification of n-punctured tori, whose components only involve 
punctured Riemann surfaces with negative 𝜒 because in the DM compactification pinches and punctures never 
collide according to the underlying conformal structure of canonical string theories, while the components of our 
pinched tori may contain 2-punctured spheres with 𝜒 =0.

Indeed, an essential feature of the DM compactification is that the corresponding graphs dual to Riemann surfaces 
only contain trivalent vertices, while the dual graphs to our pinched tori contain at least one bivalent vertex.

As a consequence, no canonical closed-string theory may contain the new topological sector, even by including the 
DM compactification of the moduli space or, more generally, any compactification that involves stable surfaces.
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Under the action of the aforementioned gauge transformation, the matrix:

associated with the differential equation for      :
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defines a connection                                       with a regular singularity at g = 0 that transforms as:
<latexit sha1_base64="8+NyaZEs8kZonnwbT+28HzpaYX4="></latexit>

A(g) =
1

g

 
A0 +

1X

n=1

A2ng
2n

!

<latexit sha1_base64="aeh/6A+0ocbioY6Px/3lzqMH/MU="></latexit>

A0(g) = S(g)A(g)S�1(g) +
@S(g)

@g
S�1(g)

<latexit sha1_base64="OSFRZ80+SRs7TViDc2jx5SHPLBY="></latexit>

A0(g) =
�0
�0

1

g

It follows from the Poincarè-Dulac theorem that, if any two eigenvalues      of the matrix in nonincreasing order 
do not differ by a positive even integer:
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then a formal holomorphic gauge transformation exists that sets A(g) in the canonical nonresonant 
form:

that is one-loop exact to all orders of perturbation theory. 


