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Introduction (I)
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§ QCD Phase diagram in T ´ µB plane is vastly unexplored, especially at intermediate
densities
‚ Location of CEP, quarkyonic matter, (crystalline) color superconductivity, mixed phases. . .
‚ Moat regimes, inhomogeneous chiral phases: Spatial modulations of the order parameter?
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Introduction (II)
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§ Inhomogeneous, chiral phase (IP): xψ̄ψy “ fpxq (so far: mostly 1d modulations)

§ Recently: Moat regime with E2 “ p4 ` Zp2 `m2 with Z ă 0

FRG study

[Fu, Pawlowski, Rennecke, PRD 101, 054032 p2020q]

0 2 4 6 8 10 12

x

−1.0

−0.5

0.0

0.5

1.0

Σ

1` 1-dimensional Four-Fermion model
[Thies, Urlichs, PRD 67, 125015 p2003q]

[Koenigstein, Pannullo, Rechenberger, MW, Steil, p2022q]

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 2 / 20



Introduction (II)
 

 

CRC -  TR 

§ Inhomogeneous, chiral phase (IP): xψ̄ψy “ fpxq (so far: mostly 1d modulations)
§ Recently: Moat regime with E2 “ p4 ` Zp2 `m2 with Z ă 0

FRG study

[Fu, Pawlowski, Rennecke, PRD 101, 054032 p2020q]

0.0 0.2 0.4 2
π

1√
2

0.8 1.0 1.2

µ

0.0

0.2

0.4

eγ

π

T

LP

HBP SP

IP

−0.10 −0.05 0.00 0.05 0.10
Z

1` 1-dimensional Four-Fermion model
[Thies, Urlichs, PRD 67, 125015 p2003q]

[Koenigstein, Pannullo, Rechenberger, MW, Steil, p2022q]

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 2 / 20



QCD at finite baryon density: Exotic phases
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§ First principle limited mostly to small/ vanishing µ{T

§ Functional methods have uncontrolled systematic errors

§ ’Exotic chiral aspects’ of QCD phase diagram so far: Model
calculations, mostly on the mean-field level
[Buballa, Carignano, Prog. Part. Nucl. Phys. 11, 169p2014q, arXiv: 1406.1367]

Chiral phase transition at finite

density

[Fu et al., PRD 101, 054032 p2020q]
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§ Functional methods have uncontrolled systematic errors

§ ’Exotic chiral aspects’ of QCD phase diagram so far: Model
calculations, mostly on the mean-field level
[Buballa, Carignano, Prog. Part. Nucl. Phys. 11, 169p2014q, arXiv: 1406.1367]

§ Mean-field models are not really conclusive about IPs
[Carignano, Buballa, Schaefer, PRD 90, 014033 p2014q, arXiv: 1404.0057]
[Buballa, Kurth, Wagner, MW, PRD 103, 034503 p2020q, arXiv: 2012.09588 ]
[Koenigstein et al., J. Phys. A 5, 375402 p2022q, arXiv: 2112.07024]
[Pannullo, MW, PRD 108, 036011 p2023q, arXiv:2305.09444]
[Pannullo, Wagner, MW, PoS LATTICE2022 156 p2023q, arXiv:2212.05783]

Chiral phase transition at finite

density

[Fu et al., PRD 101, 054032 p2020q]
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[Pannullo, MW, PRD 108, 036011 p2023q, arXiv:2305.09444]
[Pannullo, Wagner, MW, PoS LATTICE2022 156 p2023q, arXiv:2212.05783]

A few studies beyond mean-field
[Mueller, Buballa, Wambach, Phy. Lett. B 727, 240 p2013q, arXiv: 1308.4303]

[Tripolt et al., PRD 97, 034022 p2018q, arXiv: 1709.05991]

[Fu, Pawlowski, Rennecke, PRD 101, 054032 p2020q, arXiv: 1909.02991]

[Stoll et al., arXiv: 2108.10616]

[Lenz et al., PRD 101, 094512 p2020q, arXiv: 2004.00295]

[Ciccione, Di Petro, Serone, PRL 129, 071603 p2022q, arXiv: 2203.07451]

Chiral phase transition at finite

density

[Fu et al., PRD 101, 054032 p2020q]
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Influence of bosonic quantum fluctuations on IPs
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Fluctuations are expected to weaken ordering. Some evidence from model studies:

§ In 1` 1-dimensional models:
‚ Mermin-Wagner-Coleman theorem: Continuous symmetry cannot be spontaneously broken at T ą 0
‚ Landau’s argument: Even discrete symmetry should be restored, supported by [Stoll et al., arXiv: 2108.10616]

‚ Inhomogeneous correlation function observed in LFT studies of GN model [Lenz et al., PRD 101, 094512]

‚ Not conclusive: Are correlators truely are long-range or quasi-long range order?
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§ In 3+1 dimensions:
‚ Regulator dependence: IP even on mean-field level unclear, moat regime seems to be robust

[Nickel, PRD 80, 074025 p2009q] [Pannullo, Wagner, MW, PoS LATTICE2022 156 p2023q & upcoming paper]

‚ Landau-Peierls instability of CDW / 1d-modulations prohibits long-range order
‚ Magnetic dual chiral density wave stable at large B-field [Ferrer, de la Incera, PRD 102, 014010 p2020q]
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[Nickel, PRD 80, 074025 p2009q] [Pannullo, Wagner, MW, PoS LATTICE2022 156 p2023q & upcoming paper]

‚ Landau-Peierls instability of CDW / 1d-modulations prohibits long-range order
‚ Magnetic dual chiral density wave stable at large B-field [Ferrer, de la Incera, PRD 102, 014010 p2020q]

ñ All of mentioned studies are either computationally expensive, some have contradictory results, some
involve strong approximations / do not incorporate full quantum effects
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Motivation and main idea
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Motivation: Study the influence of bosonic fluctuation on an IP in a simple and effective setup

§ Assuming IPs exist in some approximation, how do the bosonic fluctuations impact the

inhomogeneous condensate ?

Main idea

§ Quark determinant, bosonic loops, etc., can be expanded in powers of mesonic fields ~φ, B~φ in an
effective theory for ’chiral physics’ (see, e.g., Quark-Meson or Nambu-Jona-Lasinio model)

§ At intermediate density and temperature CSB dominated by light-mesons ~φ “ pσ, ~πq ñ Op4q
model for two-flavor QCD

xσy „ xψ̄ψy x~πy „ xψ̄i~τγ5ψy

ñ Study OpNq model as effective theory
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Studying IPs in an OpNq model
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2

´

B0
~φ
¯2
`

1
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´

Bj~φ
¯2
`
m2

2
~φ 2 `

λN

4
p~φ 2q2

§ Finite density breaks Lorentz-invariance ñ Z ‰ 1

§ Z can be negative ! Z ă 0 ñ Moat regime

§ Additional term needs to be generated (multiple possibilities)

LHO “
1

2M2

¨

˝

ÿ

j

B2
j
~φ

˛

‚

2

§ Resulting theory is super-renormalizable, bare propagators „ p´4

§ Approach path integral with standard LFT techniques (hybrid Monte Carlo, Metropolis)
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OpNq model in the large-N limit
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Leff “
Z
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´

Bj~φ
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`
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§ Large-N limit easily solvable with constraint field approach, λN & M is fixed
[Pisarski, Tsvelsik, Valgushev, PRD 102, 016015 p2020q] [Moshe, Zinn-Justin, Phys. Rept. 385, 69 ´ 228 p2003q]

§ Vary only m2 and Z

§ Theory in 3` 1 dim. at nonzero T : Consider only static mode En “ 2πTn for n “ 0

§ Natural ansatz for ground state: The chiral spiral

~φ “ φ0

´

cospk0zq, sinpk0zq, φK “ ~0
¯T

§ As expected: k0 ‰ 0 is solution for classical EoM
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Large-N phase diagram
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Solve theory in Large-N limit with chiral spiral ansatz
[Pisarski, Tsvelsik, Valgushev, PRD 102, 016015 p2020q]

“Quantum spin liquid” (QSL)

§ Disordering of chiral spiral
(IP) via fluctuation of
transverse modes φK

§ Transverse modes ”
Goldstone modes of OpNq
symmetry breaking

QSL : xφipxqφjp0qy|xÑ8 „ δije´mrc1 cospmixq!
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Large-N limit with chiral spiral ansatz

QSL : xφipxqφjp0qy|xÑ8 „ δije´mrc1 cospmixq!
Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 9 / 20



Extension of the study
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4
p~φ 2q2

§ The prediction of a QSL in [Pisarski, Tsvelsik, Valgushev, PRD 102, 016015 p2020q] is based on a particular
ansatz calculation & the large-N limit

§ Overcoming these limitations: lattice field theory simulations of Leff

§ Monte-Carlo simulation of OpNq model on lattice
‚ Naive discretization of 4 (Opa4q)

§ Approach full quantum theory without any ansatz

‚ Does the disordering disappear for N “ 1, 2?
‚ “Phase diagram” in pZ,m2q plane and dependence on N
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‚ Does the disordering disappear for N “ 1, 2?

‚ “Phase diagram” in pZ,m2q plane and dependence on N
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Extension of the study
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Leff “
Z

2
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Bj~φ
¯2
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1

2M2

¨
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ÿ
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j
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˛
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λN

4
p~φ 2q2
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Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Observables
 

 

CRC -  TR 

§ Accessing xφpxqy not suitable for IP, destructive interference!

§ Spatial correlation observable exhibits information about inhomogeneities

Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

§ Iterate over lattice sites y for better statistics

§ So far: lattice volumes V “ 123, 163, 203, results rather stable in this range

§ Thermalization: „ 102 Metropolis steps, „ 1000 HMC steps

§ Statistics: 4000´ 10000 configurations used

§ Jackknife error: Typically smaller than dots

Marc Winstel Disordering of exotic phases through bosonic quantum fluctuations 11 / 20



Different scenarios for spatial modulations at finite µ
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IP
§ Long-range order

§ Spatial mesonic correlators

Cpxq “ xφpxqφpy “ 0qy are

oscillatory functions Cosc at

large x

xφjy „ xψ̄Γjψy “ fpxq

0 2 4 6 8 10 12

x

−1.0

−0.5

0.0

0.5

1.0

Σ

Liquid crystal
§ Quasi-long range order

§ Disordering through
Goldstone modes of
translational symmetry
breaking (phonons)

Cpxq „ |x|´βCoscpxq

Quantum spin / π liquid
§ Spatial modulations in

exponential decay

§ Disordering through
OpN ´ 2q goldstone modes

Cpxq „ e´mxCoscpxq
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Correlators N “ 1
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Correlators are (discrete) rotationally symmetric, study Cpxq “ Cppx, 0, 0qq

Large-N
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2 = 0, QSL

Large-N 2nd order
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’Phase diagram’ N “ 1
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Independence of N
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N “ 1 N “ 2 N “ 4

§ m2 “ 0.0, Z P r´1.0, 1.0s Resulting regimes (QSL /OSP) almost independent of
Np“ 1, 2, 4, 8, 10q

§ Mechanism through disordering with transverse modes cannot be the full picture

§ Lacking a (local) order parameter to fully map out regime in pZ,m2q plane
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External breaking of translational & rotational symmetry
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Lbr “ Leff ´ ~hpxq~φpxq

§ Idea: External breaking through parameter h0 and
h0 Ñ 0 to ensure that there is no symmetry breaking

§ Enforce chiral spiral and avoid interference of multiple

degenerate solutions

§ Lattice momentum pn “ 2πn{L2

§ Extract momentum parameter k0 through QSL fit at
h0 “ 0 and then study h0 P t´0.1, . . . , 0.1u

§ xφipxqφjpyqy loose translational invariance in x2

direction and rotational symmetry

Cpx, yq “ Cpx0 ´ y0, x1 ´ y1, x2, y2q

hpxq “
h0

?
2πLσ

L´1
ÿ

n“0

e´
1
2σ
ppn´k0q

2

¨

˚

˝

cosppnx2q

sinppxx2q

~0

˛

‹

‚

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
x2
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0.05

0.00
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External breaking for N “ 1
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Cp∆x0, 0, x, yq for Z “ ´2.0,m2 “ 0.0
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h0 = 0.04, x = 0
y = 0
y = 10

Translational symmetry clearly broken, C(x,y) qualitatively identical for |h0| ą 0.01
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∆x does not change amplitude, only global sign, No rotational symmetry breaking? Further
studies needed
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External breaking for N “ 1 – Small |h0|  
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Cp∆x0, 0, x, yq for Z “ ´2.0,m2 “ 0.0
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h0 “ 0.01 translational symmetry breaking already starts getting restored!
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Summary & Open questions
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§ Bosonic quantum fluctuations lead to disordering of inhomogeneous condensate

§ QSL regime with oscillating (damped) correlation functions
§ Regime almost independent of N & also N “ 1, 2

ñ Mechanism of disordering through N ´ 2 Goldstone bosons cannot be the full explanation

Open questions

§ Suitable observables for classification of QSL vs OSP?

§ Map out phase diagrams for different N

§ Volume dependence of results?

§ (Discrete), rotational symmetry might even be present with external field

§ Is there really OpNq symmetry breaking with external field? Study N “ 2, 4
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Another important takeaway
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Regimes with spatial oscillations can be highly relevant for QCD!

‚ C-symmetry breaking at finite µ, but invariance under combined CH symmetry

‚ PT symmetric field theories can feature spatial oscillations in correlation functions!
[Schindler, Schindler, Medina, Oglivie, PoS LATTICE2021 555 p2022q, arXiv:2110.07761 & PRD 102, arXiv:1906.07288]

‚ Also, simple four-fermion models with vector mesons show such oscillations [MW, upcoming paper]

[Haensch, Rennecke, von Smekal, p2023q arXiv:2308.16244]

Methods / techniques to get better access to these exotic phases need to be developed

‚ Heavy-Ion-Collisions: Access physical consequences via moat regime dispersion relation
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Four-Fermion model with QSL
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SFFrψ̄, ψs “

ż

d3x

$

&

%

ψ̄
`

{B ` γ3µ
˘

ψ ´

»

–

16
ÿ

j“1

ˆ

λS
2N

`

ψ̄ cj ψ
˘2
`

λV
2N

´

`

ψ̄ icjγν ψ
˘2
¯

˙

fi

fl

,

.

-
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Large-N Quantum pion liquid – mechanism
 

 

CRC -  TR 

[Pisarski, Tsvelsik, Valgushev, PRD 102, 016015 p2020q]

QSL : xφipxqφjp0qy|xÑ8 „ δije´mrc1 cospmixq

§ Ansatz: Chiral spiral ~φ “ φ0

´

cospk0zq, sinpk0zq, φK “ ~0
¯

§ Propagator SφK has double pole at k0 ‰ 0; IR divergences occur at T ą 0
‚ Fluctuations about transverse modes φK disorder IP
‚ Complex poles mr ` imi arise instead of the usual purely imaginary poles p2 “ ´m2

˘, leads
to oscillatory behavior in QSL

‚ For large |Z| and Z ă 0
mR „ Z´2, mI „

?
´Z
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Correlators N “ 2
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Increasing to N “ 2 makes no major difference!

Large-N
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Correlators N “ 4
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Increasing to N “ 4 makes no major difference!
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Off-diagonal correlators N “ 4
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Cijpxq “ xcijpxqy “ 1
V

ÿ

y

xφipy ` xqφjpyqy¸

i “ 0, j “ 0 i “ 0, j “ 1
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