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Most hadrons are resonances!

Stable in iso-symmetric QCD: o
e Mesons: qg states _' -~ ]
o Light: m, K, 7 - .
o Heavy: D, D;, B, B, B; o T Tk
e Baryons: gqq states L i L f
e Light: N, A, X, =, Q - A ]
e Heavy: A, ..., Zce, oo Ap I e
Everything else are resonances! [Kronfeld, 1203.1204]

We would like to understand hadron resonances within QCD,
i.e. be as model-independent as possible.



Newly discovered hadrons since 2011
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How to get this from the lattice?

Even if the lattice does its job well it's still a different physical system!

Lattice: Continuum:
e Finite volume e Infinite volume
— discrete spectrum — continuous spectral density
e Invariant under lattice (branch cut singularities)
translations and (subgroups of) e Invariant under Poincare
the cubic group transformations
e Euclidean field theory; no direct e Field theory in Minkowski space

access to dynamics



Steps in the calculation

Lattice discretization of QCD

" Realistic operators” —
e Quantum numbers {f‘;—f;—f?—«f
a |

e Subduction ’ ’ |
e Spatial smearing I l ‘ ‘

Computing spectrum in finite box o—0—0—=¢

Relating the spectrum to amplitudes | | | |
e Parametrising amplitudes @1 O

Fitting and finding poles



Computing observables on the lattice

Observables defined through euclidean path integral:
(©0) = 3 [ Pla.apiulerleaU-SclUojq, g, U]
Fermionic part: analytic solution by Grassmann integration
(0) = %/D[U]e‘sﬁ[u] det D[U] Of[U, G[U]] .
(O)F

Gluonic part: numerical solution by importance sampling of gauge configurations

chgs

> OflU;, GLU -

i=1

(0) = ((OF))g = lim

Nefgs— 00 chgs
Here we are interested in correlation functions of meson-interpolating operators:

Cii(t) = (0] Oi(1)0] (0) |0)
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Computing the spectrum: Variational Method

e Assume we have a basis of operators interpolating a given set of
quantum numbers
e Correlator matrix:

Ci(t) = (0]0:(1)01(0)[0)

e Find “optimal” interpolators by solving Generalised Eigenvalue
(GEV) problem

Ci(t)v!™) = Aa(t, t0) Cy(to)v (™,
e This defines variationally-optimal operators:
N
Ql = Z v,-"(’),-T
i=1
e Fit Principal correlators (eigenvalues):
An(t, to) = (1 — Ap)e En(t=0) 4 A o= Enlt—to)

e Some freedom in choice of ty and fitting range
e Stability w.r.t. operator basis should be tested



Meson operator bases

e Quark bilinears:
q(%, )r{"q(x, t)
° Single mesons with definite flavour and momentum:
3 3 F = (s S
EALEED YU ILTE (220 )aEoria,i
vy,Up

e Meson-meson:

Jm, =
QTFV(P7 {5 [P1>P2]) =

ZC Fi F, F c S b J
) %1 1%} v m m; m

V1,V2
my,mz

J1m1 J2m2
X Z QIFIVI ( )QngVz (P2, t)
piedpi}”
p1+po=P

e ; are variationally optimal operators



Lattice symmetries

Continuum: Poincaré symmetry
— Lattice: lattice translations [ On .
and (subgroups of) the cubic group A (e

e Irrep of continuum rotation group is reducible

representation of Op, (and subgroups) Fo Cuy

P: [4 Oa:(

e Can expand O™ in irreps of Oy, (or subgroups)

e Inverting this expansion defines subduction to
lattice irreps:

ApiJ] m Jm
OT H ( P, ):ZS/{:MOTFU(pa t)

Subduced meson-meson operator:

A Fi F, F AL A2 AP
OTeL (P ti[p,p]) = D Csug ( v )C( 1 2

vy,vp 2 L2 L
K112

X

AL Aotoi, -,
> Olal (A 00lg.] (1)
FElh 1

p1+P2=P



Subduction Table

R L I A
A (P #0)
Ai'— o, ... 1S,
Af | 3F, . 3Ds
Et | 2+, .. D, | 3D,
T | 1F, 3%, .. (351, 3D1), 3Ds
2t .. D, | 3D», 3Ds
[000] O AT | 0, . 3p,
A | 37, ..
E— 27, ... 3P2
Tf 1—,37, ... 1P1 3P1
T, | 27, ... 3P,

Op: Lattice symmetry group at rest



Steps in the calculation

Lattice discretization of QCD v~

" Realistic operators” v~

e Quantum numbers v~
e Subduction v~
e Spatial smearing v/

e Computing spectrum in finite box v~

Relating the spectrum to amplitudes

Parametrising amplitudes

e Fitting and finding poles



Quantization condition

In a generic QFT we have:
det[1+ip(s)-t(s)- (1 +iM(s,L))]=0
[Original derivation: M. Liischer; many extensions e.g. Sharpe, Bricefio...]

e p(s) = 2k(s)/+/s with k(s) the COM-momentum function and
s = Edy

e t(s) = infinite volume t-matrix

M(

t(s) is diagonal in total angular momentum J

M(s, L)) is dense in J

s, L)) encodes finite-volume effects



When is this applicable?

e Arbitrary 2 — 2 scattering processes

e Box needs to be big enough: L > 2R with R ~ 1/m,
Corrections exponentially suppressed: ~ =ML

N/




Steps in the calculation

Lattice discretization of QCD v~

" Realistic operators” v~

e Quantum numbers v~
e Subduction v~
e Spatial smearing v/

e Computing spectrum in finite box v~

Relating the spectrum to amplitudes v~

Parametrising amplitudes

e Fitting and finding poles



Amplitude constraints

s~-channel unitarity: K matrix formalism

=K(1—ipK)™!
Rotational symmetry: partial-wave expansion

t (s) = % /_11 d(cos @) Pj(cos0)tap(s, t) .

Threshold behaviour:

— a)y— — b)\—/ .
(t )i 605 (5) = (k) /(K 1)aIS,bI’S/(2kc(m)) P —ipabydsss

Analyticity: Chew-Mandelstam phase space
= t7 = (2kem) 'K (2kem) ™" + 1(s)

&+ p(s) &(s)m —my  mp
E(S)—p(S)} 5 s Do

2
with £(s) =1 — %; subtracted at threshold

1(s) = I(Sgnr) + — Iog {



Fitting and pole-finding

Procedure:

e Parameterise the amplitude

e Determine the finite-volume spectrum from the determinant condition
e Compare the spectrum to the lattice result

e Change parameters and iterate to minimize the y?

(using favourite numerical minimisation procedure)

Finally: analytically continue the result to the entire complex plane;
determine pole singularities in constrained amplitudes;
The location of the pole in the complex plane determines its physical

significance, for example:

e Poles below threshold at real s <> bound states

e Poles on the second sheet above threshold: ~ resonances



Steps in the calculation

Lattice discretization of QCD v~

" Realistic operators” v~

e Quantum numbers v~
e Subduction v~
e Spatial smearing v/

e Computing spectrum in finite box v~

Relating the spectrum to amplitudes v~

Parametrising amplitudes v*

e Fitting and finding poles v~
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Dm at m, = 239 MeV: Spectra

n=2
X2/ Naot = 21/17 i
aE, = 0.3744(4)

e Energies extracted from fit of sum 105 |
of exponentials to principal
correlators

o Irreps labelled [d]A(P)

(overall momentum P = 27Tc7/L) 2
o At P = 0: 05
o AT < S-wave 038
o T, <« P-wave

e Threshold suppression o< k?/: higher
partial waves may be neglected ol———— || . [

e Non-zero momentum
— more mixing of partial waves

24 32 40 2 32 a0 24 32 40

[000] A [000] T;~ [100]A;



Operator basis variations

atEcm
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Spectrum in Al+

— A stable spectrum requires both gg- and meson-meson-like operators!



Dm at m, = 239 MeV: Parametrisations and poles

£ =0 parameterisation £ =1 parameterisation  Npars  x°/Naor
K-matrix with Chew-Mandelstam (s) in both partial waves
i G s . o asRe, /550l
() K=4 4 0.90
P P 5 o 0.35 0.37
(@ K= [y;ﬂ@f;]’ 5 0.90 0 T T
@ K= s 4 090 K-matrix (reference) +—e—
() K-t s 5 090 Breit-Wigner +—#%—
O K= tr® 405 6 0.9 Effective range F——¢—

K-matrix with I(s) = —ip(s
(8) K= 8+
() K=

W) K= (g+9s)?

uChiPT —+—
5

4 091 L
- —0.02

4

(G)  K'=cO 405
9 K= 0

.
teg
+/Spole

K-matrix with Chew-Mandelstam I(s) in S-wave, Effective range in P-wave E
s
W) K=+, keotd; =1/ar + 1r3k2 5 093 =
Effective range in S wave, K-matrix with Chew-Mandelstam I(s) in P-wave 3
(m)  keotd = 1/an + yrik? -4 4 09 —0.04 + =
(n)  kcotdo=1/ag+ jr3k® + Pook* K= ﬁL 5 0.88 £
range in both partial waves
(0)  keotdo=1/ag+ jrik? keotdy =1/a1 + 3rik® 4 0.93
(p)  keotdy = 1/ag + 12k + Pook®  keotdy = 1/ay+ 43k 5 0.91
Breit-Wigner in S-wave, K-matrix with Chow-Mandelstam I(s) in P-wave
(@ K= 4 0m
First-order unitarised xpr _0 06 -
() t71= (- gVoo) " +16nGop K = 2 4 0.86

[L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973]
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39 MeV and m,

ot~ = .
Spole —S . I o
Vs=m+ o -
e @m, = 391 MeV: - N
<hallow bound-state S
~ 2 + 1 MeV below threshold ,
V50/MeV = (2196 + 64) — (425 + 224)
® Om; =239 MeV: resonance ¢/MeV = (1916 & 776) exp im(—0.59 = 0.41)
~ 77 + 64 MeV above threshold;
below PDG value i -
[ =425 + 224 MeV ==
08
e Strong coupling to D7 channel v miey
in both studies oy
o4 ToyeTy o
-21Im,/5/MeV 510(97) -
02 [e]/MeV | 2391(411)  826(133)
2200 2300 2a00 Fem/MeV

[L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973]
[G. Moir et al (HadSpec), JHEP 10 (2016) 011]
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I =0 DK at m; =239 MeV and m, = 391 MeV

Eem/  a1Eem DK I=0 my = 391 MeV
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[G. Cheung et al (HadSpec), JHEP 02 (2021) 100 arXiv: 2008.06432]
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I =0 DK at m; =239 MeV and m, = 391 MeV

gy = 391 MeV.

o
o o
od o
o o
“ oy e
ol ) " For —
© o R, ey Pt i
B L ot L
my =239 MeV 391 MeV/
(aa) - ro1
@ - ol @
® rol
@ ol @ ol
©r tot
or ol (O} L
@ tot
[l ro1 @F o
[0y to1
m) rot ©F
[0 rod
®F ot OF o
@r e
[ g O}
W [ tor
W o1 F e
™ rol
[N tot . O] d
] N N i

0382 0384 038 0388 0390 0392 0394
ar/Spolc ry/Spolc

Bound states at both masses:
my = 239 MeV: /s = 2362(3) MeV; |c| = 1420(50) MeV
my = 391 MeV: /s = 2380(3) MeV; |c| = 1730(110) MeV

[G. Cheung et al (HadSpec), JHEP 02 (2021) 100 arXiv: 2008.06432]

0418 0420 0422 0424 0426 0428 0430
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Natural mass ordering

Uxp7: many predictions of
two-pole structure

mass evolution of poles: SU(3)g
— physical meson masses

Poles in 3 roughly consistent
with lattice

Higher sextet pole? Needs
coupled-channel analysis

ark mass dependence
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[Albaladejo et al., Physics Letters B, 767:465-469]



Heavy-light mesons with spin: D*7m — D*7 (Spectra)
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[ N. Lang and D. Wilson (HadSpec) arXiv: 2205.05026]
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D*n — D*m (Amplitudes)

my; = 391 MeV .
. pieiltil
. _ (D*n{3: = 35} D*n{3s — °Di}
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JP2t = D*7{3D, — Dy} 0s L
02 -
D* /’
Ecm/MeV
2350 2400

[ N. Lang and D. Wilson (HadSpec) arXiv: 2205.05026]
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m, = 384 MeV:
/30, = 2397(2) MeV — /55, = (2475(3) — £5(3)) MeV — | /5p, = (2524(2) — £10(4)) MeV;
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Conclusions

Lattice QCD provides first principles approach to hadron spectroscopy

e Well-established method in 2 — 2 scattering

e D-mesons: nice playground
(experimental results available, interesting phenomenology, EFT
descriptions...)
e Formalism applicable to wide range of processes (coupled-channels,
charmonium, baryons...)
e There are challenges:
e Lighter masses: computationally expensive + more open
hadron-hadron channels
e (3+)-body thresholds: formalism under development

28



Thank you! Questions?



Correlators on the lattice

e Compute matrix of (euclidean) correlators:
Cj(t) = (0/0i()0](0)(0),

e O;(t) have quantum numbers of | =1/2 Dr

e Find "optimal” interpolators by solving Generalised Eigenvalue
(GEV) problem
Cl(t)vj(n) = >\n(t7 tO)CU(tO)VJ(n)7

e Fit Principal correlators (eigenvalues):

An(t, t0) = (1 — Ay)e Enlt=t0) 4 A e En(t—t0)

29



Spatial smearing: Distillation

e Jacobi smearing: J(t;0,n,) = (1 + %i(t))na

Laplace operator: Viy(t) = —6d, + 27:1 (Uj(x, t)s + UJ-T(X —J,t)8

x+],y X*f,y)

lim _J(t;o,n,) = Q(t) exp [oA(t)] QT (t)

Nne
e Distillation operator:
N

)], = VOV, = 3 WPt
k=1
V/(t): first N column vectors of Q(t); o =0

e Meson operator in distillation space:
Cu(t',t) = (g (YD (£)B()a(t) GO (6)D(t)q' (1)
— CR™(t', ) = Tr [¢B(¢) (¢, t)™ ()7 (¢, t)] .
e Distillation space objects:
Fap(t) = VI(ETX(0) V(1)
Tap(t', t) = VI )M (', ) V(1)

30



Amplitude constraints: Unitarity

Define S matrix:
S=1+2ipt

Unitarity of S matrix:
1=sst

t—th = 2itptt

For a single kinematically open channel:

ta(s) = e sin 8,/ pa
Is there a parametrisation that automatically respects unitarity?

=il

(t*) —t7 1 =2ip
tl=K1l—ip,
t=K(1—ipK)t.

K is real and has no branch cut singularities
For a single kinematically open channel:

K, = tané,
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Amplitude constraints: rotational symmetry

Spherically symmetric potential: V/(x) = V/(|x])
P(r) ~ R(Ix]) Yim(%)

— tap(s,t) = Y (21 +1)P;(cosb(s, t))tLy(s)
!

with L
e = % /71 d(cos ) Pj(cosB)tap(s, t) .
In case of non-mixing channels:
thy(s) = €% sin6/paba
For the K matrix:
(™ Dais s (5) = (K™ )ais birst — ipadiybss:

(t and K are block-diagonal in J'= L + 5)
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Amplitude constraints: Threshold behaviour and effective range

As kem — 0: §) — —ayk2i+1
K/ — —a/kgrﬁ'l

We can build this into the K matrix definition:
_ —lo— b)x—t -
() ais, b5 (5) = (KD T/ (K1) ais pir s (2K ™" — ipadi Sss
K even, analytic function of kcm near threshold — for single channel:

1 1
(kem)? 1t cot 6, = —+5 0.1(kem)? + O((kem)*)
!

e Effective range expansion
e 3a; is called scattering length

® ry, ~ range of potential (for / = 0)
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The Chew-Mandelstam phase space

Can we make use of analyticity?

Cauchy'’s theorem:

f(s):i/('oo ds,f(s’Jrie)ff(s’fie)

27mi

’
my+my)? s —s

_ 1 o P _ s
- /( d = I(s)

!
T J (my4-mp)? s’ —s

Regularize through subtraction:
=1 = I(s0) + [I(s) — I(s0)]
= I(so) — (s — so)/ s)ds
(s’

—s0)(s’ — s)

St = (2kem) KT (2kem) ™"+ 1(s)

Result: Chew-Mandelstam phase space

&+ p(s) _@m—mz
. {5(5) - P(S)} m™ my+m my

2
with £(s) =1 — %; subtracted at threshold

1(s) = I(sgnr) + % o
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Dm at m, = 239 MeV: Correlators

s —————— 113 B B A 13 —
[ n=0 1 [ n=1 1 n=2 1
= 1l /N = 16/21 1 11| X2/ Naot = 14/14 ] i A X2/ Naot = 21/17 1
= a.E, = 0.3350(2; a,E, = 0.3516(5, a,E, = 0.3744(4)
< 105 * @) 1.05 ¢ ) 1.05 @
= e 1 t ]
¥ 5 ., L B, L
g r Ptceassearesstantoes ] r Sanmbsssssszasine |
095 4 0.95 [ 4 0.95
0.9} L L L L L L a 0.9 | L L L L L L a 0.9 L
0 5 10 15 20 25 30 o 5 10 15 20 25 30 0 5
t/ae t/ae

Principal correlators in [100]A;; Leading exponential divided out

e Typically fit of sum of two exponentials (excited state contamination)
e Chosen from a range of different fits

e Uncertainties across fits accounted for in spectrum
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as

0.11 fm

—1
a

6.079 GeV

(L/as)® x (T/ar) | 323 x 256

my 239 MeV
N¢ 2+1
Netg 484
as 0.12 fm
a ! 5.667 GeV
(L/as)® x (T/ar) | {16%,20%,243} x 256
my 391 MeV
N¢ 2+1

N, cfg

{ 479,603,552 }
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Dm 239 MeV Operator Table (S-wave)

A [000] Aq[100] Aq[110] Aq[111] A1 [200]
Dyooo] ™[000] Diooo] ™[100] Diooo] ™[110] Diooo] ™[111] Dr100] ™[100]
Dp100] ™[100] Dr100] ™[000] Dr100] ™[100] Dr100] ™[110] Dr110] ™[110]
Dri10] ™10 Dr1o0] ™[110] Dr110] ™[000] Dr110] ™[100] Dr200] ™[000]
Dp11) ™p11) Dp100] ™[200] Dpi10] ™[110] Dp111] ™[000] D[z 10] ™[100]
Dyooo] 7[000] Dr110] ™[100] Dr111] ™[100] Dp211] ™[100] D200 Mjooo]
Dl100] 7[100] Dpi10) m[111] Dp210] ™[100] D™ (110] [100]

Ds{000] Kjooo] D111] ™[110] D™ [100] 7[100] Dp111] 7jooo]
D200] ™[100] D™ [111] ™[100] Dsp111] Kjooo]
Dp210] ™[110] Dp110] 7[000]
Djooo] ™[100] Ds1110] Kjooo]
Dl100] 7[000]
Ds000] K[100]

B Dsp100] Ko00] B B .
8 x $Tep 18 X P 18 x P 9 x PpTep 16 x $Tep

Operators used in the S-wave fits. Subscripts indicate momentum types. I' represents some monomial of -y matrices and derivatives.
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Dm 239 MeV Operator Table (P-wave)

7] [000] E5[100] By [110] B,[110]
Dr100] ™[100] Dp100] ™[110] Dp100] ™[100] Dpi00] ™[111]
Dr110] ™[110] Dr110] ™[100] Dr110] ™[110] Dr110] ™[110]
D*[100] ™[100] | D™ {o00] T[100] Dl210] ™[100] Dp111] ™[100]

D™ 100] ™o00] | D [100] [100] D™ (000] 7[110]
D™ [110] ™oo0] | D (100] T[r00] 12}
D™ [110] ™[000]
B B B D™ [111] ™[100]
6 x pTp 18 x PT 18 x PT 20 x PTep

Operators used in the P-wave fits. Subscripts indicate momentum types. I represents some monomial of ~ matrices and derivatives. The

number in curly parentheses indicates the number of operators of this momentum combination
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D*r 391 MeV Operator Table (part 1)

[000] 77"

[000]E*

[000] 75 [001] A2

[001]E

[001]B;

[001]B,

Diooo)Ppo00) (1)

Dy100)p100) (2)

Dyso0)forao0) (1)

D* (000} T(000] (1)
D*[100)100] (2)
D*1101m110) (3)
D* (000)Mj000) (1)
D* (100100) (2)
D* (000} Pfo0o] (1)
D2 1000 Kooy (1)
D 1100 Kjr00) (2)
Dof100)m(100) (1)
qlq (44)

D100 7(200] (1)
Dpi10)m110) (1)
Di200)T200] (1)

Dpioymuio) (1) Dpaoojpjooo) (1)
D* (1007100 (1) Djooo) forroo) (1)
D* 0001 P000] (1) Diaoojfofooo) (1)
(1
(1

Dpoojnpoo) (1) GTq (29) D*(000]T(100] (1)
Dpuiopmao) (1) D* (1001000} (1)
Dsf100) Koo} (1) D*[110)™[100] (2)
Ds{110) K110y (1) D* [100]’1 000) (1)

Grq (4)

D (1001 Kjooo] (1)
Dof100)7000] (1)
qrq (32)

Dj100)7110] (1)
Dj1101m(100] (1)
Dpi1ymug) (1)
Dp10)m1200) (1)
Diooojpp00) (1)
Dpao0)Pooo) (1)
Ds[1m] K[wn] (1
D* (000} T[100] (1
D*[1007000] (1
D*[110)100) (3
D* 1000 M100] (1
D* (100 j000] (1)
D f100} fojoo0) (1)
Dy 1100 Kjooo) (1)
Glq (44)

)
)
)
)
)

Di100)m110] (1)
Dp1101m(100] (1)
Driooypae) (1)
Di10)7100) (1)
Dsf100)Ku10) (1)
Ds{110)Kaoo) (1)
Gr'q (12)

Dpayymg) (1)

D) forrooy (1)

D* 100 m110] (2)
D* (1107 [100] (2)
4rq (20)

| =1/2 D*n-, D*n- and D} K-like operators
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D*m 391 MeV Operator Table (part 2)

[000] T

[011]A,

[011]B;

[011]B,

[111]4,

[111]E

[002] 45

Dp100)7p100] (1)

Dyio0ymj100) (1)

D* (100 p100) (1)
Gl'q (20)

Dpio)paag) (1)

Dp1101pj000) (1)

Dp110jfojoog) (1)
D* 100y p100) (2)
D*110)7p000) (1)
D* m11)7pa00) (2)
D* [110)7j000) (1)
D¢ (1101 Kjooo) (1)
Dof110)7000) (1)
Grq (52)

Dy100)7p100) (1)

Dpioy7pang) (1)

Dp210)7100) (1)

Di1007100) (1)

Dpui01joo0) (1)

Ds{100) K100 (1)
D* (000} Tp110) (1)
D* 1100 7100) (1)
D* (1107 [000) (1)
D*11y7pa00) (2)
D* (100)M100) (1)
D* [110)Mj000] (1)
D™ [110)fojoo0) (1)
D; (110 Kjooo] (1)
alq (44)

Di1o)7p0) (1)

Dyi11)7p00) (1)

Dy110p000) (1)

D100} forzo0y (1)
D* (000} (110] (1)
D* (1007 (100] (2)
D*(1107(000] (1)
D*111)7100) (1)
D* 1107000 (1)
D¢ (1101 Kjooo) (1)
qrq (52)

Dpinjppooo) (1)

Dpi11)fojoo0) (1)

D* 1107 p100) (2)
D*111)7p000) (1)
D™ [111)7j000) (1)
D; 1111 Kjoooy (1)
Doj111)7p000) (1)
Grq (36)

Dyiooy7ang) (1)
Dyi10)7100) (1)

Dpo11j7a00) (1)

Dp100m110) (1)

Dp1101100) (1)

Dp111)ppo00) (1)

Doy fojao) (1)
Dsa00} Ko (1)
Ds(110) Kaoo) (1)
D* (1007110 (3)
D* (1107 100] (3)
D* 11117 p000) (1)
D™ [111)7j000) (1)
Ds (1111 Kjooo) (1)
qlq (60)

Dp1001pp100) (1)

Dr100) fofa00) (1)

Dy200)fojo0) (1)

D*100)m(100) (1)
D* 20017000} (1)
D* 210 1100) (2)
D* [100)100) (1)
D*(200)j000) (1)
D3 1200 Kfooo) (1)
Grq (32)

| =1/2 D*n-, D*n- and D} K-like operators
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Subduction Table (1)

5 Irrep | JP gﬁ fﬁ) ) Dr J[’,j,] D*m J[’;,]
A A (P # 0)
AT ot, a4t ot ...
[000] T, 1-, 3 1=, ..
E* 2+ 4+ 2+ .
A1 0, 4 ot, 1=, 2+, .. | ...
2] B 1,3 1-, 2+, . T
(nn0] Ay oh), 2, 4 0t, 1, 2[+2],
By, B, | 1,3 1—, 2+, .. 1+, ...
[nnn] Ar 0+, 3 o+, 1—, 2+, ...

Lowest D7 and D* 7 continuum JP and helicity A subductions by irrep
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Subduction Table (2)

= P(P=0 i 3
i G A | L E=0 ¢ 2
AL (P #9)
A7 0+, 1S
A | 3%, 3Dy
E+ 2+, .. 1D, 3p,
T1+ 1+, 3+, .. (351,3D1), 3D,
| & p, 3D,, 3D,
000 2 ! '
[000] Os Al 0, 3p,
Ay |3
(5= 27, .. 3p,
T 17,37, . 1p, 3p,
T, |27 3p,
Ao 0(=), 1(+), 2(=) 3(+) 3Py, (351, 3Dy), P2, °Ds
[nOO] Cay By, By 2,3 1D2 3D2Y 3P2, 3D2
E 1,2, 3 Py, 1D, | (3S1,3Dy), 3Py, 3D, 3P, 3D;
[nn0]  C Az 007,107, 2, 3 'D, *Po, (3S1,°D1), D2, *P2, *Ds
2v Bi, B | 1,23 p, 1p, (3517 3D1), 3p,, 3D,, 3P, 3D;
Az 00=), 1), 2=, 3 3Py, (3S1,°D1), %P2, 3Ds
[nnn] Gy 1 F0: {91, ) 2
E | 123 P1, 1Dy | (351,°D1), D2, %P2, *Ds

Lattice symmetry groups and partial-wave subductions for vector-pseudoscalar scattering
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Masses and thresholds (m, = 239 MeV)

atm
7 | 0.03928(18)
K | 0.08344(7)
n | 0.09299(56)
D 0.30923(11)

(
Ds | 0.32356(12)
D* | 0.33058(24)

atEthreshold

Dr | 0.34851(21)
Drnm | 0.38779(27)
Dn | 0.40222(57)
D<K | 0.40700(14)
D*rr | 0.40914(35)

Left: Stable hadron masses. Right: kinematic thresholds.
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Masses and thresholds (

arm
7 | 0.06906(13)
K | 0.09698(9)
n | 0.10364(19)
D | 0.33303(31)
Ds | 0.34441(29)
D* | 0.35494(46)
Dy | 0.36587(35)

m; = 391 MeV)

at E¢nreshold

Ethreshold / MeV

Dn
D*r
D*n
DK
Drm
D*mmw

0.40209(34)
0.4240(5)

Left: Stable hadron masses. Right: kinematic thresholds.

2278.6 £1.9
2402.8 £ 2.7
2508.8 2.8
2623.0£2.0
2670.0 2.3
2794.2 +£3.0
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Operator basis variations

Varying the basis affects the
spectrum

| =1/2 allows both
meson-meson and gg-like
operator constructions

Interpolating the complete
spectrum requires both types of
operator

Other meson-meson operators
do not play a significant role
below coupled-channel threshold

@ Ecm
041

0.40 D000 00

039

038

037

036

0.35 £ D000]x(000)

Basis a7 Dr + 44 all Dr Dr+Dy+D,K

Spectrum in A7
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SU(3) point

Consider SU(3)r symmetric theory

(my = mg = ms):

e meson-meson system transforms like
38 =336 ® 15 under flavour

rotations

e For broken flavour symmetry these
representations mix: D*)z / D)y /
DS(*)K receive contributions from all

three

K .
Q\;-x Q=0 Q=+1

https://en.wikipedia.org/wiki/Quark-model - Public
Domain
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Heavy-quark symmetry

® M= MmgQg — X
= —igToy" — —igTvh + O(1/mg)
(heavy-quark spin symmetry)

= U(Nh)[:

(heavy-flavour symmetry)

. Splns decoupled define:

= J— SQ—L+5
o For L=1weget: jj=1/2and j;=3/2
e This gives:

2®2=143and2®4=345

e = Two positive parity spin doublets:
(0*,1%) and (11,27)
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