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In this talks. ..

introducing lensor Network
States

basic numerical algorithms

unguided
TUTORIAL:



https://drive.google.com/file/d/1FOWJwbwyErND7XCjF5fyQ1bGHGrKTaif/view?usp=sharing
https://drive.google.com/drive/folders/1DEalFVk3dW-0AVgbxPjqychIrNyc_wy6

What are tensor networks?
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pictorial representation

tensor = multidimensional array

1] 12

JI
J2

ki k> k3

{Til’iz,jljz,kl koks ,p}{i,jakap}



pictorial representation
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tensor network

(TN)

tensor network

tensor = multidimensional array
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computational costs
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in general: product of open
and contracted dimensions




pictorial representation




Why are they interesting!?



quantum
information

quantum
computing

quantum
simulation

quantum
many-body
systems

Machine
Learning

condensed
Mmatter




many-body problems are
hard...



classical vs quantum systems

classical spin
system

H= ) h

<1)>

2" possibilities



QAIEH MY SYRIENBS Ay BRORSS
difficult to simulate

quantum spin

2" basis system
dimension = g

(i5)



Classical simulation of
quantum problems?

3

in general, impossible

but quantum information gives us useful
tools for some cases



TNS: quantum inspired tools
for the classical simulation of
quantum many-body problems



WHAI ARE TNS!

« TNS = Tensor Network States

Context: quantum many body systems

interacting with each

{liy =] other

N Goal: describe

8 aaailiestim sttes

oround, thermal states




WHAI ARE TNS!

« TNS = Tensor Network States

A general state of the N-

body Hilbert space has ) = Zci ini1 - IN)
exponentially many yan

g

coefficients

N-legged
tensor

ATNS has only a d”

polynomial number
of parameters




WHY SHOULD TNS BE
USEFULY

States appearing in Nature are peculiar

State at random from
Hilbert space Is not na
close to product ap

We look for the
particular “corner” of
the Hilbert space

« TNS = Tensor Network States



WHY SHOULD TNS BE
USEFULY

The goal Is to find good descriptions of physical states

= efficient representation

= computable observables

= (variational) algorithms



entanglement is a good
criterion



entanglement

recall: any matrix ac

in TNS picture

mits a singular value

decompos

ition (SVD)
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entanglement in TNS picture

SVD = Schmidt decomposition

W) = \z‘j>AB
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entanglement in TNS picture

SVD = Schmidt decomposition

fla ) =¥ X MM BADA. |7) 5

AN
Hp Schr]mdt coefficients

A
Schmidt rank: number of non-zero . coefficients
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finite range

gapped
I—Iamiltonians Area ‘aW
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local gapped | D Hamiltonians
have ground states
with area law of entanglement

SAmaX X ‘514‘

Hastings 2007

in ID critical systems,
logarithmic corrections

SAmax X [0A]log A

Calabrese, Cardy 2004

satisfied at finite temperature
Wolf, Verstraete, Hastings, Cirac, 2008
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FINDINGIRSLORHEOANSAT Z

« MPS = Matrix Product States >0 P00

* PEPS = Projected Entangled Pairs States
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TNS = entanglement based ansatz



TNS = entanglement based ansatz

202020200000
2020000000 PEPS
AR R R MPS
00000 OEO @
arealawOOEOOOOOEOO ® 99990
® 00 00 @le:00
20000 ® 9:00 Schollwdck Ann.Phys. 201 |
2000000 RO
20200200000
Verstraete et al. Adv. Phys. 2008
Vidal PRL 2007|\/| ERA
other TNS

TTN

Shi et al PRA 2006

Swingle PRD 2012

suggested connection o1 X ot Molina JHEP 2013
Nozaki et al JHEP 2012

to AdS/CFT VAT Bao et al PRD 2015



MPS

Matrix Product States



M PS A bit of history...

Matrix Product States

AKLT exactly solvable spin model

Affleck, Kennedy, Lieb, Tasaki, PRL 1987

a8 1 /o = A2
Hiji 1 =08 5i+1+ 3 (Si : S¢+1)

S=1 @ @S:%

The ground state Is exactly a MPS (VBS)




M PS A bt of history...

Matrix Product States

AKLT exactly solvable spin model

Affleck, Kennedy, Lieb, Tasaki, PRL 1987

l

Finrtely correlated states
Fannes, Nachtergaele, Werner, CMP 1992

Formal properties of generalized VBS on rings



M PS A bt of history...

Matrix Product States

AKLT exactly solvable spin model

Affleck, Kennedy, Lieb, Tasaki, PRL 1987

l

Finrtely correlated states
Fannes, Nachtergaele, VWerner, CMP 1992

MRG algorithm

White, PRL 1992

oround states of guantum spin chains
quasiexact
applied to other systems (Q.Chem., 2D)




M PS A bt of history...

Matrix Product States

AKLT exactly solvable spin model

Affleck, Kennedy, Lieb, Tasaki, PRL 1987

l

Finitely correlated states
Fannes, Nachtergaele, Werner, CMP 1992

\ /DMRG algorithm
S White, PRL 1992
OMRG variational over MPS

Ostlund, Rommer, PRL [995
Dukelsky et al., Eur. Phys. Lett. 1998

Quantum Information perspective

Vidal, PRL 2003
Verstraete, Porras, Cirac, PRL 2004
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MPS

Matrix Product States
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number of
parameters
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Area law by construction
Bounded entanglement  S(L/2) <logD



MPS EXAMPLE
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MPS

Matrix Product States

project onto the pr%/ssyl sg degrees of freedom
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\ virtual

particles

Area law by construction
Bounded entanglement  S(L/2) <log D



MPS PROPERTIES

Area law by construction

S¢

local projectors
cannot Increase

the entropy — legD



other properties of MPS



MPS PROPERTIES

any state can be written as MPS

dd'dd d

NI




MPS PROPERTIES

any state can be written as MPS

dd dd d d dd d
e

D < dN/?




MPS PROPERTIES

MPS are a complete family

Increasing the bond dimension, they can
describe any state of the Hilbert space




MPS PROPERTIES

canonical form

ZA[m]iA[m]iT _ 1 ®
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2D 922 imposed locally

cauge freedom
Pérez-Garcia, Verstraete, Wolf, Cirac, Q.Inf.Comp. 2007/



MPS PROPERTIES

Efficient expectation values

U) = Z Civig..in 1102+« - TN)
{ik }

(@O = "D, N Cichy i i« | Qhiiinr QLing)

{ir{dml ks tM I M



MPS PROPERTIES

Efficient expectation values

transfer operator

D2xD2 matrix




MPS PROPERTIES

Efficient expectation values

transfer operator

D2xD2 matrix




MPS PROPERTIES

Efficient expectation values




MPS PROPERTIES

Exponentially decaying correlations




MPS PROPERTIES

Exponentially decaying correlations

normalize —
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summarizing...

oood approximation of ground states

gapped finite range Hamiltonian =
area law (ground state)

t preparation
t calculation of expectation values

: exponentially decaying correlations

complete family r  n/2

hierarchy of entanglement



MPO

Matrix Product Operators



MPO

Matrix Product Operator

Same kind of ansatz for operators

= ST LA M i) -

11,J1---YN,JN 121.

MPO Is an operator with MPS form in the chosen basis!

Verstraete et al., PRL 2004

Zwolak,Vidal, PRL 2004
Pirvu et al,, NJP 2010



MPO

Matrix Product Operator

local Hamiltonians are simple MPOs

finite state automata

recognize regular expressions

accept reject
1000 0000

(0%)1(0x) 0100 1100
0010 1010
0001

11000) 4 |0100) + |0010) + |0001)

0, 91R191+180,191+18100,®1+18181R0, = Y ol



MPO

local Hamiltonians are simple MPOs

finite state automata —— recognize regular expressions

) | B: before 1
FSA = computational model  Sstates Sy, SpeS o
2 Input alphabet 0, 1

(0%)1(0%) Sx2.S8 transitions




MPO

Matrix Product Operator

local Hamiltonians are simple MPOs

translate to MPS/MPO —— input symbols = physical indices
nr of states = bond dimension

{0) | (03 valid transitions = non-vanishing
_. tensor elements
0 g

i



MPO

Matrix Product Operator

local Hamiltonians are simple MPOs

1 0 0 1
0 __ 1 _
w=(o1) =(0 o)

> MpPM=? . MNT MY ..iy) i, =0, 1
{ir}

expressed as operator(vector) valued matrix
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MPO for Ising Hamiltonian
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MPO

Matrix Product Operator

an ansatz for density matrices

11 19 13\ |
( <. <. <. > need some
. . . roperties
J1 J2 J3 Prop
p= »  tr(MPM M MG iy i) (G- ]

can we imose em /occl//y ‘

’0_’0 | tI',O— J

Kliesch etal.,@ZOlf ( G I):Dt(' mq.atigf’ylthem!

de las Cuevas et al. ] Math Phys 2016



MPO

Matrix Product Operator

purification

0< X\ <
ps = D> Ailpi) (il N
ancillary system A da<ds

W)sa =Y VAilpi)s ® |i)a ps = tra (|[Tsa)(Tsal)

/

orthogonal unrtary freedom on ancilla



MPO

Matrix Product Operator

purification -
properties
— t Miljl Mi2j2 MiNjN . - . .
P = Z r( M 7 M )i i) (- U

il)jl---iNajN

can we iImpose them locally?

p=p' trp = 1 >0
v v X

Verstraete et al., PRL 2004 IOS — tI'A | \IJSA> <\I]SA |
Zwolak andVidal, PRL 2004



MPO

Matrix Product Operator

Bond dimension determines
number of parameters

Nd*D?
Schmidt rank — Schmidt rank in operator space
entanglement — operator space entanglement

entropy



(0)p =

MPO

Matrix Product Operator

expectation values
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