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The 1-d model problem for a single interval
F. Alabau, P. Cannarsa and G.L SICON 2017  
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• We consider the 1-d-wave equation

utt �
�
a(x)ux

�
x
= 0 in ]0,1[⇥]0, `[, (PDE)

where a(x) satisfies (H1)

<latexit sha1_base64="tURYK3vtk2e3QZk73s/hBJvpj+8="></latexit>

• a 2 C([0, `]) \ C1
(]0, `]) with:

8
>><

>>:

(i) a(x) > 0 8x 2]0, `] , a(0) = 0 ,

(ii) µa := sup0<x6`
x|a0(x)|
a(x)

< 2 , and

(iii) a 2 C[µa]([0, `]),

(H1)

where [·] stands for the integer part.



The 1-d model problem on a single interval
<latexit sha1_base64="VEgSt/46Lg08C9EqsGjtii7Fwi4="></latexit>

• We di↵erentiate between two cases
(
µa 2 [0, 1) weak degeneration

µa 2 [1, 2) strong degeneration

<latexit sha1_base64="S9QjdF8if0cIhnLH6BDDfuGaRiM="></latexit>

• We consider the control system

utt �
�
a(x)ux

�
x
= 0 in ]0,1[⇥]0, `[

with
8
>>>><

>>>>:

boundary conditions u(t, `) = f(t) and

(
u(t, 0) = 0 if µa 2 [0, 1[

limx#0 a(x)ux(t, x) = 0 if µa 2 [1, 2[
0 < t < 1

initial conditions

(
u(0, x) = u0(x)

ut(0, x) = u1(x)
x 2]0, `[.

(P)



Problem on a single interval: adjoint problem

<latexit sha1_base64="T7vDAz6Uwbr0hTaCgOiX1x4WDTQ="></latexit>

• Theorem: Let the minimal observation/control time be given by

Ta :=
4

(2� µa)min{1, a(1)} + 2µa

p
Ca,

where Ca is given by the Poincaré inequality. Then the system (adjP) is ob-
servable in time T > Ta.

<latexit sha1_base64="+nnXa+HIvIRnSa6maY6TbBaCG64="></latexit>

• Lat a satisfy assumptions (H1), then we consider the adjoint problem

utt �
�
a(x)ux

�
x
= 0 in ]0,1[⇥]0, `[

with

8
>>>><

>>>>:

boundary conditions u(t, `) = 0 and

(
u(t, 0) = 0 if µa 2 [0, `[

limx#0 a(x)ux(t, x) = 0 if µa 2 [1, 2[
0 < t < 1

initial conditions

(
u(0, x) = u0(x)

ut(0, x) = u1(x)
x 2]0, `[.

(adjP)



Optimal control problem: penalization
<latexit sha1_base64="AC0EDrrqllFmTiTJKB96RlyGHXs="></latexit>

We consider the final value optimal control problem

min
f2L2(0,T )

TZ

0

|f(t)|2dt+ 

2

�
ku(T, ·)� z0k2

H
+ kut(T, ·)� z1k2

V ⇤
�

subject to

utt � (aux)x = 0, (t, x) 2 Q := (0, T )⇥ (0, `)

u(0, t) = 0, u(t, `) = f(t), t 2 (0, T )

u(0, x) = u0(x), ut(0, x) = u1(x), x 2 (0, `).

<latexit sha1_base64="bi3/gjQv7CT0H1CkgiwNWwkEV7c="></latexit>

The corresponding optimality system (in the strong formulation) is given by

utt � (aux)x = 0, ptt � (apx)x = 0, (t, x) 2 Q

u(t, 0) = 0, u(t, `) = px(t, `), p(t, 0) = 0, p(t, `) = 0, t 2 (0, T )

u(0, x) = u0(x), ut(0, x) = u1(x), p(T, ·) = A�1(ut(T, ·)� z1), pt(T, ·) = (u(T, ·)� z0) x 2 (0, `).



Limiting problem
<latexit sha1_base64="gKPCPnBctFqeLNrR5IOSWruscwI="></latexit>

We know from (ACL2017) that the system is exactly controllable (the adjoint
observable) in time Ta. It follows then by a standard procedure that the optimal
controls f and the corresponding solutions u(·;), p(·;) tend to the solution
of the optimality system for the limiting norm-minimal controllability problem.

<latexit sha1_base64="sOfQsdjh5MhGMHtFydzCxD9PYqg="></latexit>

The corresponding optimality system (in the strong formulation) is given by

utt � (aux)x = 0, ptt � (apx)x = 0, (x, t) 2 Q

u(t, 0) = 0, u(`, t) = px(`, t), p(0, t) = 0, p(t, `) = 0, t 2 (0, T )

u(x, 0) = u
0
(x), ut(x, 0) = u

1
(x), p(·, T ) = p

0
, pt(·, T ) = p

1
x 2 (0, `),

such that (p
0
, p

1
) 2 V ⇥H is given by the HUM eqation:

< (p
0
, p

1
), (�z

1
, z

0
) >=

TZ

0

|px(`, t)|2dt.



In-span degeneration or two-link system
<latexit sha1_base64="Qd3tBzLvcx3ipUfxUWRhB3886fo="></latexit>

For simplicity, let c and d be a given pair of real numbers such that 0  c < 1 <
d  2. We set

⌦1 = (c, 1), ⌦2 = (1, d), ⌦ = (c, d), and ⌦0 = ⌦ \ {1} = ⌦1 [ ⌦2.

Let a : ⌦ ! R be a given weight function with properties

(i) a(1) = 0, a(x) > 0 for all x 2 ⌦0, and there exists subintervals (x⇤
1, 1) ⇢ ⌦1

and (1, x⇤
2) ⇢ ⌦2 such that a(·) is monotonically decreasing on (x⇤

1, 1) and
monotonically increasing on (1, x⇤

2);

(ii) a 2 C(⌦) \ C1(⌦ \ {1});

(iii) (
p
a)x 62 L1(⌦) whereas (

p
a)

�1
x 2 L1(⌦).



In-span degeneration

<latexit sha1_base64="FPsciSSmJUCqbTZ/1/O6khdHVy4="></latexit>

Se also BAI Jinyan and CHAI Shugen J Syst Sci Complex (2023) 36: 656-671.

<latexit sha1_base64="ZP60FfNqQouDeiMBRJJR8c7n7I0="></latexit>

µ1,a := sup
x2⌦1

(1� x)|a0(x)|
a(x)

,

µ2,a := sup
x2⌦2

(x� 1)|a0(x)|
a(x)

.

<latexit sha1_base64="kQ/jnXjY3+yAbP/eVkEWyYIwJoA="></latexit>

We are concerned with the following controlled system

utt � (a(x)ux)x = 0 in (0, T )⇥ ⌦,

u(t, c) = f1(t), u(t, d) = f2(t) on (0, T ),

u(0, ·) = y0, ut(0, ·) = y1 in ⌦,

f1, f2 2 Fad = L2
(0, T ).

Here, u0, and u1 are given functions, and Fad stands for the class of admissible

controls.

<latexit sha1_base64="tQcYdpi6LwMPQD8ysdhMp9joNWQ="></latexit>

We follow the article by P. Kogut, O. Kupenko and G.L MMAS22.



Transmission conditions: weak degeneration
<latexit sha1_base64="wxWsQUiW7sZ3Fjd6NA6ThGrxh1U="></latexit>

Let a : ⌦ ! R be a weight function satisfying properties (i)–(iii) and 1/a 2
L
1(⌦). Then H

1
a(⌦) is continuously embedded into the class of absolutely con-

tinuous functions on ⌦, so

lim
x%1

y(x) = lim
x&1

y(x), |y(1)| < +1, 8 y 2 H
1
a(⌦),

lim
x%1

p
a(x)y(x) = lim

x&1

p
a(x)y(x) = 0, 8 y 2 H

1
a(⌦).

In addition, if y is an arbitrary element of the space

H
2
a(⌦) :=

�
y 2 H

1
a(⌦) : ayx 2 W

1,2(⌦)
 
,

then the following transmission condition

lim
x%1

a(x)yx(x) = lim
x&1

a(x)yx(x) = L, with |L| < +1,

holds true.



Transmission conditions: strong degeneration
<latexit sha1_base64="Rkz+qouJaPWaYBEBedx8CyLe5k0="></latexit>

Let a : ⌦ ! R be a weight function satisfying properties (i)–(iii) and 1/a 62
L
1(⌦). Then the following assertions hold true:

9xi 2 ⌦i, i = 1, 2, such that y(x) = o

⇣
|x� 1|� 1

2

⌘
for a.a. x 2 (x1, x2),

lim
x%1

p
a(x)y(x) = lim

x&1

p
a(x)y(x) = 0, 8 y 2 H

1
a(⌦),

lim
x%1

a(x)yx(x) = lim
x&1

a(x)yx(x) = 0, 8 y 2 H
2
a(⌦),

where the small symbol o stands for the Landau asymptotic notation.

<latexit sha1_base64="DD2w38dR8zBlepub1Tc8FG4fixY="></latexit>

We have a Poincaré inequality in the weighted Sobolev space H
1
a,0:

kykL2(⌦)  CP kykH1
a(⌦), 8 y 2 H

1
a,0(⌦),



Poincaré inequality: strong degeneracy
<latexit sha1_base64="e9TNQlwA3TahV/VmDZM2WJ1ZVhQ="></latexit>

Remark: Note that for Neumann control at x 2 {c, d} and strong degen-
eration µi,a 2 [1, 2), we have to take the Neumann homogeneous condition
lim
x!1

a(x)ux(x) = 0. Therefore, the classical Poincaré inequality (as in ACL17)

doesn’t hold. In that case, we need to resort a more general Poincaré inequality
and work in the quotient space and set

H
1
a(c, d) = {u 2 L

2(c, d)|aux is absolutely cont.,
p
(a)ux 2 L

2(0, 1),

dZ

c

u(x)dx = 0}

Such a (sharp) Poincaré inequality has been proven by Chua and Wheeden in
2000.



Poincaré inequality for general boundary conditions

<latexit sha1_base64="fL5uCC3qDv3oNI2GTzcBD8/wip8="></latexit>

The Theorem hold for more general situations, where dx is replaced by a measure
⌫(x) and p = q = 2 is 1  p  p < 1.

<latexit sha1_base64="It+B4UEorC8ecUoI1cnUTAEMVJA="></latexit>

Theorem[ChuaWheeden00]:
Let Cc,d be defined as

Ca,d =
1

d� c

0

B@ sup
x2(c,d)

8
<

:(d� x)
1
2

xZ

c

(t� c)2a(t)�1dt

9
=

;

1
2

+ sup
x2(c,d)

8
<

:(x� c)
1
2

dZ

x

(d� t)2a(t)�1dt

9
=

;

1
2
1

CA .

Then the weighted Poincaré inequality:

0

@
dZ

c

|f(x)� 1

d� c

dZ

c

f(s)ds|2dx

1

A

1
2

 2Cc,d

0

@
dZ

c

a(x)|f 0(x)|2dx

1

A

1
2

holds if and only if Cc,d < 1.
Indeed, for the coe�ents a(x) as used here C < 1.



Regularity and multiplier identity
<latexit sha1_base64="nqvjGssJKcda7GMXpSEILQHcU0A="></latexit>

For any mild solution u(t, x), we have that ut(·, c) 2 L2(0, T ) and ut(·, d) 2
L2(0, T ) for any T > 0, and

Z T

0
a(c)y2x(t, c) dt 

1

1� c


6T +

4

min{1, a(c), a(d)}

�
Ey(0),

Z T

0
a(d)y2x(t, d) dt 

1

d� 1


6T +

4

min{1, a(c), a(d)}

�
Ey(0).

Moreover,

(1� c)

Z T

0
a(c)y2x(t, c) dt+ (d� 1)

Z T

0
a(d)y2x(t, d) dt

= 2

Z

⌦0

(x� 1)ux(t, x)ut(t, x) dx

�t=T

t=0

+

Z T

0

Z

⌦0

✓
u2
t (t, x) +


1� (x� 1)ax(x)

a(x)

�
a(x)u2

x(t, x)

◆
dx dt.



Observability/Controllability
<latexit sha1_base64="yqpG45z8VQP9s7hghuuU9O/aSWY="></latexit>

Let a : ⌦ ! R be a weight function satisfying properties (i)–(iii), and let u be
a mild solution of adjoint problem. Then, for every T > 0, the estimate

(1� c)

Z T

0
a(c)y2x(t, c) dt+ (d� 1)

Z T

0
a(d)y2x(t, d) dt

�

(2�max{µ1,a, µ2,a})T � 4

min{1, a(c), a(d)} � 2CP

�
Ey(0) (InvIneq)

holds true, where CP is the constant in the Poincaré inequality.

<latexit sha1_base64="9s8BY0mLzlcU1Z0rzefm7UxL010="></latexit>

Ta :=
1

(2�max{µ1,a, µ2,a})


4

min{1, a(c), a(d)} + 2CP

�
. (ContTime)



Penalization & convergence

<latexit sha1_base64="Rgkiz2OUVbRCkGC+39hrPpOqajY="></latexit>

According to the global observability estimate, we can conclude that the so-
lutions ui(·, ·;), pi(·, ·;) of the corresponding optimality system, as  ! 1
tend to the solutions ui, pi of the optimality system for the constraints optimal
control problem.

<latexit sha1_base64="mED5irZ/FRVD3lPJ270N/iiROsA="></latexit>

We consider the final value optimal control problem

min
fi2L2(0,T )

TZ

0

2X

i=1

|fi(t)|2dt+


2

2X

i=1

⇣
kui(T, ·)� z0

i
k2
Hi

+ kui,t(T, ·)� z1
i
k2
V

⇤
i

⌘

subject to

ui,tt � (aui,x)x = 0, (t, x) 2 Q := (0, T )⇥ (0, `)

u1(c, t) = f1(t), u2(t, d) = f2(t), t 2 (0, T )

ui(0, x) = u0
i
(x), ui,t(0, x) = u1

i
(x), x 2 (0, `).

<latexit sha1_base64="cZc0r9cBgx9hj9Bx/T8wMm+LKns=">AAAC1XichVFLT8JAEB7qC/CFevTSCCaeSOsBPRJR48WIiTwSQLMtCzZ9pi0kSLgZr9686t/S3+LBb9diosSwzXZmv/nm25kdI3CsKNa095SysLi0vJLOZFfX1jc2c1vb9cgfhCavmb7jh02DRdyxPF6LrdjhzSDkzDUc3jDsiog3hjyMLN+7iUcB77is71k9y2QxoHbhqlK9bdssCFjhLpfXippc6qyjJ06eklX1cx/U pi75ZNKAXOLkUQzfIUYRvhbppFEArENjYCE8S8Y5TSiL3AFYHAwG1Ma/j1MrQT2chWYks03c4mCHyFRpH/tcKhpgi1s5/Aj2E/tBYv1/bxhLZVHhCNaAYkYqXgKP6R6MeZluwpzWMj9TdBVTj45lNxbqCyQi+jR/dE4RCYHZMqLSmWT2oWHI8xAv4MHWUIF45amCKjvuwjJpuVTxEkUGvRBWvD7qwZj1v0OddeqHRb1ULF0f5ssnycDTtEt7dICpHlGZLqiKOkz08UKv9KY0lInyqDx9U5VUkrNDv5by/AUZFJL5</latexit>

OCP


<latexit sha1_base64="z/zyXSoH5CVQB4hzBA0Qssxo8XM="></latexit>

relaxing the
controllability
constraint

<latexit sha1_base64="S8x1bPeQwBxLTNYazJMsHg66FJ8="></latexit>

In principle one needs
to localize the term
kut(T )� z1k2V ⇤

more carefully!



Optimality system for finite 𝜿
<latexit sha1_base64="WbFu3w4Ny7Lb5dMhiUuHrtyW1WU="></latexit>

The corresponding optimality system (in the strong formulation) is given by

ui,tt � (aui,x)x = 0, pi,tt � (api,x)x = 0, (t, x) 2 Qi

u1(t, c) = p1,x(t, c), u2(t, d) = p2,x(t, d), t 2 (0, T )

u1(t, 1) = u2(t, 1), lim
x!1�

a(x)u1,x(t, x) = lim
x!1+

a(x)u2,x(t, x)

u(0, x) = u0(x), ut(0, x) = u1(x),

p(T ) = A�1(ut(T, ·)� z1), pt(T, ·) = (u(T, ·)� z0) x 2 (0, `).

<latexit sha1_base64="MAaQ9hsU4u95rNt9TgagZWfXQn8="></latexit>

OS


<latexit sha1_base64="T5KN4Vt7rqRN9tNXQpp3Ttv69cg="></latexit>

The idea is to decompose the global optimality system OS
 iteratively into

local optimality systems lOS
n,
i or the global optimal control problem OCP



into lOCP
n,
i ones on ⌦i



Optimality system for 𝜿 = ∞
<latexit sha1_base64="TlDDL6sCGpz7Y4+ukR53HvSCvb4=">AAAF </latexit>

The corresponding optimality system (in the strong formulation) for 0
 = 10 is

given by

ui,tt � (aui,x)x = 0, pi,tt � (api,x)x = 0, (t, x) 2 Qi

u1(t, c) = p1,x(t, c), u2(t, d) = p2,x(t, d), t 2 (0, T )

u1(t, 1) = u2(t, 1), lim
x!1�

a(x)u1,x(t, x) = lim
x!1+

a(x)u2,x(t, x)

u(0, x) = u
0(x), ut(0, x) = u

1(x),

p(T ) = p
0
, pt(T ) = p

1
, (p0, p1) 2 V ⇥H s.t.

h(p0, p1), (�z
1
, z

0)i =
TZ

0

�
p1,x(t, c)

2 + p2,x(t, d)
2
�
dt

<latexit sha1_base64="4pDVIWOZrgWibUJSMLWMj3XHinE="></latexit>

OS
1

<latexit sha1_base64="Oq/VQNNyIODSbYtcyflsVPBlxzY="></latexit>

What happens if in OS
n,

 ! 1 for each n and otherwise if in lOS
n,
i n ! 1

for fixed  ?



Domain decomposition and OCPs
<latexit sha1_base64="Zybjd6vdmhwVycI0Pbu6qVeHgeY="></latexit>

lOS
n,
i

n!1����! OSP


!1

????y !1

????y

lOS
n
i

n!1����! OS
1

<latexit sha1_base64="+eFzO6I5TC6fkzhw8NVO1Nbjv6g="></latexit>

lOCP
n,
i

n!1����! OCP


!1

????y !1

????y

lOCP
n
i

n!1����! OCP
1

<latexit sha1_base64="7pDx9L2CScRKuB9O88EHH16ORWU="></latexit>

What to do first? First optimize or decompose? First penalize or decompose?
And then the same questions with respect to discretization.....



First decompose then optimize or first optimize then
decompopse?: virtual controls

<latexit sha1_base64="+dzrCcZaqjZB/FscDoKakJoLuag="></latexit>

g is called
virtual control

<latexit sha1_base64="7eeqC3X4e+F22NGoDGkQv3YITUU="></latexit>

This problems can be seen
as a relaxation
of an exact synchronization
problem at the interface

<latexit sha1_base64="cPJyNOG0BAQmy6158D3skNsXGWg="></latexit>

min
f,g,u,z

max
�

J(f, u, z, g;�),⇢ =
1

2

TZ

0

2X

i=1

|fi(t)|2dt+


2

2X

i=1

⇣
kui(T, ·)� z0

i
k2
Hi

+ kui,t(T, ·)� z1
i
k2
V

⇤
i

⌘

+
2X

i=1

TZ

0

�i((ui(t, 1)� z) +
⇢

2
(ui(t, 1)� z)2dt

subject to

ui,tt � (aui,x)x = 0, (t, x) 2 Q := (0, T )⇥ (0, `)

u1(c, t) = f1(t), u2(t, d) = f2(t), t 2 (0, T )

ui,x(t, 1) = g(t),

ui(0, x) = u0
i
(x), ui,t(0, x) = u1

i
(x), x 2 (0, `).



First decompose then optimize or first optimize then
decompopse?: further relaxation

<latexit sha1_base64="x3L7tVCf/8pSavtVeW20iXGZxdM="></latexit>

min
f,g,u,z,q

max
�,⌘

L(f, u, g, z, q;�, ⌘),⇢,� =
1

2

TZ

0

2X

i=1

|fi(t)|2dt+


2

2X

i=1

⇣
kui(T, ·)� z0

i
k2
Hi

+ kui,t(T, ·)� z1
i
k2
V

⇤
i

⌘

+
2X

i=1

TZ

0

⌘i(gi � z) +
�

2
(gi � z)2dt+

2X

i=1

TZ

0

�i((ui(t, 1)� q) +
⇢

2
(ui(t, 1)� q)2dt

subject to

ui,tt � (aui,x)x = 0, (t, x) 2 Q := (0, T )⇥ (0, `)

u1(c, t) = f1(t), u2(t, d) = f2(t), t 2 (0, T )

ui,x(t, 1) = gi(t),

ui(0, x) = u0
i
(x), ui,t(0, x) = u1

i
(x), x 2 (0, `).

<latexit sha1_base64="bO8cLoBp7W0cj9sGAXo7aUnTjFI="></latexit>

We use the fractional
step Uzawa-type saddle-point algorithm
of Glowinski-LeTallec 89 (ALG3),
as we did for parabolic problems
with M.J. Gander 2024



Decomposed optimality system

<latexit sha1_base64="svqIxviaswVZCSJpFFTDIHxuJPA="></latexit>

with the iteration history

�i(t)
n := �✏j1p

n
j (t, 1)� ✏j1 lim

x!1
a(x)pnj (t, x)

µi(t)
n := ��✏j1u

n
j (t, 1)� ✏j1 lim

x!1
a(x)un

j (t, x),

i = 1, 2, t 2 (0, T )

<latexit sha1_base64="prinpn9ojvJo7dUGcTJyPA3jABU="></latexit>

The corresponding optimality system (in the strong formulation) for given  is
given by

un+1
i,tt � (aun+1

i,x )x = 0, pn+1
i,tt � (apn+1

i,x )x = 0, (t, x) 2 Qi

ui(t, vi) = pi,x(t, vi), p
n+1
i (t, vi) = 0,

✏i1 lim
x!1

a(x)un+1
i,x (t, x) + �pn+1

i (t, 1) = �n
i (t),

✏i1 lim
x!1

a(x)pn+1
i,x (t, x)� �pn+1

i (t, 1) = µn
i (t), t 2 (0, T )

ui(0, x)
n+1 = 0, ui,t(0, x)

n+1 = 0,

pi(T, x)
n+1 = p0i (x), p

n+1
i,t (T, x) = p1i (x), x 2 ⌦i,



Domain decomposition: the local problem
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We consider the local final value optimal control problem (v1 := c, v2 = d, v0 =
1, ✏i1 = (�1)i, ✏i0 = (�1)i+1) for the cost

J

i
(fi, gi, ui) :=

TZ

0

|fi(t)|2 +
1

�
|gi(t)|2dt+

1

2�

TZ

0

�
✏i1�ui(t, 1) + µi(t)|2

�
dt

+


2

���ui(T )� z0
i
k2
H
+ kui,t(T )� z1

i
k2
V

⇤
i

⌘

min
fi2L2(0,T )2,ui

J

i
(fi, gi, ui)

subject to

ui,tt � (aui,x)x = 0, (t, x) 2 Q := (0, T )⇥ ⌦i

ui(vi, t) = f1,i(t), lim
x!1

✏i1a(x)ui,x(t, x) = gi(t) + �i(t), t 2 (0, T )

ui(0, x) = u0
i
(x), ui,t(0, x) = u1

i
(x), x 2 ⌦i.



Domain decomposition: the local problem
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At a given iteration index n, we consider the local final value optimal control
problem (v1 := c, v2 = d, v0 = 1, ✏i1 = (�1)i, ✏i0 = (�1)i+1) for the cost

J
n,

i
(fi, gi, ui) :=

TZ

0

|f1,i(t)|2 +
1

�
|gi(t)|2dt+

1

2�

TZ

0

�
✏i1�u

n+1
i

(t, 1) + µ
n

i
(t)|2

�
dt

+


2

⇣
kun+1

i
(T )� z

0
i
k2
Hi

+ kun+1
i

i, t(T )� z
1
i
k2
V

⇤
i

⌘

min
fi2L2(0,T ),ui

J
n,

i
(fi, gi, ui) (lOCP

n,

i
)

subject to

u
n+1
i,tt

� (aun+1
i,x

)x = 0, (t, x) 2 Q := (0, T )⇥ ⌦i

u
n+1
i

(vi, t) = fi(t), ✏i1 lim
x!1

a(x)un+1
i,x

(t, x) = gi(t) + �i(t)
n
, t 2 (0, T )

u
n+1
i

(0) = 0, un+1
i,t

(0) = 0, x 2 ⌦i.



Convergence: (𝒍𝑶𝑪𝑷𝒊
𝒏,𝜿) → (𝑶𝑪𝑷𝜿 )
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Indeed,

(un
i (·;), un

i,t(·;))) ! (ui(·;), ui,t(·;)) in C([0, T ];Hi ⇥ V
⇤
i ), i = 1, 2

(pni (·;), pni,t(·;))) ! (pi(·;, pi,t(·;)) in C([0, T ];Vi ⇥Hi), i = 1, 2

p
n
i (·, vi;) ! pi(·, vi;) in L

2(0, T ).

<latexit sha1_base64="S6qUCVKKk9Rt8dlbVPx1dqEOdSU="></latexit>

It has been shown in G.L. SICON99 for the non-degenerated wave equation that,

for a given , the solutions (u
n+1
i (·;), pn+1

i (·;)) of the optimnality system

for (lOCP
n,
i ) converge, as n ! 1, to the solutions (ui(·;), pi(·;)) of the

optimality system for the global optimal control problem (OCP

).

The proof can be extended to the degenerated wave equation.



Relation between OCPs and DDM
<latexit sha1_base64="tb3Ah8tWSmkssaUC+xoopw1oqvo="></latexit>

lOCP
n,
i

n!1����! OCP


!1

????y !1

????y

lOCP
n
i

n!1����! OCP
1
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G.L SICON99
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J. Lagnese and

G.L SICON99
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Also: First optimize then decompose or first decompose then optimize!
Discussion with M. Gander 2024

<latexit sha1_base64="YNY4d8HVQNLYqJYRtImw2AE6HdE="></latexit>

Results for non-degenrate
wave equation

<latexit sha1_base64="IjRM9SaA4xFLU2F+NEF11b5f0aM="></latexit>

Results for the degenrate
wave equation 2024



Convergence: (𝒍𝑶𝑪𝑷𝒊
𝒏,𝜿) → (𝒍𝑶𝑪𝑷𝒊𝒏)
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The proof then follows as in the article Lagnese and G.L. SICON99.
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We need a local controllability result:

un+1
i,tt � (aun+1

i,x )x = 0, (t, x) 2 Q := (0, T )⇥ ⌦i

un+1
i (vi, t) = fi(t), ✏i1 lim

x!1
a(x)un+1

i,x (t, x) = gi(t) + �i(t)
n, t 2 (0, T )

un+1
i (0) = 0, un+1

i,t (0) = 0, x 2 ⌦i.

un+1
i (T ) = z0i , u

n+1
i (T ) = z1, x 2 ⌦i.

... and, in fact, we do have a corresponding observability inequality!



Problem on a planar network: singular measures

P.I. Kogut, O. Kupenko and G.L., PAFA 2022
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We consider a planar star graph.
To Ii we associate a singular measure µi

s.t. that µi is uniformly distributed on Ii
and coincides with Lebesgue measure L1.
Setting dµ =

PN
i=1 dµi,

we see that µ is a singular measure
with respect to the Lebesgue measure L2,
and µ

�
⌦ \ [N

i=1Ii
�
= 0.
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Ii can be parametrized as a function of its length by means of the function
zi : [0, `i] ! Ii, i.e.,

zi(⇠) = ⇠
vi

|vi|R2

, 8 ⇠ 2 [0, `i], |zi(⇠)| =
q

z2i,1 + z2i,2 = ⇠, and zi(`i) = Mi.



Star graph representation via singular measures
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Local interpretation: If u 2 W
1,2
a,0 (⌦,�0, dµ) then its restriction ui =

u|Ii 2 H
1
ai
-function of a single variable. Namely,

ui 2 H
1
ai,0(0, `i), i = 1, . . . , N � 1, uN 2 H

1
aN

(0, `N ),

dui

d⇠
=

⇣
z,

vi

|vi|

⌘���
x=⇠

vi
|vi|

for a.a. ⇠ 2 Ii, i=1,. . . ,N, 8 z 2 �µ(u),

where ai = a

⇣
⇠

vi
|vi|

⌘
, and dui

d⇠ stands for the weak derivative of ui = u

⇣
⇠

vi
|vi|

⌘
.
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We consider the problem in 2-d as follows

utt � divµ(arµu)+qu = 0 in (0, T )⇥ ⌦,

u(t,Mi) = fi(t) for a.a. t 2 (0, T and i = 1, . . . , N � 1,

u(0, x) = y0(x), ut(0, x) = y1(x) for µ-a.a. x 2 ⌦,

(2-d-P)

where (y0, y1) is a given initial state and rµ the tangential gradient, divµ the
divergence wrt µ.



Problem on a planar network: observation inequality
<latexit sha1_base64="TS+eN9+17ESReGQrxXTYNUPjkpk="></latexit>

Theorem: (KKL-PAFA22) Let a : ⌦ ! R be a given weight function, and let
u be a mild solution. Then, for every T > 0, the estimate

NX

i=1

`ia(Mi)

Z T

0

����
@u(t,Mi)

@vi

����
2

dt � C⇤Eu(y0, y1, 0),

holds true with

C⇤ = (2�max {⌘1,a, . . . , ⌘N,a})T

� 4
NX

i=1

max

⇢
1,

`2i
a(Mi)

�
� 2max {⌘1,a, . . . , ⌘N,a}

NX

i=1

p
Ci,a

and with Ci,a given by

Ci,a =
`2i

a(Mi)
min

⇢
4,

1

2� ⌘i,a

�
, 8 i = 1, . . . , N.



Open questions: damage sensitivity
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• What happens if there are more points of degeneracy?
...and if there are, can we handle di↵erent degrees of degeneracy?

<latexit sha1_base64="0c3kbRzRoj/bTUCuMQcogTT7zN8="></latexit>

a(x) = |x� x0|↵0 |x� x1|↵1 |x� x2|↵2
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• How about the sensitivity with respect to

• the ↵is,

• the locations xi?
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Regularized a(x)
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• shape/topological

variations for

a(x) = �!(x)a1(x) + (1� �(x)a0(x)



Open questions: higher dimensions?
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• What if the degeneration is strong: ↵ ! 2? There is a strong connection with
problem of cloaking! (Uhlmann, Lassas,.....G.L. et al.)

<latexit sha1_base64="96cIG/FvvOQ2z3E5g8KMSwKeHP8="></latexit>

• What can be done for the wave equation on a, say, ring-like domain, where
the coe�cient degenerates at the inner circle? I.e. a(x) = ((x2

1+x2
2)� r20)

↵
2 and

⌦ = {x 2 R : r0  kxk  R}, �1 = {x : kxk = R}, �0 = {x : kxk = r0}

utt � div (a(x)ru) = 0, in Q

u = f on (0, T )⇥ �1, u = 0 on (0, T )⇥ �0

u(0) = u0, ut(0) = u1 in ⌦.



Open questions: damage evolution
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• Evolution of internal damage: we consider

minJ,⌫(u, a, f) :=

TZ

0

f2dt+
⌫

2

TZ

0

`Z

0

|a� 1|2dxdt+ 

2

�
ku(0)� u0k2

V
+ kut(0)� u1k2

H

�

s.t.

utt � ((a(t, x)ux)x = 0, (t, x) 2 Q

at = !axx � �(

Z
`

0
�(x, s)ux(t, s)

2ds)� �)+, t 2 (0, T )

u(t, 0) = 0, u(t, `) = f(t), t 2 (0, T )

a(t, 0) = 1, a(t, `) = 1, t 2 (0, T )

u(0, x) = u0(x), ut(0, x) = u1(x), x 2 (0, `),

a(0, x) = 1, x 2 (0, `)

0  a(t, x)  1, (t, x) 2 Q.
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This, or ODE variants of the damage

evolution equation my lead to

non-local in space and time coe�cients.
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There is a lot of literature
on damage evolution:
Fremont, Kuttler and Shillor 1999,
Bouchitté and Roubicek 2007
but nothing on control!



Thank you for your attention!


