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Motivation: Classical torsional rigidity

B The stress-function vq:

{ —AVQ = 1, in Q,
vog = 0, ond,
B The torsional rigidity, T(): ,
Jo# d¥)
T(9Q) :/VQ dx= sup ((17
Q vlaa=0 Jo ‘VSOP dx

Let )\ () be the first Dirichlet’s eigenvalue:
{ —Au = M\u, in9,

u = 0, on 0f).
Saint-Venant inequality: Faber-Krahn inequality:
() <T(Q) () < ()
TN (Q
Classic Pélya’s inequality (|)Q|I() <1 0| = |
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Steklov eigenvalue

Posed by V. A. Steklov at the turn of the 20th century.

Steklov Eigenvalue Problem

{—Au = 0, in Q,
du = ou, ondfd.

Compact embedding W!2(2) — L9(9Q)
Applications: sloshing problem, electric impedance tomography, spectral shape
optimization, Dirichlet-to-Neumann operator...

B Brock-Weinstock inequality: o () < o(£2%).

Question 1: Is there a boundary torsional rigidity related to o ?

Question 2: If so, is it meaningful?
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Boundary torsional rigidity. Definition.

Boundary J-torsional rigidity

2

. (/ WmN_])
{ —Au 514, mn Q, T (€% 6) = sup 9Q ,
Ou = o5 u, on of. /S;|v(p|2 dx + 82 /Q(pz dx

0-Steklov eigenvalue:

v

Boundary d-torsion function Boundary J-torsional rigidity

—Augs+8ugs = 0, inQ N—1
oH T = 0 e 7(@0) = [ unsdk
{ Ou = 1, on 6Q.J 20

Related to best constant in Sobolev embedding W'?(Q) — L'(9).
Remark: Polya type inequality

a(2;6) T(Q;9)
HTo0) S b
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As a limit...

Let  C RY with C? boundary 9). We define the strip
we = {x —avg(x),x € 90, a € [0,¢)}

Consider:

{ —V - (a(x)Vuf (x)) + Mef (x) + c(x)us = Ly, fo inQ, 0
a(x)(Vu,vq) +b(x)u® = 0 on 05

Theorem [1. M. Arrieta, A. Jiménez-Casas, A.
Rodriguez-Bernal, 2008]

Seta=1 b=c=0 A=6> and f. =1.
Taking € — 0, the unique solution u. of (1)
converges to the solution of

{—Au+52u = 0, inQ,
(Vu,vg) = 1, ondQ.
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Geometric Estimates

m Lower bound in dim 2.

» Lower bound in dim N (Convex sets).

m Upper bound in dim N (Convex sets).
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Geometric Properties in dim 2
LetD = {x € R? : |x| < 1}, Q C R? simply connected, xo € ©:
B Riemann Mapping Theorem: 3! holomorphic isomorphism
fo :D—Q, with £, (0) = xo.
Furthermore, when 052 is C'*, we know that f,, € C! in D and

fe,(x) #0, for every x € 9.
B Boundary distortion radius of §2:

. 1 2
:— inf <7 / 2d l) ,
RQ x%)relﬂ 27 /B]D) V;C0| H

B [nradius: rq := Sup,cq do(x)

W High ridge set: M(Q)) := {x €N : B,,(x) C Q}

B Proximal radius: Lo = inf{R > 0 : 3xop € M(Q) s.t. Q C Bg(xo)}
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Theorem (Lower bound in Q2 C R?)

Let 6 > 0 and let  C R? be a bounded simply connected open set, with
C"® boundary, for some 0 < o < 1. Then,

I 2T (Bp,;6
R R

Moreover, equality holds if and only if €2 is a disk.

Geometric Lemma
Let Q C R? be a bounded simply connected open set, with 9Q2 € C>*.
Th .

e Q] < 7R,

In particular, if € is a disk of radius R, we have Rq = Rand equality holds.
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Proof

Assume RQ = 1 and define u = u o hy,, where hy, ::fxg1 :Q — D.

Sketch of the proof. First, test the variational definition of 7
I

’_.,—
y /Q|V'L7|2dx+52/gﬁzdx: (51](5)>2 /D\Vu|2dw+62. )uz 12 () dw
T 0) = ( /mﬁd?-ll)z 10(6) (H' (69))°

)

In order to estimate (I) we set We indicate the solution in D as
[} — 1 /2 d 1
(Q ) - 2 lﬁ’o ‘ H I
Te J{wl=e}

.. h = |x|.
By monotonicity of o — ®(p), where ¢ =

/B u? [ﬂo(w)|2dw=27r/oblt2<l>(g)gd.9§ <27r/01uzgdg) (1) < (1+5)/Du2dx.

1(0)
Finally, recall u is optimal for the disk.
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Lower bound, N-dim Convex sets

Theorem
Let § > 0 and let Q@ C RY be an open bounded convex set. Then,

HN1(09Q)

T(Q;6) > —————.
(89) d tanh (6 rq)

Moreover, the estimate is sharp in the following sense: we have

lim T(;0) tanh(érg,) 1
H—00 HN-1(09,) 8

where Q, := (—n,n)""! x (=1,1).

Method of interior parallels [E. Makai, 1954][G. Polya, 1960]

I —
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Proof
Assume ro = 1 and define ¢(x) = u;(dq(x))

wos ) ot any
/Q|V<,0\zdx+52/ﬂgp2dx /0 [|u;(t)|2 —|—52(u1(t))2] HN_I(aﬂ,)dz

> (u1(0))* 21V (59).
| [l + 8 o] a

B Coarea formula B V-1 (00,) < HY-1(09)

B |Vdgo| =1 for ¢ € (0, rq), strict for an

open bounded convex set
B Lemma

M. Gonzilez A Steklov version of the torsional rigidity 12/14



Lemma (test function)

For every § > 0, we have

" (£(0)’ 1

= sup

Moreover, the maximum is attained by

1 (cosh(5 1)

ult) =5 tanh(d)

5 — sinh(d t)) ,

PEW2(I) /|<p/|2dl‘—|-(52 /@2 dt ) tanh((s)'
1 1

Proof. We rephrase the maximization problem to

a(d) = sup {290(0) - /|<,0'|2dt— 52 /Lpz dl},
PEWL2(T) 1 I

which is the weak formulation of the following ODE:

"+ 8¢9 = 0, inl,
@/(0) = _15
¢'(1) = 0.
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Upper bound N-dim convex sets

Dual formulation
‘We set

—divg +6%g >0,

A+(Q) — {(d)’ g) c LZ(Q;RN) X LZ(Q) : <¢7 VQ> > 1,

whith the conditions intended in weak sense. Then, we have

T(2;0) =  min {/ 2dx+52/ 2dx},
(1:9) (#,8)€AT () Q|¢| Qg

and the minimum is uniquely attained by the pair (Vugq s, uq,s).

in Q }
ondf) )’

@

Theorem: Upper bound N-dim

Let 6 > 0 and let Q C RY be an open bounded convex set. Then,
N-2 2
ro In/2(0 La)
TQ5§<—) 2V 0) T(BL,:6).
(:9) Lo <1N/2(5 ro) (Bra;9)
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