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Damped wave equation

uge(t, x) + 2a(x)ue(t, x) = (A — q(x))u(t, x), x€QCRY, t>0
(DWE) u(0,-) =
ue(0, ):
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Damped wave equation

uee(t, x) 4+ 2a(x)ue(t, x) = (Ax — g(x))u(t, x), x€QCRY, t>0
(DWE) - u(0,) = v
u(0,) =w
e write as first order IVP in time =G
——
(acp) - ou=(, % ! 0,)=v
: U = A—q —2a u, u(0,-) =
e implement G as generator of Cp-semigroup in
1
H=WaoLl*Q), |ulv=IVul®+q2ul?
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Damped wave equation

uee(t, x) + 2a(x)ue(t, x) = (Ax — q(x))u(t, x), x€QCRY, t>0

(DWE) - u(0,) = v
u(0,) =w
)
e write as first order IVP in time =G
——
(acp) - ou=(, % ! 0,)=v
: U= A—q -2a u, u(0,-) =
e implement G as generator of Cp-semigroup in
H=wWe @), |ulfy=Vul +lq?ul
e (ACP) has unique classical / mild solution
u(t, x) = e v, vedomG / veH
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Damped wave equation

uee(t, x) + 2a(x)ue(t, x) = (Ax — q(x))u(t, x), x€QCRY, t>0

(DWE) u(0,") = v
u(0,) =w
e write as first order IVP in time =G
——
(ACP) : Owu= 0 ! u u(0,-)=v
A—q —-2al”’ ’
e implement G as generator of Cp-semigroup in
1 .
H=Waol(Q), |uliv=I[Vul+q2ul’ :
e (ACP) has unique classical / mild solution s
u(t, x) = e v, vedomG / veH : :
Q=(-1,1), ¢g=0, a=a >0
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Strong damping a,q > 0 locally integrable

e unbounded damping at infinity [Freitas-Siegl-Tretter 2018]

Uess(G) = (—O0,0] s G(G) \ (—O0,0] g Udisc(G)

e NO (exponential) decay of semigroup norm

e uniform decay on subspace E C H

VveE @ |e“v|wn < p(t) |vle p(t) =X 0 [Arifoski-Siegl 2020]

Q=RI, qg=0, a=|x|?
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Strong damping a,q > 0 locally integrable

10

e unbounded damping at infinity [Freitas-Siegl-Tretter 2018]
ess(G) = (=00,0] ,  0(G) \ (—00,0] C 0isc(G)

e NO (exponential) decay of semigroup norm

e uniform decay on subspace E C H

] 0 2 g

VveE : [e%|lx <pt)|vlle,  p(t) =0 [Arifoski-Siegl 2020]
Q=RY, g=0 a=|x]
Theorem Q=R9, d>3, g=0, acC(RY), a>a >0 [Ikehata-Takeda 2020]

If vi € HY(RY) and avi, vo € L2(R?) N L*(RY) then unique weak solution of (DWE) satisfies

IVt )|+ llue(e, )l < (87 C (w), lu(e, )l S (8)72C(v)
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Strong damping a,q > 0 locally integrable

10

e unbounded damping at infinity [Freitas-Siegl-Tretter 2018]
ess(G) = (=00,0] ,  0(G) \ (—00,0] C 0isc(G)

e NO (exponential) decay of semigroup norm

e uniform decay on subspace E C H

] 0 2 g

VveE : [e%|lx <pt)|vlle,  p(t) =0 [Arifoski-Siegl 2020]
Q=RY, g=0 a=|x]
Theorem Q=R9, d>3, g=0, acC(RY), a>a >0 [Ikehata-Takeda 2020]

If vi € HY(RY) and avi, vo € L2(R?) N L*(RY) then unique weak solution of (DWE) satisfies

IVt )|+ llue(e, )l < (87 C (w), lu(e, )l S (8)72C(v)

[Freitas-Hefti-Siegl 2020, Arnal 2022, Sobajima-Wakasugi 2018, Kleinhenz et al.]
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Main result

IVt )+ llue(e, )| S (671 CT (),

a>a >0

lu(t, ) S (&)~ 2 CT(v)

e consider restriction of G to smaller space

1
Ha=WiaLX(Q),  ulfy, = IVul® + g2 ull® + ||ul?
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Main result a>ay >0

_ 1
IV u(t, )+ llue(e ) S (D7TCTW),  lu(e, ) S (6)72CT(v) J
e consider restriction of G to smaller space
1
Hi=WioL(Q),  |uly, = [Vul® + llg2 ul* + ||l
Theorem [Arnal-G-Royer-Siegl]

For ve E C H; C H the semigroup decays as

G —il G =4
llevllz S (&) Ivlle, llevllz S (8)"2]lvlle
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Main result a>ap>0

_ 1
IV u(t, )+ llue(e ) S (D7TCTW),  lu(e, ) S (6)72CT(v) J
e consider restriction of G to smaller space
1
Hi=WioL(Q),  |uly, = [Vul® + llg2 ul* + ||l
Theorem [Arnal-G-Royer-Siegl]

For ve E C Hi C H the semigroup decays as

- _1
le®vllze < (0 MIvile,  llevlla, S (6 2vlle
o characterise space of initial conditions generalises [lkehata-Takeda 2020]
E=ranG={veD®L*Q) : 2avi + v, € W'}, IVIIE = VI3, + [2avi + va[[3p+ S CT(v)
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Main result a>ap>0

Ve, )+ llue(e, ) S (07T, flu(e )] S ()72 CT(w)

e consider restriction of G to smaller space
2 2 2 L2 2
Hi=wWra L(Q),  lulw, = IVull” + llg2 ul|” + |lu]|
Theorem [Arnal-G-Royer-Siegl]

For ve E C #H; C H the semigroup decays as

- _1
le®vllze < (0 MIvile,  llevlla, S (6 2vlle
o characterise space of initial conditions generalises [lkehata-Takeda 2020]
E=ranG={veD®L*Q) : 2avi + v, € W'}, IVIIE = VI3, + [2avi + va[[3p+ S CT(v)

e improvement for unbounded damping

s i 1B
ar x|, x| =00 = eTvlln, S(t) 2 A |v]e
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Strategy a>a >0 on Q\Bg(0) + resolvent bdd at fico

e resolvent behaviour around zero determines semigroup decay [Batty-Chill-Tomilov 2016]
106 = A) o — 66— 1)
A—0 in Dy 1(G = N) " esm, . t — oo
2 — e
(G =A) " llewra
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Strategy a>a >0 on Q\Bg(0) + resolvent bdd at =ico

e resolvent behaviour around zero determines semigroup decay [Batty-Chill-Tomilov 2016]
106 = A) o — 66— 1)
A—0 in Dy 1(G = N) " esm, . t — 00
2 — e
1(G = A) " llesr,

Schur complement

tau] = [Vull® + lg2 ul® + 2X[|a2 u]® + A|[ul’,  u € Dy = HE () N dom g? N dom a?
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Low frequency estimates

Q+ = Br(0),
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Low frequency estimates QF = Bg(0), Q\Bgr(0)=Q"

2 L2 L2 2 2 2 2 1 2
lexlu]l 2 [IVull®+llg2ull”+ [A] la2ull” = A" lul® 2 Vull® + la2ul” + |Al (I\a2UII+HUI|) J

e lower bound for self-adjoint operator

Hy = -A+|Aa=[A|,  domhy = H(Q)N doma?

Borbala Gerhat (ISTA) Energy decay for DWE @ Benasque 23 Aug 2024 5/6



Low frequency estimates QF = Bg(0), Q\Bgr(0)=Q"

2 12 12 2 2 2 12 1 2
lex[u]l 2 IVull® +llg2 ull™ + AL lazull = AP [lull™ 2 [IVull” + llg2 ul|” + |A (HaZUIHHUII)

e lower bound for self-adjoint operator

Hy = -A+|Aa=[A|,  domhy = H(Q)N doma?

Neumann bracketing

Hx > Hf @ Hy,  domhi = Hi(QF)Ndoma?,  info(HE) > |\

e follows from uniform positivity on Q™

e on Q1 by asymptotic perturbation theory
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Resolvent at +ico

Unbounded with (GCC) :

I(G=A)"" <1, A — tico J

e Q=R : damping unbounded [Arnal 2022]

(smooth data + control on derivatives)

e Q=R : power-like damping a = |x|*

[Léautaud-Lerner 2017]
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Resolvent at Lioco
Unbounded with (GCC) :

I(G=A)"" <1, A — tico J

e Q=R : damping unbounded [Arnal 2022]

(smooth data + control on derivatives)

e Q=R? : power-like damping a = |x|°

[Léautaud-Lerner 2017]

Corollary [Arnal-G-Royer-Siegl]
The main Theorem is valid in these cases. J
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Resolvent at +ico

Unbounded with (GCC) : 2D without (GCC) :

I(G=A)"" <1, A — tico J

e Q=R : damping unbounded [Arnal 2022]

(smooth data + control on derivatives)

e Q=R? : power-like damping a = |x|°

[Léautaud-Lerner 2017] 1 _n_
(G =) S AT,

Q=Rx(-1,1)
q:

a(x,y) = x

A — Fioco

Corollary [ArnaI—G—Royer—Siegl]J

The main Theorem is valid in these cases.
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Resolvent at +ico

Unbounded with (GCC) : 2D without (GCC) :

I(G=A)"" <1, A — tico J

Q=Rx(-1,1)
q:

a(x,y) = x

e Q=R : damping unbounded [Arnal 2022]

(smooth data + control on derivatives)

e Q=R? : power-like damping a = |x|°

Léautaud-L 2017 Py
[Léautaud-Lerner ] (G = N)7H < A7, A — +ico

Corollary [Arnal-G-Royer-Siegl]

The main Theorem is valid in these cases J e for bounded semigroup [Batty-Chill-Tomilov 2016]

le“G(6 —1)7?) < ()7
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