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entanglement




Short range entanglement

Hasting’s thm: ground states of local gapped Hamiltonians

entanglement “area” law in 1D



Long range entanglement

ground states of local gapless Hamiltonians

breaking of entanglement “area” law in 1D



Examples of long range entanglement

- Critical systems described by CFT

C : : :
—_ / Vidal, Latorre, Rico, Kitaev, 2002
Sa = 3 lOglAl tc Calabrese, Cardy, 2004

- Inhomogenous Hamiltonians (rainbow model)

S. |A| Vitagliano, Riera, Latorre, 2010
4 Ramirez, Rodriguez-Laguna, GS, 2014



Uniform Hamiltonian H = z [
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Critical spin chain described by CFT

Entanglement entropy
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Non-uniform Hamiltonian H = E]n hn,n+1
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Ground State is a product of valence bonds states

N N S N S

- Concentric singlet phase (Vitagliano et al. 2010)
- Rainbow state (Ramirez et al. 2014)
- Matrioska state (Di Franco et al 2008)

- Nested Bell state (Alkurtass, et al 2014)



Rainbow XX model
Vitagliano, Riera and Latorre (2010)
Ramirez, Rodriguez-Laguna, GS (2014)

H = Zn]n (57{57‘1&1 + 571{ 5711/+1 )

Jordan /

Wigner
L

Jol@) = 1, O<a=l

Jn(a) = o, nzé,...,L—%.



-  Uniform model

Dasgupta-Ma RG Field Theory



Dasgupta-Ma RG

XX Hamiltonian
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In the limit oa—0"

_ ‘]1/2‘]1/2 g2

Effective coupling: J off

J

This new bond is again the strongest one because a? > o®



lterate the RG ™ —> GS: valence bond state

Exact in the limit o—0"

Half-block entanglement entropy

SA =LIln2



All inhomogeneities : Exact Diagonalization
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Weak inhomogeneity : Field theory

a=e M2 51
Fast-slow separation of degrees of freedom

cm ) €T —1 H
= o~ PP () + e YR(z)

Va

aL Kt
M o z'Ja/ dz e "5 [%Eame = w}lax’%bL = isign(x) (w;rsz = 1erLQPL)

_si 2a

wR(:EL) = JF’I: QﬁL (ﬁ:L)




Massless Dirac fermion in curved spacetime

Curvature R(x) =— h? —4h 6(x)
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» Holography




Half-block entropy

c 1l el — 1
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Uniform chain S = =InL CFT law
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hL Thermodynamic

hL »>1 - SL ~ T entropy



Topological rainbow

H = Z:fn (I
n

Open odd chain
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Si(a)/log(2)

XX chain
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Tonological rainbow

2L+1 sites

block entanglement entropies

SA=‘£ln2

Sy = (€+%)(21n2—1)




Strong inhomogeneity

Hcenter = JO (§0 j §1 . 3 §O ; §—1)

1st order perturbation theory

3 spins — 1 spin
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Folding the chain




Folding the chain




Folding the chain




Folding the chain




Folding the chain




Folding the chain
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Folding the even chain




Folding the even chain

N S

Even rainbow = product state in the folded basis



Even rainbow = trivial SPT

Odd rainbow = non trivial SPT



String order parameter (Heisenberg)

g(L) = (S7 '™ 2=5=2 55 S%)
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Holography and the rainbow
Cormack, Liu, Nozaki, Ryu (2018)

Rainbow :  AdS, with R(x) = — h?

AdS, is afoliation of AdS3

o
o

bulk




Can one simulate the rainbow chain?

with trapped ions ?

lonQ photo 2022
with Rydberg atoms ?

Nguyen et al 2018



Infinite MPS
and
Haldane-Shastry



Infinite Matrix Product States and CFT
MPS state

0I—0IF—09—09—9—09—C9
X X X x x X

IMPS state

physical degrees

auxiliary space
(string like)




|ldea: use primary fields of a CFT as MPS “matrices”
MPS: S, %Ai(si) L X X X matrix

IMPS: s, A, (si): primary field, x=

Y(8,585-- Sy ) (0|A, (s)A, (s,)-- A, (s4)|0)



IMPS and CFT Cirac, GS 2009

Consider a chiral massless boson @(z)

A () =x, AL P

A}

lp(sl,sz,...,sN) =1_[ X, n(zi—zj)as‘s" X (5(2%)

i i<j i

1 N
S =—VYs5.=0, N:even
fot 2; 1

a, Z,, X, arevariational parameters obtained by minimization
of the GS energy and imposing the symmetries of a Hamiltonian



XXZ model of a spin 1/2 chain

-+
o

+ASESL N
N4

A >1 gapped antiferromagnet
Phases of the model —-1<A =<1 gapless (c=1CFT)

A <=-1 Ferromagnetic

i+1

N
, = ) SIS +8)S]
1=1

: : : 2min/N
Translational invariance -> 2, =€ , n=1...,N

Marshall sign rule -> H Xs, = 1_[

irodd

Minimize the energy -> a=f(A)



Overlap of the exact and the CFT wave functions (N=20)
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Entanglement properties N-L

iy,

Renyi entropy S, =—10gTrp,% Lgoggl i

L
CFT prediction S - Elog(ﬁsin ”_L) b
"4 A\x N
1 Fluctuations
Onefinds c¢=1 for O<as > depend on «

a=1/4

1 100 1



Luttinger liquid of XXZ —1<A =1

i+1 i+1

N
Hyyy = ), 8585, +8) 82, +ASE S
1=1
l bosonization

Higy = [ dx [K(ax 0(x)) +K™ (9, ¢(x))2]

K =

(from Bethe ansatz)

N | =
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4o



The Haldane-Shastry model (1988)

1D lattice of hard core bosons

n= 1 2 3 4 S) 6

If the site nis occupied ——— , —?""/N 1 N
n ’ 9s ey

many bOdy state |w> EW(n19n29°'°9nN/2) |n1,n2,.. .,nN,2>

nl <n2 <...<nN/2

2
Yps(ysesfy p) = l—[Zni H(Zni . an)
i

i<j

. . N . #bosons
1D bosonic Laughlin state with filling fraction v = =

1
# sites 2



Map: hard core boson to spin 1/2

empty site |0) <> |1) spin up

occupied site |1) <> ||) spin down

\szS> is the ground state of the Hamiltonian

R




Relation between HS and iIMPS

1 .
Take O = —, Zn = e2JL’ln/N
2

Using the hard core boson — spin map

Yus (Mo sy 15) € Pepr (SpsensSy)

nzni n(zni —an )2 o nsi n(zi _Zj)si $;12

i Isi< jsN/2 i=odd 1si< jsN



WZW model SU(2)=1

A (5) x V27D s =i primary field ¢,,,(z)

fusion rule: ¢1/2 X ¢1/2 = ¢o

-

1 1 1
2 2 2

Werr (85 258y) =

1
2 0 1
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The HS wave function is a conformal block



Algebraic Bethe Circuits



The Bethe Ansatz (1931)

Exact diagonalization of the Heisenberg Hamiltonian of spin 1/2

Mz

H 0 041 + U z+1 +0{0{,
—1 Hans Bethe
N
[H,57] = 0, lz
B 2

=1

; N

H |¢M) = E|1/JM> S |¢M> (— - M) |‘/JM>

M : number of down spins ¥



The wave function is a superposition of plane waves called magnons

N | A [Wm) = z fQxq, e, xm) x4, 00, Xpr)
4 ¥ A 1<x, <--<xp<N
*4 4 A 4 X1 xn)=Y p Apefp1X1ttkpyXy
* * * f( 1, ’ M) ZP P
XN X1 X2
k;j, j=1,---,M  quasi momenta
M
E=2 Zcos k;
i=1
M

] 1 — Zeiki + ei(ki'l'kj)
ettiN = (—1)M-1 — — i=1,---,M
11— 2eti + etlkitk))
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XXZ model
Lieb, Wu 1972

N
— X X y_ .y Z _Z

H = Z 0j Oj41 + 07 041 T A 07 0j14
=1
anisotropy

M k; [(kj+k;
SikiN _ (_1)M—1 1_[ 1 — 2A etki 4 o j)

1—2A e + etlkitk))
J#i

If A=0 eikiN — (_1)M—1

Jordan-Wigner

magnon spinless free fermion



Algebraic Bethe Ansatz (six vertex model)

Boltzmann weights R/ = K i+ j=k+l
J
0 1 1 0 0
0 1 10 0 1 10 1 1
0 1 1 0 1 0
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a,b,c

Yang-Baxter equation

a,b,c

77

a//’ b//’ C

a’?+b%2—c%2 a?+b?%—-c? q%r+p%-c"2

anisot A=
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R matrix for the 6 vertex model (XXZ)

a 0 0 O 1 0 0 O

{0 ¢ b O — 0 S1 Sy 0

R(A) B O b ¢ O P 0 So» 5 0

0 0 0 a 0 0 0 a

1+ 53 — 57 = 255/ cosy = A
) sinh 7+ sinh (7 >‘2_ i)
s = — .S = :

' sinh (y244) ? sinh (y24)

A rapidity variable



Alcaraz, Lazo 2003
Bethe states as tensor networks Katsura, Maruyama 2010

Murg, Korepin, Verstraete 2012
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Goal : transform the Bethe tensor network into a quantum circuit

1st step:

i -
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Problems:

- The R matrices are NOT unitary for the rapidities satisfying the Bethe equations

- Projection of the outgoing ancilla qubits renders the algorithm probabilistic

Both problems can be solved using QR decompositions iteratively



Algebraic Bethe Circuit (ABC)

| War)
Py
N I
A unitary gates
I
Pn_o ..
I | |
Pn 1
1 1---1 0 ---0---0 O
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ABC for the XX model

All the unitary gates can be decomposed into the product F sim - gates

[ |
Fu g

1 0 0 0

gEy. s —1if3 .
F_ 0 CF)SQEB'B blll@@_. 0 P | = o i
0 sinfe? cosfe @ ( o ’
0 0 0 1 Fig
[
MM+ 1)

Number of F- gatesn M — Depth of circuit: N + M -1

2

—

- XY circuits: number of local gates: N2 , depth: N log N
Verstraete et al (2009)

Related _

works - Scalings similar to circuits that prepate Slater determinants

Kivlichan et al (2018); Jiang et al (2018); Arute et al (2020)

- Dimension of the Hamiltonian algebra for XX is polinomial with N
— Kokcu et al (2021)



ABC for the XXZ model

The unitaries can be prepared with modified F sim - gates

compilation error

log #F gates
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Exponential growth of F’s gates
with number of magnons



Two magnon states for N = 4 on IBM_Montreal and N=5 on IBM_Mumbai
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Symmetry Resolved Entanglement
and

Equipartition of Entropy



H = zhn,n+1

n

U(1) symmetry S% = zsﬁ |H,S%] =0
n

H ) =E |¢) S7 1) =s[¥)

pa = trg [YXY|



§? = S+ SE

1S4, pal =0

PA

Pa = Dnm Pam PAm

pA,m Probability of obtaining m when measuring Sj in A



Sy = S}ll + Sj Goldstein, Sela 2017

/ Xavier, Alcaraz, Sierra 2018

Number entanglement Configurational entanglement
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Lukin, et al

S,zll - = 2 Pam log Pam 2018

m
SX — Z Pam SA,m
m



SN

Evolution of entanglement entropy in a random
system with strong disorder (Lukin et al 2018)
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Equipartition of entanglement entropy

Xavier, Alcaraz, Sierra 2018

SA m . approximately independent on m




Example : XXZ model

N
= E ok Y gy Z, Z

pA,m

1 1
SA,m §1n€—§ln(1(ln£)+

—— Equipartition of entanglement Luttinger parameter
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