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Two Gluon Distributions in the small-x
• In small-x physics, there are two gluon distributions which are different:


• Weizsacker Williams (WW) gluon distribution 

[Kovchegov, Mueller, 98; Kharzeev, Kovchegov, 
Tuchin; 03; Dominguez, Marquet, Xiao, Yuan, 11]

• Color Dipole gluon distribution

A Tale of Two Gluon Distributions
Two gauge invariant gluon definitions: [Dominguez, Marquet, Xiao and Yuan, 11]
I. Weizsäcker Williams gluon distribution: conventional gluon distributions
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• They differ markedly in the saturation limit but coincide in the dilute limit.

I will discuss WW gluon

𝒰[±] = U[0, ± ∞; 0]U[±∞, ξ−; ξ⊥]
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• D-jet correlations in the H1 data still lack a satisfactory pQCD explanation.

• CMS will measure heavy quark di-jets/hadrons with higher-statistics Run 3 data.

• More experimental data will be available in the near future !!! 

The heavy quark pair in HERA, UPC, future EIC

Yu Shi (⽯瑜)

Quark Matter 2025Yu-Chen (Janice) Chen
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Nuclear geometry from � + A scattering 7

FIG. 4. (Color online) Energy density (arbitrary units) in the
transverse plane at � = 0 fm (upper panel) and � = 0.2 fm
(lower panel). The structures are smoothed by the evolution
over the first �� � 1/Qs.
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The result for (dNg/dy)/(Npart/2) vs. Npart at time
� = 0.4 fm, where Npart is the number of participant
nucleons, is shown in Fig. 5. The IP-Glasma model does
not have the concept of “wounded nucleons” because we
treat the nucleus as a coherent system of gluon fields
correlated on distance scales 1/Qs much smaller than the
size of a nucleon. To determine Npart we use the same
Monte Carlo Glauber (MC-Glauber) model as employed
by the experimental collaborations. Nucleons that were
sampled for each nucleus, as described in Section III,
are assumed to be participant nucleons if the relative
transverse distance between them and a nucleon from the
other nucleus is smaller than D =

�
�NN/⇡, where �NN

is the total inelastic cross section, �NN = 42 mb for
�

s =
200 GeV Au+Au collisions at RHIC and 64 mb for

�
s =

2.76 TeV Pb+Pb collisions at LHC. The reader should
note that the MC-Glauber model and the inelastic cross
sections are solely used to determine Npart to compare
to experimental data. They are not an input for the IP-
Glasma model.

In the upper panel of Fig. 5, we show the multiplic-
ity distribution as a function of Npart for fixed coupling.
We multiplied the gluon multiplicity by 2/3 to convert to
charged particle multiplicity. Note that the overall nor-
malization is chosen (by varying the ratio between Qs
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FIG. 5. Gluon multiplicity (dNg/dy)/(Npart/2) at � =
0.4 fm/c times 2/3 compared to experimental charged par-
ticle (dN/dy)/(Npart/2) data for

�
s = 200 GeV Au+Au and�

s = 2.76 TeV Pb+Pb collisions as a function of Npart for
fixed coupling (upper panel) and running coupling (lower
panel). The pale blue and red bands are a collection of the
multiplicities for individual events, with the solid lines repre-
senting the average multiplicity. Experimental data from [47]
and [48].

and g2µ and ↵s in the fixed coupling case) to agree with
the RHIC data for charged particles. This allows us to
better compare the shape of the result and the experi-
mental data. (The pale bands denote results from the
individual events and demonstrate the range of fluctu-
ations around the mean. See below for more details.)
However, we know that there is entropy production in
the system and the initial gluon multiplicity should not
account for all observed final particles. The logarithmic
uncertainty in Qs as well as some numerical uncertainty
(for details see [16, 32]) in the factor between Qs and g2µ
introduce some freedom that allows to adjust the normal-
ization of the initial dNg/dy. This also allows to adjust
the energy density when fine tuning to experimental data
when using this model with a viscous hydrodynamic evo-
lution model that accounts for entropy production.

While the RHIC result is reasonably well described,
both the normalization and shape of the LHC result dis-
agree strongly with the experimental data for the fixed

BNL graphics Schenke, Tribedy, Venugopalan 1206.6805
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• This process can help us to study WW gluon or the gluon saturation effect in the small-x 
regime.

The heavy quark pair photo-production

Yu Shi (⽯瑜)

small-x gluon! (Dense)
xg =

P2
⊥ + m2

Q

s
(e−y1 + e−y2) ≪ 1

heavy quark pair nucleus

ultra-dense 
gluonic matter


quasi-real photon
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• This process can help us to study WW gluon or the gluon saturation effect in the small-x 
regime.

The heavy quark pair in UPC

Yu Shi (⽯瑜)

In the back-to-back limit ( ), it can be factorized as TMD hard factor  WW gluon disq ≪ P ⊗
dσγA→QQ̄X

LO
d2Pd2q

= xγ f(xγ) ⊗ Hij
TMD(P) ⊗ xGij(xg, q)

linearly-polarized un-polarized  

nucleus

ultra-dense 
gluonic matter


[Dominguez, Marquet, Xiao, Yuan, Phys.Rev.D 83 (2011) 
105005; Metz, Zhou, Phys.Rev.D 84 (2011) 051503 ; 
Dominguez, Qiu, Xiao, Yuan, Phys.Rev.D 85 (2012) 045003]

xGij(xg, q) = − 4
g2s ∫ d2xd2y

(2π)3 e−q⋅(x−y)⟨Tr [(∂iUx)U†
y (∂iUy)U†

x ]⟩

= δij

2 xf(xg, q) + (
qiqj

q2 − δij

2 ) xh(xg, q)

WW gluon
∝ xf(xg, q) + cos(2ϕPq)xh(xg, q)



2)  TMD evolution of WW gluon
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TMD evolution of WW gluons in the small-x region 

• multiple well-separated hard scales:  

• the invariant mass  

• Momentum imbalance    

• the momentum fraction 

Q2

q

xg

Yu Shi (⽯瑜)

ln (Q2/q2)ln2 (Q2/q2) ✓TMD evolution equation

ln (1/xg) ✓Small-x evolution equation

Pgg(ξ) = 2CA
(ξ2 − ξ + 1)2

ξ(1 − ξ)

ξ → 0

ξ → 1

(xg, Q2)

(xg, Q2
s )

(x0, Q2
s )

CS+RGE

BK/JIMWLK

Initial radiation from 
the dense gluon

• In the back-to-back limit ( ), large logs emerge. (e.g. in dijet or heavy-quark-pair) q ≪ P
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• Three methods to counting the multi-soft-gluon emission：


•  1. Resummation in coordinate space. (Sudakov Resummation)
[Mueller, Xiao, Yuan, PRL (12), PRD (13); Zheng, Aschenauer, Lee, Xiao, PRD, 14]

Yu Shi (⽯瑜)

7

where N(Q2, ⌘, k?) ⌘ N(µ2 = Q2, ⇣2 = Q2, ⌘, k?). Following the standard procedure, the above evolution equation
can be cast into a folded equation,

@

@ lnQ2
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=
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Z Q

⇤cut
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with the Sudakov form factor being given by,
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ln
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⇤2
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� 2�0

◆#
. (24)

The Sudakov form factor is simply the probability of evolving from Q0 to Q without branching. Eq. 23 can be
integrated to give an integral equation for N(Q2, ⌘, k?) in terms of the gluon TMD at the initial scale Q0:

N(Q2, ⌘, k?) = N(Q2
0, ⌘, k?)�s(Q

2) +

Z Q2

Q2
0

dt

t

�s(Q2)

�s(t)

↵̄s(t)
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Z Q

⇤cut
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l2?

N(t, ⌘, k? + l?). (25)

With the derived folded CS and renormalization group equation, we are ready to introduce the Monte Carlo imple-
mentation of the kt resummation formulated in the framework of the CGC e↵ective theory.

A. Forward evolution

To have a consistency check, we first present the formulation of the forward evolution scheme. The combined
CS and renormalization group equation can be solved using the forward evolution approach. We lay out the main
procedures in the following.

For a given virtuality scale Qi, either after several steps of evolution or at the initial condition, we first generate
the value of a higher virtuality scale Qi+1, where the next branching occurs. Following the conventional method, this
can be achieved by solving the following equation,

R = exp

"
�
Z Q2

i+1

Q2
i

dt

t
↵̄s(t)

✓
1

2
ln

t

⇤2
cut
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◆#
. (26)

where the argument of the running coupling ↵s is simply chosen to be the virtual mass squared.
Once Qi+1 is generated, the transverse momentum of the radiated gluon, l?,i+1, can be determined according to

the following equation

R =
1

C

Z l?,i+1

⇤cut

d2l0?
l02?

, (27)

where the normalization factor reads C =
R Qi+1

⇤cut

d2l0?
l02?

. The four momenta of the radiated gluon and the t-channel gluon

can be determined from the momentum conservation and the on-shell condition. We will discuss the reconstruction
of kinematics in more details in the next subsection.

The generated cascade needs to be re-weighted. This is because that the unitary is no longer preserved beyond the
leading double logarithm approximation. We have included the leading single logarithm contribution in the algorithm
employed here, which leads to the increase of gluon number density after each splitting. The weighting factor is given
by,

WCS(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i . (28)

If the single logarithm contribution associated with the �0 term in the denominator is neglected, the weighting factor
reduces to 1. With these re-weighted parton cascades, one can reconstruct the t-channel gluon k? distribution at
di↵erent scales and compare with the analytical and numerical solutions of Eq. 22.

It is straightforward to numerically solve Eq. 22, while the analytical solution of Eq. 22 can also be easily obtained
in the impact parameter space. After Fourier transforming back to the momentum space, the evolved gloun TMD
distribution reads,

N(Q2, ⌘, k?) =

Z
d2b?
(2⇡)2

eik?·b?e�S(µ2
b ,Q

2)

Z
d2l?e

�il?·b?N(⌘, l?), (29)

(xg, Q2)

(xg, Q2
s )

(x0, Q2
s )

CS+RGE

BK/JIMWLK

• 2. Evolution equation in momentum space. (CS+RGE)

• 3. New Parton shower algorithm. (CS+RGE evolution equation)

[Collins, Soper, 81; Collins, Soper, Sterman, 85; Xiao, Yuan, Zhou, NPB, 17; YS, Wei, Zhou, PRD, 2023]

[YS, Wei, Zhou, PRD, 2023]

TMD evolution of WW gluons in the small-x region 



10

• Three methods to counting the multi-soft-gluon emission：


•  1. Resummation in coordinate space. (Sudakov Resummation)
[Mueller, Xiao, Yuan, PRL (12), PRD (13); Zheng, Aschenauer, Lee, Xiao, PRD, 14]

Yu Shi (⽯瑜)

7

where N(Q2, ⌘, k?) ⌘ N(µ2 = Q2, ⇣2 = Q2, ⌘, k?). Following the standard procedure, the above evolution equation
can be cast into a folded equation,

@

@ lnQ2

N(Q2, ⌘, k?)

�s(Q2)
=

↵̄s

2⇡

Z Q

⇤cut

d2l?
l2?

N(Q2, ⌘, k? + l?)

�s(Q2)
, (23)

with the Sudakov form factor being given by,

�s(Q
2) = exp

"
�
Z Q2

Q2
0

dt

t

↵̄s(t)

2

✓
ln

t

⇤2
cut

� 2�0

◆#
. (24)

The Sudakov form factor is simply the probability of evolving from Q0 to Q without branching. Eq. 23 can be
integrated to give an integral equation for N(Q2, ⌘, k?) in terms of the gluon TMD at the initial scale Q0:

N(Q2, ⌘, k?) = N(Q2
0, ⌘, k?)�s(Q

2) +

Z Q2

Q2
0

dt

t

�s(Q2)

�s(t)

↵̄s(t)

2⇡

Z Q

⇤cut

d2l?
l2?

N(t, ⌘, k? + l?). (25)

With the derived folded CS and renormalization group equation, we are ready to introduce the Monte Carlo imple-
mentation of the kt resummation formulated in the framework of the CGC e↵ective theory.

A. Forward evolution

To have a consistency check, we first present the formulation of the forward evolution scheme. The combined
CS and renormalization group equation can be solved using the forward evolution approach. We lay out the main
procedures in the following.

For a given virtuality scale Qi, either after several steps of evolution or at the initial condition, we first generate
the value of a higher virtuality scale Qi+1, where the next branching occurs. Following the conventional method, this
can be achieved by solving the following equation,

R = exp

"
�
Z Q2

i+1

Q2
i

dt

t
↵̄s(t)

✓
1

2
ln

t

⇤2
cut

� �0

◆#
. (26)

where the argument of the running coupling ↵s is simply chosen to be the virtual mass squared.
Once Qi+1 is generated, the transverse momentum of the radiated gluon, l?,i+1, can be determined according to

the following equation

R =
1

C

Z l?,i+1

⇤cut

d2l0?
l02?

, (27)

where the normalization factor reads C =
R Qi+1

⇤cut

d2l0?
l02?

. The four momenta of the radiated gluon and the t-channel gluon

can be determined from the momentum conservation and the on-shell condition. We will discuss the reconstruction
of kinematics in more details in the next subsection.

The generated cascade needs to be re-weighted. This is because that the unitary is no longer preserved beyond the
leading double logarithm approximation. We have included the leading single logarithm contribution in the algorithm
employed here, which leads to the increase of gluon number density after each splitting. The weighting factor is given
by,

WCS(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i . (28)

If the single logarithm contribution associated with the �0 term in the denominator is neglected, the weighting factor
reduces to 1. With these re-weighted parton cascades, one can reconstruct the t-channel gluon k? distribution at
di↵erent scales and compare with the analytical and numerical solutions of Eq. 22.

It is straightforward to numerically solve Eq. 22, while the analytical solution of Eq. 22 can also be easily obtained
in the impact parameter space. After Fourier transforming back to the momentum space, the evolved gloun TMD
distribution reads,

N(Q2, ⌘, k?) =

Z
d2b?
(2⇡)2

eik?·b?e�S(µ2
b ,Q

2)

Z
d2l?e

�il?·b?N(⌘, l?), (29)

(xg, Q2)

(xg, Q2
s )

(x0, Q2
s )

CS+RGE

BK/JIMWLK

• 2. Evolution equation in momentum space. (CS+RGE)

• 3. New Parton shower algorithm. (CS+RGE evolution equation)

6

backward

↵̄s = 0.3

frozen boundary

w/ kinematic constraint

10�1 100 101 102

10�4

10�2

100

102

k? [GeV]

N
(⌘
,k

?
)
⇥ G

eV
�
2
⇤

⌘ = 0: GLR M.C
⌘ = 1: GLR M.C
⌘ = 2: GLR M.C
⌘ = 3: GLR M.C

FIG. 2: Comparison of the gluon k? distributions obtained from the backward approach with the numerical solutions of the
GLR equation at di↵erent rapidities (Color online).

can be resummed by means of the CS equation. A unified framework that allows us to resum both large logarithms
simultaneously in a consistent way have been developed in a sequence of papers [38–40]. The evolved small x gluon
TMD can be expressed as the convolution of the Sudakov form factor and the renormalized dipole amplitudes. It has
been stressed in Refs. [39, 40] that at small x, gluon TMDs only can be matched onto dipole scattering amplitudes
rather than the normal gluon PDFs in the collinear factorization. We notice that such a joint resummation formalism
has been studied in the various di↵erent context [52–73].

To simulate hard scattering processes involving multiple scales in a parton shower generator, it is necessary to
develop a Monte Carlo branching algorithm to e↵ectively resum both types of logarithms through an iteration proce-
dure. The essential observation that enables the computer implementation of the joint resummation is described as
the following. In the backward approach, the evolution starts from the final t-channel gluon with the most negative
virtual mass-squared, which participates in the hard process. As a parton cascade develops towards the backward
direction, the virtual mass of the t-channel gluon decreases by radiating soft gluons with the longitudinal momentum
fraction 1 � z ! 0. This first stage of the evolution is described by the CS equation and the renormalization group
equation which resum the double leading kt logarithm and the single leading kt logarithm respectively. When the
virtual mass of the t-channel gluon goes down to the scale which is of the order of saturation scale, we should perform
the small x evolution. The precise value of this scale should be fixed by fitting the output of the cascade to the exper-
imental data. During the course of the small x evolution, the virtual mass of the t-channel gluon stops monotonously
decreasing, whereas its longitudinal momentum fraction increases rapidly until the small x evolution initial boundary
is reached. In this second stage of the evolution, the development of parton cascade is mainly driven by the radiated
gluons that carry the large longitudinal momentum fraction 1� z ! 1. Therefore, the Monte Carlo algorithm based
on the GLR equation should be applied to generate the parton branching at this stage.

To simulate the first stage of the evolution, our primary task is to derive a folded version of the CS equation and
the renormalization group equation. To this end, we write down the CS equation in the momentum space,

@N(µ2, ⇣2, ⌘, k?)

@ ln ⇣2
=

↵̄s

2⇡

Z ⇣

0

d2l?
l2?

⇥
N(µ2, ⇣2, ⌘, k? + l?)�N(µ2, ⇣2, ⌘, k?)

⇤
. (20)

which can be converted into the conventional expression of the CS equation [74] after making the Fourier transform
up to the leading logarithm accuracy. Here, µ is the factorization scale, and ⇣ is a scale introduced to regularize the
light cone divergence. The factorization scale dependence of the gluon TMD in the saturation regime is described by
the normal renormalization group equation [39],

@N(µ2, ⇣2, ⌘, k?)

@ lnµ2
= ↵̄s


�0 �

1

2
ln

⇣2

µ2

�
N(µ2, ⇣2, ⌘, k?) . (21)

with �0 = 11
12 � Nf

6Nc
and Nf = 3 in this work. By choosing the factorization scale µ to be ⇣, one can combine the CS

equation and the renormalization group equation together. The combined evolution equation reads,

@N(Q2, ⌘, k?)

@ lnQ2
=

↵̄s

2⇡

Z Q

0

d2l?
l2?

⇥
N(Q2, ⌘, k? + l?)�N(Q2, ⌘, k?)

⇤
+ ↵̄s�0N(Q2, ⌘, k?), (22)

[Collins, Soper, 81; Collins, Soper, Sterman, 85; Xiao, Yuan, Zhou, NPB, 17; YS, Wei, Zhou, PRD, 2023]

[YS, Wei, Zhou, PRD, 2023]

TMD evolution of WW gluons in the small-x region 
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• Three methods to counting the multi-soft-gluon emission：


•  1. Resummation in coordinate space. (Sudakov Resummation)
[Mueller, Xiao, Yuan, PRL (12), PRD (13); Zheng, Aschenauer, Lee, Xiao, PRD, 14]

Yu Shi (⽯瑜)

7

where N(Q2, ⌘, k?) ⌘ N(µ2 = Q2, ⇣2 = Q2, ⌘, k?). Following the standard procedure, the above evolution equation
can be cast into a folded equation,

@

@ lnQ2

N(Q2, ⌘, k?)

�s(Q2)
=

↵̄s

2⇡

Z Q

⇤cut

d2l?
l2?

N(Q2, ⌘, k? + l?)

�s(Q2)
, (23)

with the Sudakov form factor being given by,

�s(Q
2) = exp

"
�
Z Q2

Q2
0

dt

t

↵̄s(t)

2

✓
ln

t

⇤2
cut

� 2�0

◆#
. (24)

The Sudakov form factor is simply the probability of evolving from Q0 to Q without branching. Eq. 23 can be
integrated to give an integral equation for N(Q2, ⌘, k?) in terms of the gluon TMD at the initial scale Q0:

N(Q2, ⌘, k?) = N(Q2
0, ⌘, k?)�s(Q

2) +

Z Q2

Q2
0

dt

t

�s(Q2)

�s(t)

↵̄s(t)

2⇡

Z Q

⇤cut

d2l?
l2?

N(t, ⌘, k? + l?). (25)

With the derived folded CS and renormalization group equation, we are ready to introduce the Monte Carlo imple-
mentation of the kt resummation formulated in the framework of the CGC e↵ective theory.

A. Forward evolution

To have a consistency check, we first present the formulation of the forward evolution scheme. The combined
CS and renormalization group equation can be solved using the forward evolution approach. We lay out the main
procedures in the following.

For a given virtuality scale Qi, either after several steps of evolution or at the initial condition, we first generate
the value of a higher virtuality scale Qi+1, where the next branching occurs. Following the conventional method, this
can be achieved by solving the following equation,

R = exp

"
�
Z Q2

i+1

Q2
i

dt

t
↵̄s(t)

✓
1

2
ln

t

⇤2
cut

� �0

◆#
. (26)

where the argument of the running coupling ↵s is simply chosen to be the virtual mass squared.
Once Qi+1 is generated, the transverse momentum of the radiated gluon, l?,i+1, can be determined according to

the following equation

R =
1

C

Z l?,i+1

⇤cut

d2l0?
l02?

, (27)

where the normalization factor reads C =
R Qi+1

⇤cut

d2l0?
l02?

. The four momenta of the radiated gluon and the t-channel gluon

can be determined from the momentum conservation and the on-shell condition. We will discuss the reconstruction
of kinematics in more details in the next subsection.

The generated cascade needs to be re-weighted. This is because that the unitary is no longer preserved beyond the
leading double logarithm approximation. We have included the leading single logarithm contribution in the algorithm
employed here, which leads to the increase of gluon number density after each splitting. The weighting factor is given
by,

WCS(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i . (28)

If the single logarithm contribution associated with the �0 term in the denominator is neglected, the weighting factor
reduces to 1. With these re-weighted parton cascades, one can reconstruct the t-channel gluon k? distribution at
di↵erent scales and compare with the analytical and numerical solutions of Eq. 22.

It is straightforward to numerically solve Eq. 22, while the analytical solution of Eq. 22 can also be easily obtained
in the impact parameter space. After Fourier transforming back to the momentum space, the evolved gloun TMD
distribution reads,

N(Q2, ⌘, k?) =

Z
d2b?
(2⇡)2

eik?·b?e�S(µ2
b ,Q

2)

Z
d2l?e

�il?·b?N(⌘, l?), (29)

(xg, Q2)

(xg, Q2
s )

(x0, Q2
s )

CS+RGE

BK/JIMWLK

• 2. Evolution equation in momentum space. (CS+RGE)

• 3. New Parton shower algorithm. (CS+RGE evolution equation)

6
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FIG. 2: Comparison of the gluon k? distributions obtained from the backward approach with the numerical solutions of the
GLR equation at di↵erent rapidities (Color online).

can be resummed by means of the CS equation. A unified framework that allows us to resum both large logarithms
simultaneously in a consistent way have been developed in a sequence of papers [38–40]. The evolved small x gluon
TMD can be expressed as the convolution of the Sudakov form factor and the renormalized dipole amplitudes. It has
been stressed in Refs. [39, 40] that at small x, gluon TMDs only can be matched onto dipole scattering amplitudes
rather than the normal gluon PDFs in the collinear factorization. We notice that such a joint resummation formalism
has been studied in the various di↵erent context [52–73].

To simulate hard scattering processes involving multiple scales in a parton shower generator, it is necessary to
develop a Monte Carlo branching algorithm to e↵ectively resum both types of logarithms through an iteration proce-
dure. The essential observation that enables the computer implementation of the joint resummation is described as
the following. In the backward approach, the evolution starts from the final t-channel gluon with the most negative
virtual mass-squared, which participates in the hard process. As a parton cascade develops towards the backward
direction, the virtual mass of the t-channel gluon decreases by radiating soft gluons with the longitudinal momentum
fraction 1 � z ! 0. This first stage of the evolution is described by the CS equation and the renormalization group
equation which resum the double leading kt logarithm and the single leading kt logarithm respectively. When the
virtual mass of the t-channel gluon goes down to the scale which is of the order of saturation scale, we should perform
the small x evolution. The precise value of this scale should be fixed by fitting the output of the cascade to the exper-
imental data. During the course of the small x evolution, the virtual mass of the t-channel gluon stops monotonously
decreasing, whereas its longitudinal momentum fraction increases rapidly until the small x evolution initial boundary
is reached. In this second stage of the evolution, the development of parton cascade is mainly driven by the radiated
gluons that carry the large longitudinal momentum fraction 1� z ! 1. Therefore, the Monte Carlo algorithm based
on the GLR equation should be applied to generate the parton branching at this stage.

To simulate the first stage of the evolution, our primary task is to derive a folded version of the CS equation and
the renormalization group equation. To this end, we write down the CS equation in the momentum space,

@N(µ2, ⇣2, ⌘, k?)

@ ln ⇣2
=

↵̄s

2⇡

Z ⇣

0

d2l?
l2?

⇥
N(µ2, ⇣2, ⌘, k? + l?)�N(µ2, ⇣2, ⌘, k?)

⇤
. (20)

which can be converted into the conventional expression of the CS equation [74] after making the Fourier transform
up to the leading logarithm accuracy. Here, µ is the factorization scale, and ⇣ is a scale introduced to regularize the
light cone divergence. The factorization scale dependence of the gluon TMD in the saturation regime is described by
the normal renormalization group equation [39],

@N(µ2, ⇣2, ⌘, k?)

@ lnµ2
= ↵̄s


�0 �

1

2
ln

⇣2

µ2

�
N(µ2, ⇣2, ⌘, k?) . (21)

with �0 = 11
12 � Nf

6Nc
and Nf = 3 in this work. By choosing the factorization scale µ to be ⇣, one can combine the CS

equation and the renormalization group equation together. The combined evolution equation reads,

@N(Q2, ⌘, k?)

@ lnQ2
=

↵̄s

2⇡

Z Q

0

d2l?
l2?

⇥
N(Q2, ⌘, k? + l?)�N(Q2, ⌘, k?)

⇤
+ ↵̄s�0N(Q2, ⌘, k?), (22)

[Collins, Soper, 81; Collins, Soper, Sterman, 85; Xiao, Yuan, Zhou, NPB, 17; YS, Wei, Zhou, PRD, 2023]

[YS, Wei, Zhou, PRD, 2023]
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where N(Q2, ⌘, k?) ⌘ N(µ2 = Q2, ⇣2 = Q2, ⌘, k?). Following the standard procedure, the above evolution equation
can be cast into a folded equation,

@

@ lnQ2

N(Q2, ⌘, k?)

�s(Q2)
=

↵̄s

2⇡

Z Q

⇤cut

d2l?
l2?

N(Q2, ⌘, k? + l?)

�s(Q2)
, (23)

with the Sudakov form factor being given by,

�s(Q
2) = exp

"
�
Z Q2

Q2
0

dt

t

↵̄s(t)

2

✓
ln

t

⇤2
cut

� 2�0

◆#
. (24)

The Sudakov form factor is simply the probability of evolving from Q0 to Q without branching. Eq. 23 can be
integrated to give an integral equation for N(Q2, ⌘, k?) in terms of the gluon TMD at the initial scale Q0:

N(Q2, ⌘, k?) = N(Q2
0, ⌘, k?)�s(Q

2) +

Z Q2

Q2
0

dt

t

�s(Q2)

�s(t)

↵̄s(t)

2⇡

Z Q

⇤cut

d2l?
l2?

N(t, ⌘, k? + l?). (25)

With the derived folded CS and renormalization group equation, we are ready to introduce the Monte Carlo imple-
mentation of the kt resummation formulated in the framework of the CGC e↵ective theory.

A. Forward evolution

To have a consistency check, we first present the formulation of the forward evolution scheme. The combined
CS and renormalization group equation can be solved using the forward evolution approach. We lay out the main
procedures in the following.

For a given virtuality scale Qi, either after several steps of evolution or at the initial condition, we first generate
the value of a higher virtuality scale Qi+1, where the next branching occurs. Following the conventional method, this
can be achieved by solving the following equation,

R = exp

"
�
Z Q2

i+1

Q2
i

dt

t
↵̄s(t)

✓
1

2
ln

t

⇤2
cut

� �0

◆#
. (26)

where the argument of the running coupling ↵s is simply chosen to be the virtual mass squared.
Once Qi+1 is generated, the transverse momentum of the radiated gluon, l?,i+1, can be determined according to

the following equation

R =
1

C

Z l?,i+1

⇤cut

d2l0?
l02?

, (27)

where the normalization factor reads C =
R Qi+1

⇤cut

d2l0?
l02?

. The four momenta of the radiated gluon and the t-channel gluon

can be determined from the momentum conservation and the on-shell condition. We will discuss the reconstruction
of kinematics in more details in the next subsection.

The generated cascade needs to be re-weighted. This is because that the unitary is no longer preserved beyond the
leading double logarithm approximation. We have included the leading single logarithm contribution in the algorithm
employed here, which leads to the increase of gluon number density after each splitting. The weighting factor is given
by,

WCS(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i . (28)

If the single logarithm contribution associated with the �0 term in the denominator is neglected, the weighting factor
reduces to 1. With these re-weighted parton cascades, one can reconstruct the t-channel gluon k? distribution at
di↵erent scales and compare with the analytical and numerical solutions of Eq. 22.

It is straightforward to numerically solve Eq. 22, while the analytical solution of Eq. 22 can also be easily obtained
in the impact parameter space. After Fourier transforming back to the momentum space, the evolved gloun TMD
distribution reads,

N(Q2, ⌘, k?) =

Z
d2b?
(2⇡)2

eik?·b?e�S(µ2
b ,Q

2)

Z
d2l?e

�il?·b?N(⌘, l?), (29)

With Sudakov form factor
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where N(Q2, ⌘, k?) ⌘ N(µ2 = Q2, ⇣2 = Q2, ⌘, k?). Following the standard procedure, the above evolution equation
can be cast into a folded equation,

@

@ lnQ2

N(Q2, ⌘, k?)

�s(Q2)
=

↵̄s

2⇡

Z Q

⇤cut

d2l?
l2?

N(Q2, ⌘, k? + l?)

�s(Q2)
, (23)

with the Sudakov form factor being given by,

�s(Q
2) = exp

"
�
Z Q2

Q2
0

dt

t

↵̄s(t)

2

✓
ln

t

⇤2
cut

� 2�0

◆#
. (24)

The Sudakov form factor is simply the probability of evolving from Q0 to Q without branching. Eq. 23 can be
integrated to give an integral equation for N(Q2, ⌘, k?) in terms of the gluon TMD at the initial scale Q0:

N(Q2, ⌘, k?) = N(Q2
0, ⌘, k?)�s(Q

2) +

Z Q2

Q2
0

dt

t

�s(Q2)

�s(t)

↵̄s(t)

2⇡

Z Q

⇤cut

d2l?
l2?

N(t, ⌘, k? + l?). (25)

With the derived folded CS and renormalization group equation, we are ready to introduce the Monte Carlo imple-
mentation of the kt resummation formulated in the framework of the CGC e↵ective theory.

A. Forward evolution

To have a consistency check, we first present the formulation of the forward evolution scheme. The combined
CS and renormalization group equation can be solved using the forward evolution approach. We lay out the main
procedures in the following.

For a given virtuality scale Qi, either after several steps of evolution or at the initial condition, we first generate
the value of a higher virtuality scale Qi+1, where the next branching occurs. Following the conventional method, this
can be achieved by solving the following equation,

R = exp

"
�
Z Q2

i+1

Q2
i

dt

t
↵̄s(t)

✓
1

2
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t

⇤2
cut

� �0

◆#
. (26)

where the argument of the running coupling ↵s is simply chosen to be the virtual mass squared.
Once Qi+1 is generated, the transverse momentum of the radiated gluon, l?,i+1, can be determined according to

the following equation

R =
1

C

Z l?,i+1

⇤cut

d2l0?
l02?

, (27)

where the normalization factor reads C =
R Qi+1

⇤cut

d2l0?
l02?

. The four momenta of the radiated gluon and the t-channel gluon

can be determined from the momentum conservation and the on-shell condition. We will discuss the reconstruction
of kinematics in more details in the next subsection.

The generated cascade needs to be re-weighted. This is because that the unitary is no longer preserved beyond the
leading double logarithm approximation. We have included the leading single logarithm contribution in the algorithm
employed here, which leads to the increase of gluon number density after each splitting. The weighting factor is given
by,

WCS(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i . (28)

If the single logarithm contribution associated with the �0 term in the denominator is neglected, the weighting factor
reduces to 1. With these re-weighted parton cascades, one can reconstruct the t-channel gluon k? distribution at
di↵erent scales and compare with the analytical and numerical solutions of Eq. 22.

It is straightforward to numerically solve Eq. 22, while the analytical solution of Eq. 22 can also be easily obtained
in the impact parameter space. After Fourier transforming back to the momentum space, the evolved gloun TMD
distribution reads,

N(Q2, ⌘, k?) =

Z
d2b?
(2⇡)2

eik?·b?e�S(µ2
b ,Q

2)

Z
d2l?e

�il?·b?N(⌘, l?), (29)

TMD evolution of WW gluons in the small-x region 
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10

re-weighting function reads

WCS,back(Q
2
i+1, Q

2
i ) =

R Q2
i+1

Q2
i

dt
t ↵s(t)

h
ln t

⇤2
cut

� 2�0

i

R Q2
i+1

Q2
i

dt
t ↵s(t) ln

t
⇤2

cut

. (40)

We repeat the procedure outlined above until Q2
i reach a minimal cut-o↵ scale at which TMD evolution stops.

The TMD evolution is driven by the soft gluon radiations which carry the vanishing longitudinal momentum fraction
1 � zi ! 0. In the practical Monte Carlo implementation, the cut-o↵ is chosen to be |Q2

i | > |l2?,i| + |k2?,i+1|,
or equivalently zi > 0.5. Meanwhile, |Q2

i | is also required to be larger than the satuartion scale Q2
s. If these two

conditions can not be met simultaneously, we terminate the TMD evolution, and start the backward small x evolution.
We test the backward evolution algorithm against the numerical method as shown in Fig. 4. The MV model

result is applied at the initial scale Q0=3 GeV. The gluon k? distribution at high scale Q = 13 GeV is obtained
by numerically solving the combined CS-renormalization group equation. The cascade is generated starting from
the scale Q = 13 GeV and evolve down to the initial scale with the backward approach. The t-channel gluon k?
distribution reconstructed from the cascade is compared with the numerical results at di↵erent scales. Gluon k?
distributions are presented in the left panel of Fig. 4 for the fixed coupling case, and in the right panel of Fig. 4 for
the running coupling case. It is evident that the k? distributions obtained from the Monte Carlo method is the same
as the numerical results. We conclude that the backward evolution algorithm pass this consistency check as expected.
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FIG. 4: Comparison of the gluon k? distributions obtained from the backward approach with the numerical solutions of the
CS-renormalzation group equation at di↵erent scales (Color online).

IV. CONCLUSION

In this work, we extended the small x initial state parton branching algorithm developed in the previous paper to
include the kinematic constraint e↵ect. In the small x limit, the kinematic constraint leads to stronger suppression
of soft gluon emissions than that caused by the angular ordering along the chain. The coherent branching e↵ect is
thus e↵ectively implemented in the parton branching algorithm once the kinematic constraint is imposed. This is
a nontrivial extension in the sense that the weighting factor and the way of sampling radiated gluon’s transverse
momenta are drastically altered. The t-channel gluon k? distributions constructed from both the forward scheme and
the backward scheme are shown to reproduce the numerical solutions of the kinematic constrained GLR equation.

We also formulated a parton branching algorithm that enables us to resum large kt logarithms at small x logarithms
following a two-step evolution picture. The cascade first develops by radiating soft gluons that carry vanishing
longitudinal momentum fractions in the backward approach description. At this first stage of the evolution, the
parton branching is simulated with the Sudakov factor which we obtained from the folded CS equation and the
renormalization group equation. The transverse momentum-dependent gluon distribution instead of gluon PDF is
used to guide the evolution path toward the most populated regions of (Q2, k?). When the virtual mass of the
t-channel gluon is dominated by its transverse momentum or is of the order of saturation scale, the parton branching
starts being generated according to the non-Sudakov form factor derived from the small x evolution equation. The

• Parton shower results agree with the numerical solutions.


• These three methods are equivalent !!!

[YS, Wei, Zhou, PRD, 2023]• Three methods to counting the multi-soft-gluon emission：


• 1. Sudakov resummation in coordinate space. 


• 2. CS+RGE evolution equation in momentum space. 


• 3. New Parton shower algorithm based on CS+RGE 
evolution equation.

TMD evolution of WW gluons in the small-x region 
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Initial radiation 

from the gluon

Final radiations 

from the quark pair

14
14

Soft gluon radiations and qt broadening
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LO
dσLO

d2q
∝ xf(q) + cos(2ϕPq)xh(q)

( Saturation scale  )q ∼ Qs

LO+ Soft-gluon radiations

Soft gluon radiations 

dσ
d2q

∝ ∫
dσLO
d2q′ 

⊗ 𝒮r(kg)δ(2) (q − kg − q′ )

𝒮r(kg) ∝ ᾱs

k2g
ln M2

in

k2g
+ . . .
[Muller, Xiao, Yuan, PRD88, 114010 (2013); Stasto, Wei, Xiao, Feng Yuan, Phys.Lett.B 784 (2018) 301-306; 
Hatta, Xiao, Yuan, Zhou, PRD104, 054037 (2021); Shao, YS, Zhang, Zhou, Zhou, JHEP 07 (2024) 189]

∞

∑
n=0

1
n! (αsL)n = eαsL Soft-gluon radiations Saturation effect

azimuthal asymmetry
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The Sudakov resummation in the heavy quark pair/di-lepton

e+e− → QQ̄

gg → QQ̄

γg → QQ̄
[Muller, Xiao, Yuan, PRD 88, 114010 (2013)]   

[ Zhu, Sun, Yuan, PLB 727(2013) 474-479]  Angular average 

[Castillo, Echevarria, Makris, Scimemi, JHEP 01 (2021) 088] SCET

[Catani, Grazzini, Torre, Nucl.Phys.B 890 (2014) 518-538;     
Catani, Grazzini , Sargsyan, JHEP 06 (2017) 017]

[Aglietti, Ferrera, Eur.Phys.J.C 85 (2025) 3, 272]

γγ → l+l− [ Klein, Mueller, Xiao, Yuan, PRL.122, 132301 (2019); PRD 102, 094013 (2020); 
Hatta, Xiao, Yuan, Zhou, PRD, 21; YS, Chen, Wei, Xiao, PLB 862, 139317 (2025)]

P2 ≪ m2
Q

Our work focus on the Angular dependent… 

P2 ≫ m2
Q
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dσ
dy1dy2d2Pd2q

∝ ∫ d2b
(2π)2 eiq⋅be−Sud(b,Min)[1 + C2n cos(2nϕbP)]

× ∫ d2q′ e−iq′ ⋅b [xfxg
(q′ ) + cos(2ϕPq′ 

)xhxg
(q′ )]

The Sudakov resummation in the heavy quark pair photo-production

[Marquet, YS, in preparation]

• Following the method in [Hatta, Xiao, Yuan, Zhou, PRD, 21], we obtain

• the Sudakov factor 
Sud(b, Min) = Sudi(b, Min) + 2Sudf(b, Min) + Sudi

NP(b, Min)
Initial gluon 

radiation 

Final heavy quarks


radiation 

Non-perturbative


effects


• we computed the Sudakov factor for heavy quark photo-production 
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D-jet correlation in H1data

• H1 data can be explained by pQCD resummation for the first time.

→
s = 320 GeV, C = [2, 3]
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!
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pD > 2.1 GeV, kJ > 3.5 GeV

[ Eur. Phys. J. C 50, 251 (2007), Eur. Phys. J.C 72 (2012)]
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dσ
dy1dy2d2Pd2q

∝ ∫ d2b
(2π)2 eiq⋅be−Sud(b,Min)[1 + C2n cos(2nϕbP)]

× ∫ d2q′ e−iq′ ⋅b [xfxg
(q′ ) + cos(2ϕPq′ 

)xhxg
(q′ )]

the Sudakov resummation in heavy quark pair 

[Marquet, YS, in preparation]

• Following the method in [Hatta, Xiao, Yuan, Zhou, PRD, 21], we obtain

• the Sudakov factor 
Sud(b, Min) = Sudi(b, Min) + 2Sudf(b, Min) + Sudi

NP(b, Min)
Initial gluon 

radiation 

Final heavy quarks


radiation 

Non-perturbative


effects


 Soft gluon radiations 
also generate azimuthal 

asymmetry!!!

 Linearly-polarized 
gluon generate 

azimuthal asymmetry.

• we computed the Sudakov factor for heavy quark production 
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Preliminary results for heavy quark pair photo-production at EIC

• without Sudakov effect, only linearly polarised 

WW gluon          generates .⟨cos 2ϕ⟩

• With Sudakov effect, the linearly polarised WW 
has been suppressed, and the soft-gluon 

radiation with unpolarised gluon  dominates. xf

Yu Shi (⽯瑜)

⟨cos 2ϕ⟩ =
∫ d𝒫 . 𝒮 . cos(2ϕ) dσ

d𝒫 . 𝒮 .

∫ d𝒫 . 𝒮 . dσ
d𝒫 . 𝒮 .

→
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Preliminary results for heavy quark pair photo-production at EIC

strong saturation effect!!!

⟨cos 2ϕ⟩γA

⟨cos 2ϕ⟩γp
< 1 saturation effect emerges 

⟨cos 2ϕ⟩γA

⟨cos 2ϕ⟩γp
= 1 No saturation effect 

Yu Shi (⽯瑜)

→
s = 89 GeV, yi = 2.5, C = [1, 2]

P h > 2 GeV, D meson pair

0.2 0.4 0.6 0.8

0.4

0.6

0.8

1

1.2

1.4

qh [GeV]

→c
o
s
2
ω
↑ ω

A

→c
o
s
2
ω
↑ ω

p

xh, w/o Sud

xh, w/ Sud

xf + xh, w/ Sud

                   suppression survives after the Sudakov effect is included.
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⟨cos 2ϕ⟩γp
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Preliminary results for &B meson pair photo-production at LHC regimeD

⟨cos 2nϕ⟩mc
> ⟨cos 2nϕ⟩mb

Yu Shi (⽯瑜)

→
s = 5360 GeV, yi = 2.5

P h = [10, 15] GeV
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 show a clear mass hierarchy⟨cos 2nϕ⟩

⟨cos 6ϕqP⟩ < ⟨cos 4ϕqP⟩ < ⟨cos 2ϕqP⟩

⟨cos 2nϕqP⟩ ∝ c2n ∫ . . . ∝ ln M2
in

m2
Q ∫ . . .
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Preliminary results for &B meson pair photo-production at LHC regimeD

⟨cos 6ϕqP⟩γA

⟨cos 6ϕqP⟩γp
<

⟨cos 4ϕqP⟩γA

⟨cos 4ϕqP⟩γp
<

⟨cos 2ϕqP⟩γA

⟨cos 2ϕqP⟩γp
< 1

Yu Shi (⽯瑜)

It reveal increasingly strong suppression at higher harmonic order. 


The  ratios may serve as a good process to detect the saturation cos(2nϕ)

p
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Summary
• We investigate the impact of the multi-soft-gluon radiation on 

heavy quark/meson pair photo-production (small x + Sudakov).


• Two observables: angle correlation and azimuthal Asymmetry.

• H1 data can be explained by pQCD resummation for the first 

time.

• Linearly-polarized WW gluon has been suppressed by the 

Sudakov effect.

     Question: how to detect the linearly-polarized WW gluon?


• Sensitivity of the  ratio to saturation effect.
⟨cos 2nϕ⟩A

⟨cos 2nϕ⟩p

• Great potential in searching for compelling evidences of gluon 
saturation in the near future.

Yu Shi (⽯瑜)
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backup
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[Zheng,  Aschenauer, Lee, Xiao, PRD, 14]

• Soft-gluon emission (Sudakov effect) have a strong impact on the back-to-back regime.


• TMD (CSS) evolution suppresses angular asymmetry.

Examples: Sudakov resummation in the dijet/dihadron case 

• Without Sudakov resummation, the CGC predicts sizable angular correlations and 
asymmetries.

⟨cos 2ϕ⟩ ∝
xhxg

(q)
xfxg

(q)

[Boer, Mulders, Zhou and Zhou, 17]

[Caucal, Salazar, Schenke, Stebel and Venugopalan, PRL, 24]
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• Consider the multiple scattering between a fast quark and target background gluon fields.
Wilson lines in CGC

Yu Shi (⽯瑜)

U(x⊥) = 𝒫 exp (−ig∫ dz+A−(x⊥, z+))

Introduction
Collectivity of Heavy Mesons in CGC

Wilson Lines in Color Glass Condensate Formalism

Consider the multiple scattering between a fast quark and target background gluon fields.

x?

AA A A

· · ·U(x?)=P exp
�
�ig

R
dz+A�(x?,z+)
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· · · · · ·

The Wilson loop (color singlet dipole) in McLerran-Venugopalan (MV) model

x?

y?

· · ·1
Nc

⌦
TrU(x?)U†(y?)

↵
=e� Q2

s(x?�y?)2

4 · · · · · ·

Dipole (DP gluon)

· · ·⌦⌦ ⌦⌦

Quadrupole (WW gluon)

· · ·

· · ·

⌦⌦

⌦⌦

⌦⌦

11 / 21

linearly-polarized 

xGij(xg, q) = − 4
g2s ∫ d2xd2y

(2π)3 e−q⋅(x−y)⟨Tr [(∂iUx)U†
y (∂iUy)U†

x ]⟩

= δij

2 xf(xg, q) + (
qiqj

q2 − δij

2 ) xh(xg, q)

un-polarized  

• Weizsacker-Williams (WW) gluon    Quadrupole→

• The Wilson loop (color singlet dipole)
1
Nc

⟨Tr [UxU†
y ]⟩

[Dominguez, Marquet, Xiao, Yuan, Phys.Rev.D 83 (2011) 
105005; Metz, Zhou, Phys.Rev.D 84 (2011) 051503 ; 
Dominguez, Qiu, Xiao, Yuan, Phys.Rev.D 85 (2012) 045003]
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