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Absorption of light in a solid 2/38

Light Absorption Transmissio[r>

Let us consider the absorption of light in a solid with a gap.



Absorption of light across the band gap 3/38
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» Light comes in with photon energy
at least as large as the band gap

» Photon gets absorbed, promotes
electron across the gap, leaving
a hole behind



_@ Absorption spectra of insulators/semiconductors 4/38

CB

Fermi’s Golden Rule produces an absorption spectrum like this (in 3D):

Absorption

N

s photon
E energy

see John H. Davies
“The Physics of
low-dimensional
semiconductors”
Chapter 8
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Absorption spectra of insulators/semiconductors
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In the experiment, one finds sharp peaks at the absorption threshold...

In fact, there can be peaks below the band gap energy: Excitons.
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Excitons in nanoscale and 2D systems 6/38
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Dark excitons in TMD (Physics Today 2/2021)



What is an exciton? 7/38

» After their creation, electron and hole
are not completely free, but experience
screened Coulomb attraction.

» This gain in (mostly electrostatic)
energy can lower the onset of absorption
and change the spectral strength.

Excitons are bound electron-hole pairs.

More precisely: excitons are collective excitations
of the electronic many-body system.



Elementary view of Excitons
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Mott-Wannier exciton:
weakly bound, delocalized
over many lattice constants

» In semiconductors with small
band gap and large €

Frenkel exciton:
tightly bound, localized on
a single (or a few) atoms

» |In large-gap insulators, or
in low-g organic materials



The effective-mass approximation
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(1) Electrons move in the crystal as if they \/
had an effective mass m* /\

m* ~ (curvature)

(2) Charges are screened by the

dielectric constant:

m. =0.067m
e* = 6/\/; For GaAs: ’

e*:e/\/g




_@ Excitons: the Wannier equation 10/38

Derivation of Wannier eq. from many-body theory:

e Sham and Rice, Phys. Rev. 144, 708 (1966)
k
RV e*?
- - y(r)=Ey(r)
2m, 4ne,r
h | e N
%2\
. ) 1 — 1 + 1 l;;>X< — meh €
Ime(w) VN m, m, m, " 2n'n’\ e,
Exciton binding energy for GaAs:
bg E, =4.75 meV
8 8.5 9 9.5 E19 105 11 115 ? Experiment: EO — 33 meV



The Elliott formula (3D) 11/38
hw = 47 1 7T€7T/ VA
Optical absorption: a(w)=qa,” — 2—3 0(A+—)+0O(A)—
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The Elliott formula in 3D, 2D, 1D
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Wannier equation and excitonic Rydberg Series
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Optical excitations in bulk Insulators: theory
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A

)

Standard approach:
Bethe-Salpeter equation
(combined with GW)

—-

e

» Gives good results, but computationally expensive

Optical transitions in insulators

are challenging for TDDFT:

e band gap opening

e excitons

I
_I_

;_

» Want to use TDDFT instead!

>

I

Xc




Insulators: three different gaps 15/38
A | Ey
gi‘v'+1 _________
2
2
L
The Kohn-Sham gap
£y approximates the optical
gap (neutral excitation),
Kohn-Sham gap Band gap Optical gap not the band gap!

(QP gap)

Band gap: Eg = Eg,KS + A

XC

Optical gap: E optical _ E Eexczton



_@ Many-body perturbation theory vs TDDFT 16/38

Hybrid
funct_ionals

™

Quasiparticle-based: Density-based:
electron addition+removal (GW) ground state KS: V c (I‘)
e-h interaction+screening (BSE) linear response:

oo (1,7, 0)

L. J. Sham and T. M. Rice, Phys. Rev. 144, 708 (1966)

M. Rohlfing and S. Louie, PRB 62, 4927 (2000) C. A. Ullrich and Z.-H. Yang,
Onida, Reining & Rubio, RMP 74, 601 (2002) Topics in Current Chem. 368 (2015)
S. Sharifzadeh, J. Phys. Condens. Matter 30, 153002 Turkowski, Din & Rahman,

(2018) Computation 5, 39 (2017)



Excitons with TDDFT: three equivalent approaches
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1. Calculate the dielectric function via Dyson equation
(computationally more efficient, gives optical spectrum)

2. Solve Casida equation
(more expensive, can give precise exciton binding energies)

3. Via real-time propagation
(can consider ultrafast or nonlinear regime)

C.A. Ullrich and Z.-H. Yang, Topics in Current Chem. 368 (2015)
Y.-M. Byun and C.A. Ullrich, Phys. Rev. B 95, 205136 (2017)
T. Sander and G. Kresse, JCP 146, 064110 (2017)



_@ TDDFT Linear response in periodic systems 18/38

1

| X—Xx

y(r,r', )=y (r,r', a))+J-dxj- ax'y (r,Xx, a)){ 7 + f (X, x’,a))};((x',r’,a))

Periodic systems: x(r,r,w)= y(r+ R, r' + R, w)

Fourier transform:

e rio)= 3 ) e e y(q+G,q+ G o)

qeBZ G,G’

oo (4, @) = X e (q, @) + Z Xsca, (4, @)

GG,

X{ VGI (q)5G1G2 T xcG,G, (q9 C())} %GZG’ (qa C())




_@ The dielectric tensor 19/38
OB
V-b=ng,  VxE===r Maxwell
equations
V-B=0 Vtzjﬁee+%—D
!

Def. of dielectric tensor: D(r,w) = Id3r'£(r,r', o)E(r', o)

In periodic solids: D.(q,®) = ZEGG’ (q,0)E (q,0)
=

This is the microscopic dielectric tensor. But for comparison with
spectroscopy, we would like the macroscopic dielectric function:

D, (0)=¢ (0E,, (0)

—=mac
Problem: we cannot calculate the macroscopic dielectric function directly!
This would ignore the local-field effects (microscopic fluctuations).



Homogeneous systems 20/38

In a homogeneous, isotropic system, things would be easy:

" (@) =lime"™" (q, ®)

=mac g—0 =
and &' (q,®) = £,"" (¢, 0)§G" +&7"(1-4q")

and £,°"(0,0) =" (0, w)

The connection to optics is via the refractive index:

_ =2
gmac (C()) =n oo
Ree¢, = n’ + i’ Yu and Cardona
The Physics of

Imeg, = =2nk Semiconductors

ma



_@ The macroscopic dielectric function 21/38

= —-1
For cubic symmetry, Adler 1962

one can prove that Eac (@) = 1]123 ‘EGG' Ct a))‘gioo Wiser 1963

elel (q, 0)) . longitudinal component of dielectric tensor
(a.k.a. dielectric matrix)

To make progress, we need a connection with response theory:

scalar 3.0 / s (W)
dielectric Vl(l’,w)Zfd re(r,r,w) Vl(r,w)—l—fd r ;o
function: r -1’

l,//,l,/:’ CU)
//|

so that S_I(rarlaw):6(r_r/)—|—fd3]/'” X(
Ir-r

and for a periodic system, 8(;}, (q, C()) = 5GG’ T VG ((]))(GG, (q, C())




_@ The macroscopic dielectric function 22/38

From this, one obtains |&, . (60) =1- IIH(} VO (q);?OO (q, (0)
q—>

Notice a subtle, but very important point:
we use a modified response function ¥ ¢q’ (q,w):

oo (@:0) = Z6e (@:0)+ Y, Zce, (@.0){ Ve (@56, + frcc, (@0 Ze o (€ ®)

G1G2
where the long-range 0 for G=0
part of the Coulomb 17 =  Ax
interaction has been c(@) : for G#0
removed: q+G|

G. Onida, L. Reining, and A. Rubio, Rev. Mod. Phys. 74, 601 (2002)



_@ Density response of periodic systems 23/38

51 (@)= D X e (A, )1 VE (Q0)+ D foe (4, 0)Sng. (q, )
<

G”

Loss function: Optical absorption:

response to a response to total

MICroscopic macroscopic

external scalar potential. classical perturbation.

Loss spectrum Optical spectrum

includes plasmons. iIncludes excitons.
Density eigenmode: Density eigenmode:

SV (q,0) =0 SV (Q, @) + foy 01y (q, ) =0



Excitation energies from TDDFT
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Excitation energies follow
from eigenvalue problem
(Casida 1995):

Avck,v'c'k' — (Eck o Evk)

vek V'e'k' —
vek ,V'e'k’ 2
V G=0 G

2
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Direct calculation of exciton binding energies
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Hxc Hxc .
Z |: vk VK ck ck'wcvk + E/ck V'K’ :| V'K’ + Z Ezck V'K’ vck _Qanck

V'K’ V'K’

Y Fo X voe H | OO e @oie + Frnvener | Yoo =7,
vek vie'k“ T vie'k’ vk, V'K’ K " evk vek,vie'k' vk n= vck

vie'k' v'e'k'

Tamm-Dancoff Approximation (TDA)

Using time-reversal symmetry, Full Casida eq. can be transformed into

Hxc _ 2
Z |:5vk,v'k'5ck,c'k' vck + 2\/ cvk VK’ E/ck v'c'k':lzv'c'k’ o QnZvck

vlclkl

Sander, Maggio & Kresse, PRB 92, 045209 (2015)

More expensive than calculating Im g(w) via Dyson eqn,
but can resolve very small exciton binding energies



_@ Optical absorption in Insulators: TDDFT 26/38
60 | ] | '
- Silicon I\- ;_ EE%DA 1
50~ “f o -+ RPANIF | RPAandALDA both bad!
i s ’I \ : H |
40 — :'! \ S -1 pabsorption edge red shifted
! N I T | (electron self-interaction)
g 30~ i :. -
' s ° » first excitonic peak missing
l = ,?/I \ "._ | (electron-hole interaction)
0 Fow \ 3 m
i . e | Why does the LDA fail??
ol "'# s - "::':.\ o » lacks long spatial range
. el » need new classes of xc
Oj |.-".: | | | | functionals
3 4 5 6
o [eV]

G. Onida, L. Reining, A. Rubio, RMP 74, 601 (2002)
S. Botti, A. Schindlmayr, R. Del Sole, L. Reining, Rep. Prog. Phys. 70, 357 (2007)



The xc kernel for periodic systems
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fxc (l‘,l", a)) _ Z Zei(q+G)rfxchG, (q, a))e—i(q+G r

qeFBZ G,G’
TDDFT requires the following matrix elements as input:

E/ﬁlc(,v'c'k' = liInq—)() Z ]pxc,GG' (q9 C()) <Ck
GG'

ei(q+G)-r e—i(q+G)-r

vk> <v’k’

C’k'>

Most important: long-range (( — 0) limit of “head” (G =G’ =0):

iqr exac 1
<Ck ‘ € : Vk> q—0 )q fxc,OOt (q9 C()) q—0 > 2

q

but ffoOlgA (q) —o > const. Therefore, no excitons

in ALDA!




The xc kernel for periodic systems 28/38

The exact xc kernel can be written as Stubner, Tokatly & Pankratov,

PRB 70, 245119 (2004)
Bruneval et al., PRL 94, 186402 (2005)

qp_i_f

/ RN

“excitonic”, accounts
for electron-hole interaction

“‘quasiparticle”,
opens the gap

Xks —7 Xgp

e Usually, fqpls neglected. Instead, one uses hybrids, GW, or
DF T+ scissors, which directly approximates qu

e Only fxc is then approximated

See also: Cavo, Berger & Romaniello, PRB 101, 115109 (2020)
Di Sabatino, Berger & Romaniello, Faraday Discuss. 224, 467 (2020)



_@ Long-range xc kernels for solids 29/38

¢ LRC (long-range corrected) kernel fLRC (q) ___ ¢ )
= GG’

(with fitting parameter a): xe,GG’ q+G |2
(L. Reining et al., 2002)

e “bootstrap” kernel (S. Sharma et al., PRL 107, 186401 (2011)

fboot ’(q ) _ gGG (q,O) (depends on unoccupied bands,
xe,GGT A Z 00 (q,O) may need large number of bands)

e Functionals from many-body theory: (requires matrix inversion)

rau
“'_.---< - ...... ‘___,.-<-u.,". .............
o* e, .t , A ¥,
» 0 o v, oF *,
04 e, i+ ‘o * .
+ . +* ., J— +* s,
s, & 2 = ) s
s, > s, »
*y, Cd s, o s, K
Sen o+ ey, o ".A Cd
a, * ey - ‘7

. S T e

+<><><> -

“nanoquanta” kernel,

exact exchange reverse-engineered from BSE
(L. Reining et al., 2002)




Excitons: which xc kernels to use?
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» Nanoquanta kernel: accurate but expensive
Reining, Olevano, Rubio, Onida, PRL 88, 066404 (2002)

» Long-range corrected (LRC) kernel: simple but ad-hoc
Botti et al., PRB 69, 155112 (2004)

» Bootstrap kernel: several versions
Sharma, Dewhurst, Sanna and Gross, PRL 107, 186401 (2011)
Rigamonti, Botti, Veniard, Draxl, Reining & Sottile, PRL 114, 146402 (2015)
Byun, Sun & Ullrich, Electron. Struct. 2, 023002 (2020)

» Jellium with a gap:
Trevisanutto et al., PRB 87, 205143 (2013)

» Current-TDDFT:

Berger, PRL 115, 137402 (2015)
Cavo, Berger & Romaniello, PRB 101, 115109 (2020)

» Hybrid functionals:
Refaely-Abramson et al., PRB 92, 081204 (2015)
Wing et al., PRMat 3, 064603 (2019)
Tal, Liu, Kresse & Pasquarello, PRREs 2, 032019 (2020)
Zivkovic, de Leeuw, Searle & Bernasconi, JPC C 124, 24995 (2020)
Sun, Yang, and Ullrich, PRRes 2, 013091 (2020)



The family of LRC/Bootstrap xc kernels 31/38

wrong gap

T T I T
[ — BO )
. 15 __ RBO / ] 7
8 LRC (=0.75) | 1
o' 10 — LRC(a=0.44,A=14eV) 7~ |

--- BSE

~—
~~

W (eV)
LiNbO,

With some tricks, LRC kernel can produce
quite accurate optical spectra!

Friedrich, Schmidt, Schindimayr & Sanna, Phys. Rev. Mater. 1, 034401 (2017)
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_@ Optical spectra with LRC-type kernels
40 : I I I | 25 I ! I I
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& 20 | ESV [ED® ;' 1 &
10 |

0 2 { Cannot get good exciton binding energies
0 eV]
and good spectral shapes at the same time!
25 T . Ti . . T v T
. .| No exciton Rydberg series.  Exp. —o—
LiF iEg v RPA - {RPA ------
20 - : Boot — 20 fBoot -
0-Boot Of—Boot
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15T scaled Boot 7 15 T scaledé Boot 7
10 10 .
0 0 ! a
16 18 20 22 24
Energy [eV]

10
Energy [eV]

Byun and Ullrich,
PRB 95, 205136 (2017)



Hybrid functionals in DFT 33/38

Ehybrld Eexact _l_ (1 Oé) Esl ECSI

O X nonlocal (Hartree-Fock) exchange

+ (1 — 0[) X semilocal exchange

-+ semilocal correlation

» Very widely used in computational chemistry

» Needs to be appropriately modified for solids!



Excitation spectra from TDDFT vs BSE 34/38

(Es—E3)30,:0.000 + K oo |Y, =QY,

TDDFT coupling matrix contains xc kernel: fxc,GG'

BSE coupling matrix contains screened Coulomb interaction:

Wee (q) =47 5(;(; 9.0 O),
q+Gllq+ G|

A
|‘1"‘G'|2 o Y = Eno (O 0)
Calculated with RPA

Hybrid functionals: W..(q)=—4r
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_@ Dielectrically screened hybrid functionals

Sun, Yang, and Ullrich, Phys. Rev. Research 2, 013091 (2020)
Sun and Ullrich, Phys. Rev. Materials 4, 095402 (2020)

Y =&y (O 0)

hybrid XX . ALDA
K> =yK.” +(1-y)K_,
20 :
—— BSE
i . ~—-- m-BSE
15 b LIF —— SXX
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% 10 4 ll N * Experiment
|

a
O Cs oCu oX

CsCuyCl3

—— BSE

——== DDHI
—-— DDH2

11 12 13 14 15
Photon Energy (eV)

3.5 4.0 4.5 5.0

Photon Energy (eV)

Very close to BSE, but 1-2 orders of magnitude faster.



Excitons at finite momentum: LiF
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16

D. Alam, J. Sun, and C.A. Ullrich, arXiv:2502.20683 (to appear in PRB)



Optical spectra with screened
range-separated hybrid

pentacene |, [ moyon

------ GW/BSE
— (TD)SRSH

unnanaikisie

2 3
Energy [eV]

Refaely-Abramson, Jain, Sharifzadeh,
Neaton & Kronik, PRB 92, 081204 (2015)

Wing, Haber, Noff, Barker, Egger, Ramasubramaniam,
Louie, Neaton & Kronik, PRMat 3, 064603 (2019)
Camarasa-Gomez, Gant, Ohad, Neaton,
Ramasubramaniam & Kronik, npj Comput. Mater. (2024)

Useses Wannier localized orbitals.

50
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---Exp. Room Temp.
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Summary

38/38

» Pure TDDFT methods can describe excitons, but difficult
to get good exciton BE and good oscillator strengths.
No exciton Rydberg series with LRC-type adiabatic xc kernels.

» Challenges: xc kernel that works for small-gap semiconductors
and for large-gap insulators; numerically very sensitive.

» Alternative to BSE: hybrid functionals — similar accuracy but cheaper.

Very promising! But more expensive than pure TDDFT.

» Real-time TDDFT for solids now more and more common.
Allows description of ultrafast/nonlinear excitonic effects.
See my talk on Monday!

G. Onida, L. Reining, A. Rubio, Rev. Mod. Phys. 74, 601 (2002)

S. Botti, A. Schindimayr, R. Del Sole, L. Reining, Rep. Prog. Phys. 70, 357 (2007)
C.A. Ullrich and Z.-H. Yang, Topics in Current Chem. 368 (2015)

Y.-M. Byun, J. Sun, and C. A. Ullrich, Electron. Struct. 2, 023002 (2020)



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38

