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Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates (III)
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Challenge: Fault tolerance commonly believed to be only achievable using single- and two-qubit gates
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FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-
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[[61, 1, 6]]
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[[85, 1, 1]]
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[[113, 1, 1]]

[[145, 1, 9]]
[[145, 1, 1]]

[[181, 1, 10]]
[[181, 1, 1]]

[[10, 2, 2]]
[[10, 2, 2]]

[[26, 2, 3]]
[[26, 2, 2]]

[[50, 2, 4]]
[[50, 2, 2]]

[[82, 2, 5]]
[[82, 2, 2]]

[[122, 2, 6]]
[[122, 2, 2]]
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[[25, 5, 2]]
[[25, 5, 3]]

[[65, 5, 3]]
[[65, 5, 5]]

[[125, 5, 4]]
[[125, 5, 5]]

[[205, 5, 5]]
[[205, 5, 5]]

[[305, 5, 6]]
[[305, 5, 5]]

[[425, 5, 7]]
[[425, 5, 5]]

[[565, 5, 8]]
[[565, 5, 5]]

[[725, 5, 9]]
[[725, 5, 5]]

[[905, 5, 10]]
[[905, 5, 5]]

[[30, 6, 2]]
[[30, 6, 3]]

[[78, 6, 3]]
[[78, 6, 5]]

[[150, 6, 4]]
[[150, 6, 6]]

[[246, 6, 5]]
[[246, 6, 6]]

[[366, 6, 6]]
[[366, 6, 6]]

[[510, 6, 7]]
[[510, 6, 6]]

[[678, 6, 8]]
[[678, 6, 6]]

[[870, 6, 9]]
[[870, 6, 6]]

[[1086, 6, 10]]
[[1086, 6, 6]]

[[35, 7, 2]]
[[35, 7, 3]]

[[91, 7, 3]]
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[[175, 7, 4]]
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[[287, 7, 7]]
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[[1267, 7, 7]]
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[[117, 9, 5]]
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[[225, 9, 7]]

[[369, 9, 5]]
[[369, 9, 9]]

[[549, 9, 6]]
[[549, 9, 9]]

[[765, 9, 7]]
[[765, 9, 9]]

[[1017, 9, 8]]
[[1017, 9, 9]]

[[1305, 9, 9]]
[[1305, 9, 9]]

[[1629, 9, 10]]
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FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.

2

(d)
(e)

FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code

L042014-2
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FIG. 1. Device concept, architecture and performance. a Conceptual representation of the distance-three surface code consisting
of data qubits (red circles), Z-type (green circles) and X-type auxiliary qubits (blue circles), with their connectivity indicated
by gray lines. The data qubits participating in the weight-three logical operators ẐL and X̂L are indicated by solid black
lines. Green (blue) plaquettes indicate X-type (Z-type) stabilizer circuits. b False-color micrograph of the device realizing
the concept in a with 17 transmon qubits, see legend for circuit elements and text for details. The qubit lattice is rotated
by 45 degrees with respect to a. c Frequency arrangement in three distinct bands for idling data qubits (red circles), idling
Z/X-type auxiliary qubits (green/blue circles), and readout resonators (violet open circles). The qubit-frequency tuning ranges
are indicated by vertical bars. d Cumulative distributions (integrated histograms) of single-qubit gate (pink), simultaneous
two-qubit gate (cyan), two-state (red) and three-state readout errors (light red).

shown in gray in the schematic Fig. 1a. The data qubits
Dj, j = 1 . . . 9, (red dots) form a 3⇥ 3 array and are in-
terlaced with auxiliary qubits Ai, labeled Xi (blue) and
Zi, i = 1 . . . 4 (green). We realized this arrangement
in a superconducting circuit using 17 transmon qubits
[30] (yellow) capacitively coupled to each other along the
edges of the square array with ⇠ 1 mm long coplanar
waveguide segments (turquoise), see Fig. 1b. We discuss
the fabrication of this device in Appendix A.

Using the auxiliary qubits Xi and Zi we measure the
parity of the neighboring two or four data qubits Dj,
which are located at the vertices of the blue and green
plaquettes, in the X or Z basis (Fig. 1a,b). In a Z-basis

measurement, if an odd number of the data qubits in-
volved in the parity operator under consideration is in
the |1i-state the auxiliary qubit state is flipped. On
the other hand, if an even number of data qubits is in
|1i the auxiliary qubit state remains unchanged. The
equivalent is true in the X basis for an even or odd
number of data qubits in the |�i-state. Here, |0i, |1i
are the transmon qubit ground and first excited states,
and |±i = (|0i± |1i) /

p
2 are their superpositions. To

map the parity of the data qubits Dj onto the corre-
sponding auxiliary qubit, we e↵ectively use a sequence
of controlled-not gates with the data qubits as control
and the auxiliary qubit as target, and subsequently mea-
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FIG. 1. Device concept, architecture and performance. a Conceptual representation of the distance-three surface code consisting
of data qubits (red circles), Z-type (green circles) and X-type auxiliary qubits (blue circles), with their connectivity indicated
by gray lines. The data qubits participating in the weight-three logical operators ẐL and X̂L are indicated by solid black
lines. Green (blue) plaquettes indicate X-type (Z-type) stabilizer circuits. b False-color micrograph of the device realizing
the concept in a with 17 transmon qubits, see legend for circuit elements and text for details. The qubit lattice is rotated
by 45 degrees with respect to a. c Frequency arrangement in three distinct bands for idling data qubits (red circles), idling
Z/X-type auxiliary qubits (green/blue circles), and readout resonators (violet open circles). The qubit-frequency tuning ranges
are indicated by vertical bars. d Cumulative distributions (integrated histograms) of single-qubit gate (pink), simultaneous
two-qubit gate (cyan), two-state (red) and three-state readout errors (light red).

shown in gray in the schematic Fig. 1a. The data qubits
Dj, j = 1 . . . 9, (red dots) form a 3⇥ 3 array and are in-
terlaced with auxiliary qubits Ai, labeled Xi (blue) and
Zi, i = 1 . . . 4 (green). We realized this arrangement
in a superconducting circuit using 17 transmon qubits
[30] (yellow) capacitively coupled to each other along the
edges of the square array with ⇠ 1 mm long coplanar
waveguide segments (turquoise), see Fig. 1b. We discuss
the fabrication of this device in Appendix A.

Using the auxiliary qubits Xi and Zi we measure the
parity of the neighboring two or four data qubits Dj,
which are located at the vertices of the blue and green
plaquettes, in the X or Z basis (Fig. 1a,b). In a Z-basis

measurement, if an odd number of the data qubits in-
volved in the parity operator under consideration is in
the |1i-state the auxiliary qubit state is flipped. On
the other hand, if an even number of data qubits is in
|1i the auxiliary qubit state remains unchanged. The
equivalent is true in the X basis for an even or odd
number of data qubits in the |�i-state. Here, |0i, |1i
are the transmon qubit ground and first excited states,
and |±i = (|0i± |1i) /

p
2 are their superpositions. To

map the parity of the data qubits Dj onto the corre-
sponding auxiliary qubit, we e↵ectively use a sequence
of controlled-not gates with the data qubits as control
and the auxiliary qubit as target, and subsequently mea-

Realizing Repeated Quantum Error Correction in a Distance-Three Surface Code
S. Krinner, …, M. M., A. Blais, C. Eichler, A. Wallraff, Nature 605, 669 (2022)
Quantum error correction below the surface code threshold
Google Quantum AI and Collaborators, Nature 638, 920 (2025)
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machine learning32 are used to optimize below-threshold performance; 
(2) syndrome measurements and physical entanglement are reduced to 
being used only where they are needed during universal logic; (3) tele-
portation17–20 is used to achieve efficient universality with transversal 
operations and enable physical qubit reset without additional overhead 
in the algorithm. These result in marked improvements in architecture 
design and orders-of-magnitude reduction in space and time overheads.

Neutral atom logical processor
To implement these core building blocks, our experiments use a logical 
processor11 with up to 448 atoms. Qubits are stored in the hyperfine 
clock states of 87Rb atoms trapped in optical tweezers generated by a 
spatial light modulator (SLM) in storage, entangling, readout and res-
ervoir zones (Fig. 1a). Quantum circuits are programmed by shuttling 
qubits in the middle of the computation with a two-dimensional (2D) 
acousto-optic deflector33–35, high-fidelity entangling operations are 
realized by fast excitation to Rydberg states36, and fully programmable 
single-qubit operations are realized by locally focused Raman beams11. 
This system provides control parallelism over logical qubit blocks11: for 
logic gates, repeated error correction and even universal computation, 
all the physical qubits within the logical block realize identical opera-
tions with parallel instructions delivered by optical controls.

A key experimental upgrade involves non-destructive, spin-resolved 
qubit readout using a one-dimensional (1D) optical lattice in the readout 
zone (Fig. 1b). Whereas conventional readout is realized by spin-to-loss 
conversion followed by camera readout11, the state-selective lattice ena-
bles splitting the two qubit states into two separate tweezers16, thereby 
realizing spin-to-position conversion that enables both loss detec-
tion and atom retention. Combined with techniques for mid-circuit 
re-initialization, this enables qubit reuse for extended computation as 

well as a two orders of magnitude increase to the experimental cycle 
rate, as described below.

Another key addition involves the use of repeated error correction 
for removing errors produced during quantum algorithms. To probe 
this function of QEC, we use a distance-5 surface code logical qubit6,7 
with up to five rounds of stabilizer measurement (Fig. 1c,d). Here, 
data qubits are held in static potentials in the entangling zone, and an 
ancilla block is moved over to perform parallel entangling operations 
required for measurements of stabilizers. After performing the stabi-
lizer checks, the ancilla block is moved to the storage zone, and a new 
block is brought in to repeat the cycle. On injecting global coherent 
errors at regular intervals, we find repeated correction significantly 
suppresses logical errors, as coherent errors are projected into inco-
herent ones (with quadratic suppression) due to the quantum Zeno 
effect37 and tracked. Notably, although the coherent errors are injected 
as global, correlated single-qubit rotations, stabilizer measurements 
convert these into uncorrelated, incoherent physical errors38 and 
prevent coherent errors on the logical qubit level (Methods). Figure 1d 
highlights the function of repeated QEC: the conversion of general 
errors to correctable bit-flip and phase-flip errors removes entropy by 
reducing the range of possible errors5, and detecting the incoherent 
errors and using them in decoding reduces entropy by keeping track 
of the state of the system6.

Below-threshold performance
We first use these tools to explore below-threshold performance of a 
surface code qubit under multiple rounds of QEC. Theoretically, logi-
cal errors can be exponentially suppressed as p p( / ) d

th
( +1)/2  by increas-

ing code distance d if the physical error rate p is below a characteristic 
threshold pth, that is, below-threshold performance5–7. Figure 2a shows 
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Fig. 1 | Architectures and mechanisms for FTQC. a, We study the key  
building blocks of fault-tolerant processing. We use an architecture based on 
reconfigurable atom arrays trapped in optical tweezers, in which the logical 
processor is segmented into storage, entangling, readout and reservoir zones. 
Underlying physical mechanisms are identified and characterized. b, Spin- 
to-position conversion for non-destructive, loss-resolved qubit readout is 
accomplished with a state-selective 1D lattice that converts the atom spin state 
into position. The plot shows measured Rabi oscillation. This non-destructive 

readout has 0.46(4)% bit-flip error and 0.24(2)% loss (Methods). c,d, Stabilizer 
measurement on a d = 5 surface code is interspersed with global coherent 
errors injected on the data qubits. Each CZ layer corresponds to one time step 
(Methods). Repeated stabilizer measurement reduces error build-up through 
both the Zeno effect and error tracking between rounds (right plot is at a fixed 
θ/2π = 0.016). For visual clarity, an acceptance fraction of 50% is used in this 
plot (Methods).

40 | Nature | Vol 649 | 1 January 2026

Article

machine learning32 are used to optimize below-threshold performance; 
(2) syndrome measurements and physical entanglement are reduced to 
being used only where they are needed during universal logic; (3) tele-
portation17–20 is used to achieve efficient universality with transversal 
operations and enable physical qubit reset without additional overhead 
in the algorithm. These result in marked improvements in architecture 
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re-initialization, this enables qubit reuse for extended computation as 

well as a two orders of magnitude increase to the experimental cycle 
rate, as described below.
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for removing errors produced during quantum algorithms. To probe 
this function of QEC, we use a distance-5 surface code logical qubit6,7 
with up to five rounds of stabilizer measurement (Fig. 1c,d). Here, 
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block is brought in to repeat the cycle. On injecting global coherent 
errors at regular intervals, we find repeated correction significantly 
suppresses logical errors, as coherent errors are projected into inco-
herent ones (with quadratic suppression) due to the quantum Zeno 
effect37 and tracked. Notably, although the coherent errors are injected 
as global, correlated single-qubit rotations, stabilizer measurements 
convert these into uncorrelated, incoherent physical errors38 and 
prevent coherent errors on the logical qubit level (Methods). Figure 1d 
highlights the function of repeated QEC: the conversion of general 
errors to correctable bit-flip and phase-flip errors removes entropy by 
reducing the range of possible errors5, and detecting the incoherent 
errors and using them in decoding reduces entropy by keeping track 
of the state of the system6.

Below-threshold performance
We first use these tools to explore below-threshold performance of a 
surface code qubit under multiple rounds of QEC. Theoretically, logi-
cal errors can be exponentially suppressed as p p( / ) d

th
( +1)/2  by increas-

ing code distance d if the physical error rate p is below a characteristic 
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Fig. 1 | Architectures and mechanisms for FTQC. a, We study the key  
building blocks of fault-tolerant processing. We use an architecture based on 
reconfigurable atom arrays trapped in optical tweezers, in which the logical 
processor is segmented into storage, entangling, readout and reservoir zones. 
Underlying physical mechanisms are identified and characterized. b, Spin- 
to-position conversion for non-destructive, loss-resolved qubit readout is 
accomplished with a state-selective 1D lattice that converts the atom spin state 
into position. The plot shows measured Rabi oscillation. This non-destructive 

readout has 0.46(4)% bit-flip error and 0.24(2)% loss (Methods). c,d, Stabilizer 
measurement on a d = 5 surface code is interspersed with global coherent 
errors injected on the data qubits. Each CZ layer corresponds to one time step 
(Methods). Repeated stabilizer measurement reduces error build-up through 
both the Zeno effect and error tracking between rounds (right plot is at a fixed 
θ/2π = 0.016). For visual clarity, an acceptance fraction of 50% is used in this 
plot (Methods).

A fault-tolerant neutral-atom architecture for universal QC
D. Bluvstein et al. (Harvard & QuEra),  Nature 649, 39 (2026)
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Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates (III)

HAT Site Visit – 24th July 2025

Challenge: Fault tolerance commonly believed to be only achievable using single- and two-qubit gates
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rotated surface code:
- two-qubit implementation FT with specific ordering
- three-qubit gate implementation always non-FT

unrotated surface code:
- two-qubit implementation FT without specific ordering
- three-qubit gate implementation FT with specific ordering

MQV Collaboration

Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates 
J. Old, S. Tasler, M. J. Hartmann, M. M., Phys. Rev. Lett. 135, 240601 (2025)
See also back-to-back publication:
Low-Depth QEC via Three-Qubit Gates in Rydberg Atom Arrays
L. Pecorari, S. Jandura, G.Pupillo, Phys. Rev. Lett. 135, 240602 (2025)

Yes, stabiliser readout in the unrotated surface code can be fault-tolerant with 3-qubit gates only

Can we use 3-qubit instead of 2-qubit entangling gates, without breaking fault-tolerance? 

Oil drop experiment 
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Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates 
J. Old, S. Tasler, M. J. Hartmann, M. M., Phys. Rev. Lett. 135, 240601 (2025)
See also back-to-back publication:
Low-Depth QEC via Three-Qubit Gates in Rydberg Atom Arrays
L. Pecorari, S. Jandura, G.Pupillo, Phys. Rev. Lett. 135, 240602 (2025)

Memory experiments—To investigate the QEC perfor-
mance of the three-qubit gate protocol, we perform full
circuit level noise memory experiments using stim [46].
We construct circuits for rotated and unrotated surface
codes similar to the circuits in the experimental Ref. [13],
i.e., we implement X- and Z-stabilizer readout circuits one
after another, with measurement of X-(Z-)ancillary qubits
during the Z-(X-)entangling gate cycle. In the CZ protocol,
we order the gates orthogonal to the logical operators, i.e.,
South–East–West–North (SEWN) for X- and South–West–
East–North (SWEN) for Z-type stabilizers. When using the
three-qubit CZZ gate, we order both X and Z stabilizers
NW-SE (see Supplemental Material for details [37]). We
consider a noise model similar to the SI1000 model of
Ref. [47] based on a single noise parameter p, the base
noise strength for CZ gates. Single-qubit gates have noise
strength p=10, initializations 2p, and measurements 5p.
We assume a noise strength of 3

2p for CZZ gates and an
idling noise strength of p=2. This rests on the assumption
that noise is ultimately decoherence limited and a paral-
lelized CZZ gate takes about the same time as a single CZ

gate. This can be regarded as an optimistic, though not
unrealistic, parameter regime, and the associated QEC
performance represents loosely speaking an upper limit
of the potential offered by the three-qubit-based approach.
For a more in-depth discussion as well as complementary
parameter regimes, refer to Supplemental Material [37]. In
Ref. [29], we show how a three-qubit CZZ gate with equal
gate times as a two-qubit CZ gate can be realized with
transmon-based qubits in superconducting circuits. For
further details on the circuits, multi-qubit gates and error

channels and beliefmatching as the decoder choice, see
Supplemental Material [37,48].
We show results on the scaling of the logical error rate

for different settings in Fig. 3(a). We compare implemen-
tations with CZZ gates for rotated (⋄) and unrotated (□)
surface codes. For small p, we see the above discussed
signatures: the rotated surface codes circuits are not
distance preserving and show a scaling pL ∝ p⌈ðdþ1Þ=4⌉,
consistent with a halved distance. The unrotated surface
codes with CZZ gates show the fault-tolerant scaling, i.e.,
pL ∝ p½ðdþ1Þ=2%. Compared to an implementation with CZ

gates in the unrotated surface codes, the absolute value of
the logical error rate is also lower, consistent with previous
observations [27,30]. We attribute this to the shorter depth
and smaller number of fault locations in the CZZ circuits.
Notably, with the optimistic assumptions on the noise, the
threshold using CZZ gates is much higher compared to
the implementation with CZ gates and is increased from
pðCZÞ
th ≈ 0.63& 0.02% to pðCZZÞ

th ≈ 0.83& 0.02%; see
Fig. 3(b). This is a 32% increase that we again attribute
to the smaller number of fault locations. An overview of
all obtained thresholds is shown in Table S4
(cf. Supplemental Material [37]).
Qubit-resource comparison for FT QEC—Typically, for

practical implementations, the rotated surface code is
preferred over its unrotated counterpart because of the
smaller qubit count. The unrotated surface code uses ñu ¼
4d2 − 4dþ 1 physical qubits (dataþ auxiliary) compared
to the rotated surface code with ñr ¼ 2d2 − 1, essentially
halving the amount of physical qubits required for large
distances. This often results in better performance of

(a) (b)

FIG. 3. Logical error rates for implementations using CZ (dashed line) and CZZ gates (solid line). We assume a three-qubit gate noise
strength of 32p and an idling noise strength of ðp=2Þ. The color coding represents codes with increasing distance. (a) CZZ circuits for the
rotated surface code (⋄) are not fault tolerant and show a scaling ∝ ⌈ðdþ 1Þ=4⌉, consistent with a halved distance. For the unrotated
surface code (□), CZZ circuit show the same FT scaling of the logical error rate pL ∝ pðdþ1Þ=2 as CZ circuits. Distance-3 and 5 codes
correct for all faults up to order t ¼ bðd − 1Þ=2c, whereas for larger distances, deviations due to the decoder can be seen; see also
Supplemental Material [37]. Because of fewer idling locations using three-qubit gates, the logical error rate is up to 50% lower for
physical error rates in the range of 10−2 to 10−3 when using three-qubit CZZ gates, with more pronounced advantages with increasing
distance. (b) The threshold is increased from pðCZÞ

th ≈ 0.63% to pðCZZÞ
th ≈ 0.83%. Decoded using beliefmatching with d iterations of

belief propagation (BP) before matching. Error bars are standard Monte Carlo errors and can be smaller than the symbol used.
Thresholds are obtained using finite-size scaling (see Supplemental Material [37]).
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Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates 
J. Old, S. Tasler, M. J. Hartmann, M. M., Phys. Rev. Lett. 135, 240601 (2025)
See also back-to-back publication:
Low-Depth QEC via Three-Qubit Gates in Rydberg Atom Arrays
L. Pecorari, S. Jandura, G.Pupillo, Phys. Rev. Lett. 135, 240602 (2025)

Lower physical qubit count for equal target logical error rate in decoherence-limited regime:

For  the CZZ-based unrotated surface code ( ) outperforms  
the CZ-based rotated surface code ( )

p > 0.2 % n = 4d2 − 4d + 1
n = 2d2 − 1

rotated surface codes for a fixed number of physical qubits.
In the following, we show that, in a realistic noise regime,
the unrotated surface code with CZZ gates can actually
achieve a target logical error rate with fewer physical qubits
than the traditional rotated surface code circuits using CZ

gates. We plot the logical error rate achieved by surface
codes against the number of physical qubits in Fig. 4 and
compare a CZ-rotated with a CZZ-unrotated implementation
for near-term experimentally relevant subthreshold physi-
cal error rates in the regime of 0.1%–0.6%. Our key
observation is that there is a threshold physical error rate
above which the unrotated surface codes require less
physical qubits to achieve a target logical error rate. We
find this error rate at pð ∘ Þ

th ≈ 0.2%. To extrapolate to small
logical error rates, we fit pLðnÞ ¼ c0ðp=c1Þc2

ffiffi
n

p
. Fit

parameters are outlined in Supplemental Material
Table S2 [37]. At p ¼ 0.2% and to reach a target logical
error rate of 10−6, a value that is considered sufficient for
quantum computers to solve useful tasks like factoring of
numbers [49], a rotated surface code implemented fault-
tolerantly with two-qubit CZ gates has to have distance
dr ¼ 21, corresponding to ñr ¼ 881 physical qubits. This is
already 40% higher than the ñu ¼ 625 (du ¼ 13) qubits for
the unrotated surface codes using CZZ gates.
Conclusion—We have investigated the application of

three-qubit gates for stabilizer measurement circuits in
rotated and unrotated surface codes. We have shown
how CZZ-gate-based circuits in unrotated surface codes
are fault tolerant, even for an adversarial uniform depola-
rizing noise model on the support of the three-qubit gates.
For an optimistic parameter regime for the achievable
fidelity of the multi-qubit gates, logical error rates are
lower and thresholds are higher due to a smaller number of

fault locations. In particular, we have shown that, for near-
term experimentally relevant error rates, unrotated surface
codes with CZZ gates can be the less-qubit intensive version
to reach a target logical error rate.
Our results with uniform depolarizing noise also suggest

that a closer investigation of the noise channels of multi-
qubit gates can lead to further improvements. In a parallel
work, we construct a CZZ gate that effectively realizes two
parallel CZ gates with transmon qubits [29]. We show that
an optimization for minimizing fault-tolerance breaking
faults can reduce the logical error rates also for rotated
surface codes. Several other works have made similar
observations about correlated errors. This includes
Refs. [50,51] that find dominant noise contributions from
weight-2 Z-Pauli terms.
These results put multi-qubit gates back on the map

as potentially highly valuable building blocks for QEC
which are compatible with FT circuit design principles.
Investigating which other quantum low-density parity-
check codes like lifted product or bivariate bicycle codes
[52–54] allow for fault-tolerant parallelized stabilizer read-
out is an interesting open question and might improve
practical feasibility of such larger classes of QEC codes.

Note added—We have became aware of related work on
quantum error correction via three-qubit gates in Rydberg
atom arrays in Ref. [55].
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FIG. 4. Number of physical qubits required to reach target
logical error rates for d rounds of stabilizer measurements under
circuit level noise of strengths p∈ ð0.1%–0.6%Þ. Comparison of
fault-tolerant rotated surface code circuits using CZ gates (rotated
square, dotted) and fault-tolerant unrotated surface codes with
CZZ gates (square, solid). Extrapolated by the exponential fit
function described in the main text. From p > 0.2%, unrotated
surface codes consistently require fewer physical qubits than
rotated surface codes to reach a target logical error rate.
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each pair simultaneously and then move all mobile traps in parallel 
to dynamically change the connectivity into the next desired qubit 
arrangement.

Figure 1 shows our ability to transport qubits across large distances 
while preserving entanglement and coherence20. We initialize pairs at 
an atom–atom distance of 3 µm (Fig. 1b) and then create a Bell state 
Φ = ( 00 + 11 )+ 1

2
 in the hyperfine basis (Methods)5. To measure the 

resulting entangled-state fidelity, we apply a variable single-qubit phase 
gate before a final π/2 pulse, resulting in oscillations of the two-atom 
parity σ σz z

1 2  (Fig. 1c)5. We then repeat this experiment, but now move 
the atoms apart by 110 µm before applying the final π/2 pulse. Our 
transport protocol is optimized to suppress heating and loss by imple-
menting cubic-interpolated atom trajectories (Methods), and is further 
accompanied by an eight-pulse XY8 robust dynamical decoupling 
sequence28 to suppress dephasing. The resulting parity oscillations 
indicate that two-atom entanglement is unaffected by the transport 
process20,29. Performing this experiment as a function of movement 
speed30 shows that the fidelity remains unchanged until the total 
separation speed becomes more than 0.55 µm µs−1, corresponding to 
the onset of atom loss (Fig. 1d). We note that the entanglement transport 
in Fig. 1b corresponds to moving quantum information across a region 
of space that can, in principle, host about 2,000 qubits (at an atom 
separation of 3 µm), on a timescale corresponding to <10−3 of the coher-
ence time T2 (Extended Data Fig. 3), directly enabling applications in 
large-scale quantum information systems.

Programmable circuits and graph states
To exemplify the ability to generate non-local connectivity between 
qubit arrays in parallel, we carry out the preparation of entangled graph 
states: a large class of useful quantum information states, with exam-
ples ranging from Greenberger–Horne–Zeilinger states and cluster 
states to quantum error correction (QEC) codes31. Graph states are 
defined by initializing all qubits, located on the vertices of a geometric 
graph, in + ≡ 0 + 1

2
 and then performing CZ gates on the links between 

qubits (corresponding to the edges of the graph)31. N-qubit graph states 
|G' are associated with a set of N stabilizers, defined by S X Z= Πi i j u j∈ i

, 
where X and Z are the Pauli matrices, ui is the set of qubits (vertices) 
connected by an edge to qubit i, and Π denotes a product over qubit 
indices j (ref. 31). The stabilizers each have +1 eigenvalue for the graph 
state |G'. Measuring these operators and their expectation values can 
be used to characterize the preparation of the target state.

As an example, Fig. 2a shows the preparation of a one-dimensional (1D) 
cluster state, a graph state defined by a linear chain of qubits32,33. To realize 
this state, we perform one global, parallel layer of CZ gates on adjacent 
atom pairs, move half the atoms to form new pairs and then perform 
another parallel layer of CZ gates (Fig. 2a, b). To probe the resultant 12-qubit 
cluster state, we measure the stabilizer set {Si} = {Zi−1XiZi+1} through readout 
in two measurement settings, given by a local π/2 rotation on either the 
odd or the even sublattice before projective measurement34. We achieve 
the local rotation by moving one sublattice of qubits to a separate zone and 
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Fig. 1 | Quantum information architecture enabled by coherent transport 
of neutral atoms. a, In our approach, qubits are transported to perform 
entangling gates with distant qubits, enabling programmable and non-local 
connectivity. Atom shuttling is performed using optical tweezers, with high 
parallelism in two dimensions and between multiple zones allowing selective 
manipulations. Inset: the atomic levels used. The |0', |1' qubit states refer to the 
mF = 0 clock states of 87Rb, and |r' is a Rydberg state used for generating 
entanglement between qubits (Extended Data Fig. 1b). b, Atom images 
illustrating coherent transport of entangled qubits. Using a sequence of 
single-qubit and two-qubit gates, atom pairs are each prepared in the |Φ+' Bell 

state (Methods), and are then separated by 110 µm over a span of 300 µs.  
c, Parity oscillations indicate that movement does not observably affect 
entanglement or coherence. For both the moving and the stationary 
measurements, qubit coherence is preserved using an XY8 dynamical 
decoupling sequence for 300 µs (Methods). d, Measured Bell-state fidelity as a 
function of separation speed over the 110 µm, showing that fidelity is 
unaffected for a move slower than 200 µs (average separation speed of 
0.55 µm µs−1). Inset: normalizing by atom loss during the move results in 
constant fidelity, indicating that atom loss is the dominant error mechanism 
(see Methods for details).

Optimised multi-qubit Rydberg gates
Joint work with H.P. Büchler’s group at Stuttgart University

Experimentally practicable approach: “global” Rydberg laser pulses, e.g.

Open-source Python package RydOpt Key features:

Mul$qubit Rydberg Gates for QEC 
D. F. Locher, J. Old, K. Brechtelsbauer, J. Holschbach, H.-P. Büchler, S. Weber, and M. M., PRX Quantum 7, 020354 (2026)



A good gate should 
• have small # parameters 
• be fast 
• minimise decay from 

Rydberg states 
(included in optimisation)

Mul$qubit Rydberg Gates for QEC 
D. F. Locher, J. Old, K. Brechtelsbauer, J. Holschbach, H.-P. Büchler, S. Weber, and M. M., PRX Quantum 7, 020354 (2026)

Optimised multi-qubit Rydberg gates

Status Report VIII – Garching, December 2025

Multiqubit Rydberg Gates

6FZJ

A multiqubit gate pulse should

1. be described by a small number of parameters to ease experimental calibrations
Ø the pulse complexity (number of pulse parameters) can be increased systematically

2. be reasonably fast to minimize errors caused e.g. by laser phase noise
Ø pulse duration T is an optimization parameter (we post-select on successful optimizations with minimal T)

3. minimize the time atoms spend in Rydberg states to minimize errors caused by Rydberg-state decay
Ø Rydberg-state decay can be included in the dynamics (non-Hermitian Hamiltonian) to minimize Rydberg time

Example: CCZ gate

faster than “standard” CCZ  [Evered et al. Nature (2023)]

Op$mizing Superconduc$ng Three-Qubit Gates for Surface-Code Error Correc$on 
S. Tasler, J. Old, L. Heunisch, V. Feulner, T. Eckstein, M. M., and M. J. Hartmann, arXiv:2506.09028 (2025)



1 -  FT QEC with optimized  
      3-qubit gates only

Outline

2 - FT Measurement-free QEC 
       and universal computation  

6

Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates (III)

HAT Site Visit – 24th July 2025

Challenge: Fault tolerance commonly believed to be only achievable using single- and two-qubit gates
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rotated surface code:
- two-qubit implementation FT with specific ordering
- three-qubit gate implementation always non-FT

unrotated surface code:
- two-qubit implementation FT without specific ordering
- three-qubit gate implementation FT with specific ordering

MQV Collaboration

4 - Classical and quantum cellular automata for QEC

Fortschritt

FZJ

Messungsfreie aber dennoch 
fehlertolerante Quantenfehlerkorrektur 8

FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-
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FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.
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(d)
(e)

FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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PLATFORMS FOR QUANTUM TECHNOLOGIES 3 QUANTUM ERROR CORRECTION

• Based on this discussion, we formulate an error model:
We will work with stochastically and independently distributed errors X,Y, Z occuring with
probability p.

• Conceptual setting for quantum error correction code
Encoding of state | i into register of qubits, occurrence of errors, (assumption: this happens
only in this step), error detection (syndrom measurement), and correction.

• In the following, we discuss two specific quantum error correction codes, with having in mind
the questions:

– How can one increase the robustness towards errors? (3.2, 3.3)

– How can one correct arbitrary errors? (3.5)

3.2 The three-qubit bit-flip code

• We first focus for simplicity on one specific source of errors (bit-flips), discarding the others. In
this framework, we can zoom in on how to improve robustness.

• Idea:

– Distribute an arbitrary quantum state | i = ↵|0i + �|1i over entangled state of the three
physical qubits.

– Quantum correlations (entanglement) are the resource that allows one to protect the quan-
tum state from errors.

• Encode a single logical qubit in three physical qubits:

|0ilL := |0il1|0il2|0il3 = |000i
|1ilL := |1il1|1il2|1il3 = |111i

|0ilL, |1ilL are called codewords. They span the codespace, in which an arbitrary logical state
lives:

| ilL = ↵|0ilL + �|1ilL = ↵|000i+ �|111i

• Quantum circuit for encoding: | i �! | ilL.
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FIG. 2. Detailed circuit on the physical qubit level of the measurement-free fault-tolerant quantum error correction cycle for
the Steane code. The syndrome mapping (orange) does not require a distinctly FT routine because we perform intermediate
reset operations R to the state |0i that erase potentially dangerous faults. The control-qubits of the feedback gates (green) are
conditioned on the physical qubits being in the |1i (|0i) state for a black (white) circle. Any suitable procedure to prepare the
logical auxiliary qubits fault-tolerantly can be used. We provide a measurement-free initialization circuit in Fig. 6. For the last
correction operation, copying from the third to the second block can be omitted. One can verify that no single error of any type
on any circuit element will lead to an uncorrectable error. (a) X-correction block. A single bit-flip error on the logical data
qubit, say X6 (red star), is propagated to the logical auxiliary qubit. The sixth physical CNOT gate propagates the fault since
X6 C6NOT13 = C6NOT13 X6X13, as illustrated by the two subsequent red X markers. For a Z-fault, the propagation would
happen reversely from the target to the control qubit of a CNOT gate. Propagation of Y -faults can be viewed as simultaneous
occurrence of X- and Z-faults since Y = �iXZ. Then, the syndrome is mapped to three physical qubits and copied to all
multi-qubit-controlled feedback gates. The error is corrected by the second C3NOT gate. For the first and all other C3NOT
gates the syndrome does not match the control structure. Thus, they have no additional e↵ect on the logical data qubit. With
Steane-type EC, X6 would be corrected by measuring all qubits of the logical auxiliary qubit in the Z-basis after the logical
CNOT gate and applying the feedback conditioned on the measurement result. (b) Z-correction block. As required for an FT
circuit, single faults within the auxiliary system can never cause more than a weight-1 error on the logical data qubit. As an
example, we show the fault Z12Z16 (blue stars), which propagates to a correctable weight-1 error on the logical data qubit
through the last C3Z gate.

d = 3. For a logical measurement after the QEC cycle,
all physical qubits can be measured transversally (and
thus fault-tolerantly).

The detailed circuits are depicted on the physical qubit
level in Fig 2. Here we remark that each data qubit cor-
rection is conditioned on its distinct three-bit syndrome
which is encoded into the control pattern of the C3NOT
(or C3Z) gates that perform the corrections. Since the
repetition for each data qubit correction starts by reset-
ting the second register, the syndrome information can

be copied anew from the third register using – in this
example – n�k

2 = 3 transversal CNOT gates without
breaking fault tolerance. The feedback operations are
quasi-transversal in the sense that a distinct syndrome is
uniquely connected to a single physical data qubit. Due
to the reset operations there is no connection between the
individual syndromes. Consider, for example, the error
X6 in Fig. 2a. It will be mapped to the three-qubit state
|101i in the third register and, as a consequence, only the
second C3NOT gate with the 101-control structure will

12

FIG. 11. Proposal for the implementation of the measurement-free FT QEC scheme with mobile neutral atoms in optical
tweezers. The steps (1)–(9) correspond to the time steps as shown on the left-hand side of this figure and in Fig. 4. Ellipses
that encircle sets of atoms correspond to the parallel application of entangling gates. Arrows indicate shuttling moves after the
gate executions. Single-qubit gates are not shown.

FT logical gates or FT gadgets such as code switching
or lattice surgery may assist with the goal to enable er-
ror corrected universal quantum computation in future
hardware platforms.

CODE AVAILABILITY

All codes used for data analysis are available from the
corresponding author upon reasonable request.
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each pair simultaneously and then move all mobile traps in parallel 
to dynamically change the connectivity into the next desired qubit 
arrangement.

Figure 1 shows our ability to transport qubits across large distances 
while preserving entanglement and coherence20. We initialize pairs at 
an atom–atom distance of 3 µm (Fig. 1b) and then create a Bell state 
Φ = ( 00 + 11 )+ 1

2
 in the hyperfine basis (Methods)5. To measure the 

resulting entangled-state fidelity, we apply a variable single-qubit phase 
gate before a final π/2 pulse, resulting in oscillations of the two-atom 
parity σ σz z

1 2  (Fig. 1c)5. We then repeat this experiment, but now move 
the atoms apart by 110 µm before applying the final π/2 pulse. Our 
transport protocol is optimized to suppress heating and loss by imple-
menting cubic-interpolated atom trajectories (Methods), and is further 
accompanied by an eight-pulse XY8 robust dynamical decoupling 
sequence28 to suppress dephasing. The resulting parity oscillations 
indicate that two-atom entanglement is unaffected by the transport 
process20,29. Performing this experiment as a function of movement 
speed30 shows that the fidelity remains unchanged until the total 
separation speed becomes more than 0.55 µm µs−1, corresponding to 
the onset of atom loss (Fig. 1d). We note that the entanglement transport 
in Fig. 1b corresponds to moving quantum information across a region 
of space that can, in principle, host about 2,000 qubits (at an atom 
separation of 3 µm), on a timescale corresponding to <10−3 of the coher-
ence time T2 (Extended Data Fig. 3), directly enabling applications in 
large-scale quantum information systems.

Programmable circuits and graph states
To exemplify the ability to generate non-local connectivity between 
qubit arrays in parallel, we carry out the preparation of entangled graph 
states: a large class of useful quantum information states, with exam-
ples ranging from Greenberger–Horne–Zeilinger states and cluster 
states to quantum error correction (QEC) codes31. Graph states are 
defined by initializing all qubits, located on the vertices of a geometric 
graph, in + ≡ 0 + 1

2
 and then performing CZ gates on the links between 

qubits (corresponding to the edges of the graph)31. N-qubit graph states 
|G' are associated with a set of N stabilizers, defined by S X Z= Πi i j u j∈ i

, 
where X and Z are the Pauli matrices, ui is the set of qubits (vertices) 
connected by an edge to qubit i, and Π denotes a product over qubit 
indices j (ref. 31). The stabilizers each have +1 eigenvalue for the graph 
state |G'. Measuring these operators and their expectation values can 
be used to characterize the preparation of the target state.

As an example, Fig. 2a shows the preparation of a one-dimensional (1D) 
cluster state, a graph state defined by a linear chain of qubits32,33. To realize 
this state, we perform one global, parallel layer of CZ gates on adjacent 
atom pairs, move half the atoms to form new pairs and then perform 
another parallel layer of CZ gates (Fig. 2a, b). To probe the resultant 12-qubit 
cluster state, we measure the stabilizer set {Si} = {Zi−1XiZi+1} through readout 
in two measurement settings, given by a local π/2 rotation on either the 
odd or the even sublattice before projective measurement34. We achieve 
the local rotation by moving one sublattice of qubits to a separate zone and 
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Fig. 1 | Quantum information architecture enabled by coherent transport 
of neutral atoms. a, In our approach, qubits are transported to perform 
entangling gates with distant qubits, enabling programmable and non-local 
connectivity. Atom shuttling is performed using optical tweezers, with high 
parallelism in two dimensions and between multiple zones allowing selective 
manipulations. Inset: the atomic levels used. The |0', |1' qubit states refer to the 
mF = 0 clock states of 87Rb, and |r' is a Rydberg state used for generating 
entanglement between qubits (Extended Data Fig. 1b). b, Atom images 
illustrating coherent transport of entangled qubits. Using a sequence of 
single-qubit and two-qubit gates, atom pairs are each prepared in the |Φ+' Bell 

state (Methods), and are then separated by 110 µm over a span of 300 µs.  
c, Parity oscillations indicate that movement does not observably affect 
entanglement or coherence. For both the moving and the stationary 
measurements, qubit coherence is preserved using an XY8 dynamical 
decoupling sequence for 300 µs (Methods). d, Measured Bell-state fidelity as a 
function of separation speed over the 110 µm, showing that fidelity is 
unaffected for a move slower than 200 µs (average separation speed of 
0.55 µm µs−1). Inset: normalizing by atom loss during the move results in 
constant fidelity, indicating that atom loss is the dominant error mechanism 
(see Methods for details).

Figure adapted                
from Nature 604, 451 (2022)
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FIG. 2. Detailed circuit on the physical qubit level of the measurement-free fault-tolerant quantum error correction cycle for
the Steane code. The syndrome mapping (orange) does not require a distinctly FT routine because we perform intermediate
reset operations R to the state |0i that erase potentially dangerous faults. The control-qubits of the feedback gates (green) are
conditioned on the physical qubits being in the |1i (|0i) state for a black (white) circle. Any suitable procedure to prepare the
logical auxiliary qubits fault-tolerantly can be used. We provide a measurement-free initialization circuit in Fig. 6. For the last
correction operation, copying from the third to the second block can be omitted. One can verify that no single error of any type
on any circuit element will lead to an uncorrectable error. (a) X-correction block. A single bit-flip error on the logical data
qubit, say X6 (red star), is propagated to the logical auxiliary qubit. The sixth physical CNOT gate propagates the fault since
X6 C6NOT13 = C6NOT13 X6X13, as illustrated by the two subsequent red X markers. For a Z-fault, the propagation would
happen reversely from the target to the control qubit of a CNOT gate. Propagation of Y -faults can be viewed as simultaneous
occurrence of X- and Z-faults since Y = �iXZ. Then, the syndrome is mapped to three physical qubits and copied to all
multi-qubit-controlled feedback gates. The error is corrected by the second C3NOT gate. For the first and all other C3NOT
gates the syndrome does not match the control structure. Thus, they have no additional e↵ect on the logical data qubit. With
Steane-type EC, X6 would be corrected by measuring all qubits of the logical auxiliary qubit in the Z-basis after the logical
CNOT gate and applying the feedback conditioned on the measurement result. (b) Z-correction block. As required for an FT
circuit, single faults within the auxiliary system can never cause more than a weight-1 error on the logical data qubit. As an
example, we show the fault Z12Z16 (blue stars), which propagates to a correctable weight-1 error on the logical data qubit
through the last C3Z gate.

d = 3. For a logical measurement after the QEC cycle,
all physical qubits can be measured transversally (and
thus fault-tolerantly).

The detailed circuits are depicted on the physical qubit
level in Fig 2. Here we remark that each data qubit cor-
rection is conditioned on its distinct three-bit syndrome
which is encoded into the control pattern of the C3NOT
(or C3Z) gates that perform the corrections. Since the
repetition for each data qubit correction starts by reset-
ting the second register, the syndrome information can

be copied anew from the third register using – in this
example – n�k

2 = 3 transversal CNOT gates without
breaking fault tolerance. The feedback operations are
quasi-transversal in the sense that a distinct syndrome is
uniquely connected to a single physical data qubit. Due
to the reset operations there is no connection between the
individual syndromes. Consider, for example, the error
X6 in Fig. 2a. It will be mapped to the three-qubit state
|101i in the third register and, as a consequence, only the
second C3NOT gate with the 101-control structure will
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CNOT gate and applying the feedback conditioned on the measurement result. (b) Z-correction block. As required for an FT
circuit, single faults within the auxiliary system can never cause more than a weight-1 error on the logical data qubit. As an
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d = 3. For a logical measurement after the QEC cycle,
all physical qubits can be measured transversally (and
thus fault-tolerantly).

The detailed circuits are depicted on the physical qubit
level in Fig 2. Here we remark that each data qubit cor-
rection is conditioned on its distinct three-bit syndrome
which is encoded into the control pattern of the C3NOT
(or C3Z) gates that perform the corrections. Since the
repetition for each data qubit correction starts by reset-
ting the second register, the syndrome information can

be copied anew from the third register using – in this
example – n�k

2 = 3 transversal CNOT gates without
breaking fault tolerance. The feedback operations are
quasi-transversal in the sense that a distinct syndrome is
uniquely connected to a single physical data qubit. Due
to the reset operations there is no connection between the
individual syndromes. Consider, for example, the error
X6 in Fig. 2a. It will be mapped to the three-qubit state
|101i in the third register and, as a consequence, only the
second C3NOT gate with the 101-control structure will

Ideal e.g. for neutral Rydberg-atom quantum computers

D. LocherS. Heußen

Reset operations R
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FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-

Fault-tolerant measurement-free initialization 
of the logical Steane-code qubit



Measurement-free FT QEC: ideal for tweezer arraysFortschritt

Varianten bzw. Vereinfachungen:

• Qubit Reset unnötig, 

falls genügend frische Ancilla-Qubits

vorhanden

• Quanten-Schaltkreis kann stark

parallelisiert warden

• Toffoli-artiges Feedback auch mit

1- und 2-Qubit-Gattern möglich

• Allgemein anwendbar für CSS Codes

(z.B. auch Surface-Code)

FZJ 6

Messungsfreie aber dennoch 
fehlertolerante Quantenfehlerkorrektur

6

Logical CNOT

Feedback

Syndrome

Copy

| iL

X

X

X

X

X

X

X

|+iL

|0i⌦3

|0i⌦3

|0i⌦3

|0i⌦3

|0i⌦3

|0i⌦3

|0i⌦3

(1) (2) (3) (4) (5) (6) (7) (8) (9)

FIG. 4. The X-correction block of the measurement-free FT QEC scheme can be scheduled in nine time steps (dashed vertical
lines) when parallel gate operations and N

0 = 2⇥7+3⇥ (23�1) = 35 physical qubits are available. In the first step, the logical
CNOT is applied. Then, from time step 2 to 5, the syndrome is mapped to a fresh set of auxiliary qubits. From time step 6 to
8, the syndrome is copied six times. In the last time step, the seven feedback operations are applied. The Z-correction block
is possible to parallelize analogously.

C. Measurement-free advantage

In the following, we analyze under which conditions
the measurement-free (MF) EC protocol can be expected
to yield lower logical failure rates than conventional EC
involving syndrome measurements (SM). We provide an
analytical estimation for advantageous use of the MFEC
scheme and compare it to numerical statevector simula-
tions.

Let us assume that all operations, i.e. gates, qubit ini-
tializations and measurements, in the protocol circuits,
compiled into CNOT gates, are prone to depolarizing
noise of strength p (see App. C for details on the noise
model). Also, we consider an idling error rate pidle,m for
idling during measurements for the SMEC protocol and
an idling error rate pidle,op for idling during operations
for the MFEC protocol. These are the two dominant
sources of idling noise for both protocols, assuming that
the time to perform a qubit measurement is much longer
than the time to perform a gate operation or qubit ini-

tialization/reset. The finite duration t of physical op-
erations causes an idling time on those qubits that are
not targeted by these operations. The idling error rate
for a qubit with coherence time T2 that is prone to pure
dephasing during an idling time t is

pidle =
1

2

✓
1� exp

✓
�

t

T2

◆◆
. (2)

The rate pidle is linearly proportional to the idling time
t if t/T2 ⌧ 1.
Denoting the logical failure rates of the two protocols

p
MF
L and p

SM
L respectively, MFEC is advantageous when

the ratio of the failure rates pMF
L /pSM

L  1. We estimate in
App. D that the MFEC protocol is advantageous when
the ratio of measurement to operation time fulfills the
inequality

tmeas

tops
�

s
c̃2

c̃02
+

cc̃

c̃02
p

pidle,op
+

c2

c̃02
p2

p
2
idle,op

(3)

No qubit reset needed if sufficient fresh 
ancilla qubits are available

Strong parallelisation possible: 
reduction of circuit depth
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FIG. 11. Proposal for the implementation of the measurement-free FT QEC scheme with mobile neutral atoms in optical
tweezers. The steps (1)–(9) correspond to the time steps as shown on the left-hand side of this figure and in Fig. 4. Ellipses
that encircle sets of atoms correspond to the parallel application of entangling gates. Arrows indicate shuttling moves after the
gate executions. Single-qubit gates are not shown.

FT logical gates or FT gadgets such as code switching
or lattice surgery may assist with the goal to enable er-
ror corrected universal quantum computation in future
hardware platforms.

CODE AVAILABILITY

All codes used for data analysis are available from the
corresponding author upon reasonable request.
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FIG. 5. Utility diagram for measurement-free (MF) EC and
flag EC. Regions of advantage based on numerical simula-
tion (markers) and the estimation in Eq. (3) (filled area)
are shown in terms of the parameter ratios p/pidle,op and
pidle,m/pidle,op, which approximates tmeas/tops, with c̃

2
/c̃

02 =
171041, cc̃/c̃02 = 13471 and c

2
/c̃

02 = 1061 in accordance with
Eqs. (D13)-(D16). The lines mark the estimated boundaries
between regions of advantage. In the limit of vanishing oper-
ation errors, p = 0, MFEC yields an advantage over flag EC if
measurements are at least 400 times slower than operations.
The star marker represents the parameters given in Eqs. (4)-
(6). At p/pidle,op = 1 and pidle,m/pidle,op = 1, we use absolute
values of p = pidle,m = pidle,op = 10�4 in the numerical simu-
lations.

(3.44 ± 0.25)% when compiled into CNOT gates while
flag EC fails for p

FL
L = (3.96 ± 0.26)% of the runs. The

numerical data in Fig. 5 is obtained by sampling logical
failure rates of both schemes in Monte Carlo simulation
until the uncertainty intervals of the two estimators allow
one to distinguish which of the two schemes is advanta-
geous. While gate error rates of p = 5⇥ 10�4 are exper-
imentally demanding, we stress that our scheme o↵ers
the possibility to perform FT QEC in physical systems
that currently cannot support the measurement duration
necessary for conventional QEC schemes.

III. DETERMINISTIC FT LOGICAL STATE
PREPARATION

Our MFEC scheme needs logical auxiliary qubits
whose encoding must be FT in order to render the full
scheme FT. In this section we describe how to fault-
tolerantly initialize the logical auxiliary qubit (and also
the logical data qubit) without measurements. This
way, our FTEC scheme can be performed in a fully
measurement-free setting. Let us remark neverthe-
less that the measurement-based encoding protocol from
Ref. [72] has been realized recently in ion-trap platforms
[11, 13, 15].

In Ref. [57] some of us suggest an extension of the

prescription for logical qubit initialization in Ref. [72]
by making use of the flag qubit information instead of
discarding the state. The circuit for measurement-free
FT initialization to |0iL is shown in Fig. 6. By map-
ping the two eigenvalues of both the logical operator
Z3Z5Z6 (red block, “flag”) and the complementary sta-
bilizer Z1Z2Z4Z7 (orange block, “stabilizer”) to two aux-
iliary qubits, all dangerous weight-2 errors at the end of
the circuit can be transformed into correctable errors.
In fact, there are only two dangerous errors, namely

X1X3 and X4X5 (X6X7 is stabilizer-equivalent to X4X5

via application ofKX
1 ), which flip the first auxiliary qubit

from |0i to |1i since their support has odd overlap with
Z3Z5Z6. Of course, X1X3 and X4X5 also have odd over-
lap with the qubits that take part in the subsequent sta-
bilizer mapping step so the second auxiliary qubit is also
flipped from |0i to |1i. The dangerous errors will lead to
both auxiliary qubits being in the |1i state. Correctable
weight-1 errors only flip one of the two from |0i to |1i.
No single fault during the mapping of either Z-operator
can result in the auxiliary qubits being in the state |11i.
The operator X7 is applied coherently via the To↵oli gate
if both the flag qubit and the extra stabilizer qubit are
in the |1i state (green block, “feedback”). This way,
any dangerous weight-2 error will be transformed into
a correctable weight-1 error by multiplication with X7.
Treatment of the X1X3 error is sketched as an example
in Fig. 6.

The auxiliary qubit state before applying the To↵oli
gate can only be di↵erent from |00i if a fault has hap-

FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle
on code graph). In the end, both auxiliary qubits are reset
(R). The dangerous fault X1 after the fourth CNOT gate (red
star) propagates to both auxiliary qubits and triggers the Tof-
foli feedback (green box). The resulting operator X1X3X7 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .
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FIG. 10. Logical failure rates for the measurement-free
scheme acting on both logical input states |0iL and |+iL
with multi-parameter noise and a scaling parameter � that
uniformly varies all physical error rates. Compilation of the
scheme into CNOT gates is compared to implementations us-
ing native multi-qubit-controlled feedback operations (NATF)
and multi-ion Mølmer-Sørensen gates (MIMS) where applica-
ble. Respective physical error rates are listed in Table I. De-
pending on the implementation, logical failure rates can vary
to up to one order of magnitude.

feedback in ion traps. The 17-qubit scheme for the
Steane code from Fig. 2 can be embedded into a trapped
ion quantum processor, as sketched in Fig. 3b, hosting
a static one-dimensional ion crystal as in Ref. [25]. In
these systems, the native entangling gate can be imple-
mented by a laser-driven X-type MS gate described by
the unitary

MSq(✓) = exp

0

@�i
✓

4

 
qX

k=1

Xk

!2
1

A (8)

targeting q ions simultaneously [74, 94]. Such multi-qubit
MS gates can be used for the syndrome mapping (orange
boxes in Fig. 2) and feedback steps [41, 95]. Previously
it has been found by exhaustive count of gate combina-
tions in Ref. [96] that the To↵oli gate is equivalent to a
sequence of local rotations and MS3 gates (reproduced in
Fig. 16 of App. F), which we do not improve further for
use in our QEC scheme. An application of MS5 gates for
mapping the expectation value of a weight-4 stabilizer to
a single auxiliary qubit has been given in Refs. [77, 95]
(see App. F for an example in Fig. 17). Six MS5 gates
are needed to map the syndrome to the physical auxil-
iary qubits. Recall that high-weight Pauli faults that are
generated by the depolarizing noise channel of the MS5
gate do not break fault-tolerance since they only act on
the logical auxiliary qubit, which is reset after syndrome
mapping.

Using a variational circuit ansatz in pennylane [97],
we found a decomposition of the C3NOT gate followed

Impl. p1 [%] p2 p3 p4 p5 pi pm pidle

CNOT 0.007 0.3 - - - 0.0002 0.3 p/100
NATF 0.007 0.3 1 1 1 0.0002 0.3 p/100
MIMS 0.007 0.3 1 1 1 0.0002 0.3 p/100

TABLE I. List of physical error rates (all in %) used for sim-
ulation of three di↵erent gate implementations at scaling pa-
rameter � = 1. The error rates for idling positions during
an operation are assumed to be 1% of the respective opera-
tion’s error rate. Multi-qubit gate error rates (p3, p4, p5) are
based on theory proposals [77–80] while single qubit operation
(p1, pi, pm) and two-qubit gate error rates (p2) are state-of-
the-art values [15].

by reset of the control qubits into four MS4 gates that we
depict in Fig. 18. The remaining CNOT gates are com-
piled into MS2 gates and local rotations using Eq. (F1).
Figure 10 shows logical failure rates for all three previ-

ously described implementations for MFEC for both log-
ical Steane code input states |0iL and |+iL. Notably, all
implementations are capable of achieving logical failure
rates pL < p2 lower than the two-qubit error rate with
improvements of the scaling factor � of approximately
one order of magnitude. For low physical error rates,
where the six lines in Fig. 10 are (almost) parallel, na-
tive multi-qubit-controlled feedback operations yield ap-
proximately a factor five of improvement over the CNOT
compilation of the scheme. Multi-ion MS gates perform
approximately a factor of two worse than the CNOT ver-
sion in this regime4.

C. Implementation with neutral atoms

As mentioned above, measurements in neutral-atom
platforms are slow as compared to gates and it is chal-
lenging to perform measurements without atom loss and
with real-time feedback. While multi-qubit gates can be
performed within roughly 100 – 500 ns [81, 85, 98, 99],
recently demonstrated mid-circuit measurements in free
space take 3.5 – 25ms [32–35]. Such values correspond
to ratios tmeas/tops between 7⇥ 103 and 2.5⇥ 105.
With a coherence time of T ⇤

2 = 4ms, we estimate the
logical failure rate of MFEC using native multi-qubit-
controlled feedback gates via numerical simulation to be
p
MF
L = (5.9±0.3)%. With measurement times of approxi-

mately tmeas 2 {500 µs, 1ms}, flag EC achieves respective
logical failure rates of pFLL 2 {(4.9±0.2)%, (11.8±0.4)%}.
Assuming an anticipated improvement of future opera-
tion error rates p1, p2, p3, p4 and pi by a factor of 2, the

4
The syndrome mapping step in this variant is expected to be

more noisy since 6p5 > 12p2 as compared to the CNOT version

with the parameters from Table I. Also note that the decom-

position into MS gates requires additional single-qubit rotations

compared to the CNOT version, which we did not optimize for

these simulations.

When is it advantageous to use the 
measurement-free protocol? 

For long measurement- and gate times, 
and high-fidelity gates ( )p ≃ 5 × 10−4

Break-even for various schemes 
with native multi-qubit gates
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ion quantum processor, as sketched in Fig. 3b, hosting
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MS gates can be used for the syndrome mapping (orange
boxes in Fig. 2) and feedback steps [41, 95]. Previously
it has been found by exhaustive count of gate combina-
tions in Ref. [96] that the To↵oli gate is equivalent to a
sequence of local rotations and MS3 gates (reproduced in
Fig. 16 of App. F), which we do not improve further for
use in our QEC scheme. An application of MS5 gates for
mapping the expectation value of a weight-4 stabilizer to
a single auxiliary qubit has been given in Refs. [77, 95]
(see App. F for an example in Fig. 17). Six MS5 gates
are needed to map the syndrome to the physical auxil-
iary qubits. Recall that high-weight Pauli faults that are
generated by the depolarizing noise channel of the MS5
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based on theory proposals [77–80] while single qubit operation
(p1, pi, pm) and two-qubit gate error rates (p2) are state-of-
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piled into MS2 gates and local rotations using Eq. (F1).
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improvements of the scaling factor � of approximately
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where the six lines in Fig. 10 are (almost) parallel, na-
tive multi-qubit-controlled feedback operations yield ap-
proximately a factor five of improvement over the CNOT
compilation of the scheme. Multi-ion MS gates perform
approximately a factor of two worse than the CNOT ver-
sion in this regime4.

C. Implementation with neutral atoms

As mentioned above, measurements in neutral-atom
platforms are slow as compared to gates and it is chal-
lenging to perform measurements without atom loss and
with real-time feedback. While multi-qubit gates can be
performed within roughly 100 – 500 ns [81, 85, 98, 99],
recently demonstrated mid-circuit measurements in free
space take 3.5 – 25ms [32–35]. Such values correspond
to ratios tmeas/tops between 7⇥ 103 and 2.5⇥ 105.
With a coherence time of T ⇤

2 = 4ms, we estimate the
logical failure rate of MFEC using native multi-qubit-
controlled feedback gates via numerical simulation to be
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L = (5.9±0.3)%. With measurement times of approxi-

mately tmeas 2 {500 µs, 1ms}, flag EC achieves respective
logical failure rates of pFLL 2 {(4.9±0.2)%, (11.8±0.4)%}.
Assuming an anticipated improvement of future opera-
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Figure 4. Measurement-free fault-tolerant QEC implementation for the 9-qubit Shor code. (a) Stabilizers of the Shor’s code.
The SZ stabilizers can be grouped into pairs acting on different triplets of qubits (a pair for each column). (b) Circuit for
the correction of bit flips. Note how the syndrome extraction and correction occur separately for each triplet of qubits having
separate SZ stabilizers. (c) Circuit for the correction of phase flips. Operations acting on flags are depicted in red. The two
flag operations at the end of each stabilizer measurement (a CNOT and a Toffoli) apply corrections on the data, preventing
uncorrectable errors from spreading.

IV. PERFORMANCE

In this section we benchmark our protocols against
hardware-agnostic depolarizing noise (Sec. IVA), and a
noise model tailored to neutral atom arrays (Sec. IVB).
Details of the models are given in the relevant subsections.

We simulate our circuits, which heavily use non-Clifford
gates, with statevector simulations using cirq [63]. First,
we confirm the fault-tolerance of the protocols by simula-
tion of all possible single faults. To compute the logical
failure probability, we perform a Monte Carlo simulation,
by sampling Kraus operators at each error location accord-
ing to the chosen noise model. Because of fault-tolerance,
we only simulate circuits with two or more errors. The
logical failure probability is then estimated as

plog = p2+
log · p2+

err, (5)

where p2+
log is the average failure probability associated to

having two or more errors in the circuit, and p2+
err is the

probability two or more errors occurring. This is given by

p2+
err = 1 � p0

err � p1
err, (6)

with

p0
err =

Y

i

(1 � pi)
Ni , p1

err = p0
err

X

i

Nipi

1 � pi

, (7)

where pi is the probability that a gate of type i is faulty,
and Ni is the number of such gates. The averaging is
performed over 60 000 simulations, with inputs equally
distributed among |0i

L
, |+i

L
and |ii

L
[64].

A. Depolarizing Noise

We consider the hardware-agnostic depolarizing channel.
Given the set of Pauli strings of length `, i.e. P` =

{I, X, Y, Z}
⌦`, it is defined as

E(⇢) = (1 � p)⇢ +
p

|P`| � 1

X

P2P`

P 6=I
⌦`

P⇢P †, (8)

where p is the probability of an error occurring. In other
words, after each gate we apply with probability p an
operator sampled uniformly from all non-trivial Pauli
strings.

The depolarizing channel is a fairly general error model,
and is a standard benchmark of QEC protocols. We study
both a MF and feed-forward (FF) version of our QEC
protocols. In the latter, flags and ancillae are measured,
and the correction circuit is substituted by conventional
correction operations, which are only applied if required.
Initialization operations, measurements and correction
operations have the same error rate pphys = p as other
operations, whereas idling errors are neglected. The set of
required gates {X, H, CX, CZ, CCX, CCZ} is assumed
to be natively supported.

The logical performance of each protocol is shown in
Fig. 5; their pseudo-thresholds and resource overhead are
summarized in Table I. The pseudo-threshold is directly
connected to the number of gates and the correction
capabilities of each implementation. It is not surprising
that the implementations which are both shorter and
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A major challenge in performing quantum error correction (QEC) is implementing reliable mea-
surements and conditional feed-forward operations. In quantum computing platforms supporting
unconditional qubit resets, or a constant supply of fresh qubits, alternative schemes which do not
require measurements are possible. In such schemes, the error correction is realized via crafted coher-
ent quantum feedback. We propose implementations of small measurement-free QEC schemes, which
are fault-tolerant to circuit-level noise. These implementations are guided by several heuristics to
achieve fault-tolerance: redundant syndrome information is extracted, and additional single-shot flag
qubits are used. By carefully designing the circuit, the additional overhead of these measurement-free
schemes is moderate compared to their conventional measurement-and-feed-forward counterparts.
We highlight how this alternative approach paves the way towards implementing resource-efficient
measurement-free QEC on neutral-atom arrays.

I. INTRODUCTION

Large-scale quantum computers will require quantum
error correction (QEC) to perform quantum information
processing [1, 2]. By carefully designing the physical sys-
tem one can counteract the propagation of faults, arising
from fundamentally noisy hardware. The logical infor-
mation is encoded in a small subspace of the physical
Hilbert space of the whole system, in a typically non-
local way: this redundant encoding is then robust against
local errors. The redundancy however introduces a sig-
nificant overhead in the resources required to implement
QEC. Therefore, the choice of the specific error-correction
scheme should be tailored to a given quantum computer,
in order to minimize this overhead and take advantage
of the features of a given physical platform. Despite the
technical challenges, we are currently witnessing exciting
progress in the field of QEC, as highlighted by recent
experimental advances [3–17].

Neutral atom arrays are a promising candidate for large-
scale quantum information processors [18]. Atoms can
be manipulated in large numbers using optical tweez-
ers, cf. Fig. 1(a), enabling reconfigurable geometries as
well as the physical transport of individual atoms while
preserving quantum information [19]. The quantum in-
formation is stored in different atomic levels, exhibiting
long coherence times of the order of seconds. Single-qubit
gates can be realized with controlled sequences of mi-
crowave or laser pulses, which can be performed in times
of the order of 0.5 µs [20–23]. Multi-qubit entangling gates
are realized via Rydberg interactions between neighbor-
ing qubits. By engineering pulses that drive the atoms
to their Rydberg states and back [24, 25], high-fidelity
controlled-Z gates (CZ) have been realized with rubid-
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Figure 1. (a) Optical tweezer arrays allow for the ma-
nipulation of individual atoms in space. By placing atoms
nearby, one can exploit Rydberg interactions to perform entan-
gling gates. Such gates can then be used to extract stabilizer
information from the system. For example, the ancillary
qubit highlighted in red can be used to extract the stabi-
lizer SX

1 = X1X2X3X4X5X6 of the Bacon-Shor code. (b)
The Bacon-Shor codespace is generated by four six-body sta-
bilizers: two X-stabilizers in the vertical direction and two
Z-stabilizers in the horizontal direction. (c) General circuit
layout for fault-tolerant measurement-free QEC. It uses three
registers of qubits: data | iL, flags |fi, ancillae |ai. Fault-
tolerance is achieved via two main ingredients: syndrome
redundancy and single-shot flags. The circuit coherently maps
syndrome information of a redundant number m of stabilizers
on ancilla qubits, with m larger than the size of the generating
set of stabilizers (orange). Each extraction is aided by flags,
which detect errors occurring during the coherent mapping
of the stabilizers. The flag pattern is then used to correct
these errors on data qubits (purple). After the extraction
of each stabilizer, the qubits in the intermediary register are
reset to |0i or, alternatively, replaced by fresh qubits in |0i (R
gate). Finally, the correction is applied coherently based on
the syndrome information contained in the quantum state of
the ancillae (green). Arrows represent the flow of information.
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Figure 4. Measurement-free fault-tolerant QEC implementation for the 9-qubit Shor code. (a) Stabilizers of the Shor’s code.
The SZ stabilizers can be grouped into pairs acting on different triplets of qubits (a pair for each column). (b) Circuit for
the correction of bit flips. Note how the syndrome extraction and correction occur separately for each triplet of qubits having
separate SZ stabilizers. (c) Circuit for the correction of phase flips. Operations acting on flags are depicted in red. The two
flag operations at the end of each stabilizer measurement (a CNOT and a Toffoli) apply corrections on the data, preventing
uncorrectable errors from spreading.

IV. PERFORMANCE

In this section we benchmark our protocols against
hardware-agnostic depolarizing noise (Sec. IVA), and a
noise model tailored to neutral atom arrays (Sec. IVB).
Details of the models are given in the relevant subsections.

We simulate our circuits, which heavily use non-Clifford
gates, with statevector simulations using cirq [63]. First,
we confirm the fault-tolerance of the protocols by simula-
tion of all possible single faults. To compute the logical
failure probability, we perform a Monte Carlo simulation,
by sampling Kraus operators at each error location accord-
ing to the chosen noise model. Because of fault-tolerance,
we only simulate circuits with two or more errors. The
logical failure probability is then estimated as

plog = p2+
log · p2+

err, (5)

where p2+
log is the average failure probability associated to

having two or more errors in the circuit, and p2+
err is the

probability two or more errors occurring. This is given by

p2+
err = 1 � p0

err � p1
err, (6)

with

p0
err =

Y

i

(1 � pi)
Ni , p1

err = p0
err

X

i

Nipi

1 � pi

, (7)

where pi is the probability that a gate of type i is faulty,
and Ni is the number of such gates. The averaging is
performed over 60 000 simulations, with inputs equally
distributed among |0i

L
, |+i

L
and |ii

L
[64].

A. Depolarizing Noise

We consider the hardware-agnostic depolarizing channel.
Given the set of Pauli strings of length `, i.e. P` =

{I, X, Y, Z}
⌦`, it is defined as

E(⇢) = (1 � p)⇢ +
p

|P`| � 1

X

P2P`

P 6=I
⌦`

P⇢P †, (8)

where p is the probability of an error occurring. In other
words, after each gate we apply with probability p an
operator sampled uniformly from all non-trivial Pauli
strings.

The depolarizing channel is a fairly general error model,
and is a standard benchmark of QEC protocols. We study
both a MF and feed-forward (FF) version of our QEC
protocols. In the latter, flags and ancillae are measured,
and the correction circuit is substituted by conventional
correction operations, which are only applied if required.
Initialization operations, measurements and correction
operations have the same error rate pphys = p as other
operations, whereas idling errors are neglected. The set of
required gates {X, H, CX, CZ, CCX, CCZ} is assumed
to be natively supported.

The logical performance of each protocol is shown in
Fig. 5; their pseudo-thresholds and resource overhead are
summarized in Table I. The pseudo-threshold is directly
connected to the number of gates and the correction
capabilities of each implementation. It is not surprising
that the implementations which are both shorter and
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Universal quantum computation via code switching

2

b

|0i

...

|0i

|+i

...

...

...T

TH

H

H

|+i ...T H

|0iL

...

|0iL

HL TL

|+iL

...

...

...

HL

HLTL

|+iL ...TL HLB A

B A

BA

Physical Error corrected

FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements

2

|0

FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.
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error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2
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Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
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⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]
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which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.
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on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.
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in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
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code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
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8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].
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rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements

Fault-tolerant Code Switching Protocols for Near-Term Quantum Processors,  
F. Bu\, S. Heussen,  M. Rispler, M.M., PRX Quantum 5, 020345 (2024)
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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Nature Physics

Article https://doi.org/10.1038/s41567-024-02727-2

Extended Data Fig. 5 | FT logical T gate circuits. (a) The TZ

L

 gate on the [[10, 1, 2]] 
code can be implemented by applying single-qubit T and T† gates to qubits 1 - 7 
and a CCZ gate to qubits 8, 9, and 10. An additional minimal error-detection block 
has to be performed before applying this gate that checks only for potentially 

dangerous propagated X errors occurring during the initialization of the logical 
|

+

⟩

L

. (b) The TX

L

= H

⊗10

T

Z

L

H

⊗10 on the rotated [[10, 1, 2]] code is implemented 
analogously by applying single-qubit TX and T†

X

 gates on qubits 1 -7 and a CCX 
gates to qubits 8, 9, and 10.



Helene Hainzer 

First experimental fault-tolerant code switching

2

HL

B A

FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements

Experimental fault-tolerant code switching, I. Pogorelov, F. Bu\, L. Postler,  
C. D. Marciniak, P. Schindler, M. M., T. Monz, Nature Physics 21, 298 (2025)
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After initializing a logical auxiliary qubit in |0
code, the auxiliary qubit is coupled to the data qubits with a 
transversal CNOT-gate (yellow), which effectively maps the 
stabilizers from the data to the auxiliary qubit. The 
corresponding syndrome information is transferred to a set of 
physical qubits afterwards (orange). In parallel, we map the 
stabilizer values of the set of opposite faces (violet), which 
belong to the yellow cell of the tetrahedron, to an auxiliary 
register. These opposing faces should agree with their 
respective counterpart, so the syndrome is updated coherently 
with a Toffoli-gate, i.e. it is flipped if there is a disagreement 
between opposing faces. The respective feedback operation is 
split into two parts, namely Feedback 1 (F1) and F2 (pink), and 
the full auxiliary register is reset in between (blue), which 
includes all of the previous steps (yellow, orange, blue, green).

implementation of MF code switching protocols for switching from the [[15, 1, 3]] code to the seven-qubit color code [[7, 1, 3]]. 
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}
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F2

we measure the three X-stabilizers (AR
X , AB

X , AG
X) of

[[7, 1, 3]] as shown in Box 1. The initial tetrahedral
code is a +1-eigenstate of the weight-8 cells, so this
measurement yields random outcomes ±1 for each target
stabilizer. Next, a combination of the Z-stabilizers
connecting the [[7, 1, 3]]-instance with the yellow cell is
applied, i.e. a combination of (BRB

Z , BRG
Z , BBG

Z ). For
example, in the first step we could find the outcome
(AR

X , AB
X , AG

X) = (0, 1, 0) and, based on this measure-
ment, then apply BRG

Z , which shares an even number

of sites with the red and green plaquette and a single
site with the blue one, thus fixing the state into the
desired target codespace. This procedure is inverted
for switching from [[7, 1, 3]] to [[15, 1, 3]]: First the
Z-stabilizers connecting the 2D color code instance with
the yellow cell are measured, i.e. (BRB

Z , BRG
Z , BBG

Z ),
and a combination of (AR

X , AB
X , AG

X) is applied. The
respective quantum feedback obeys a lookup-table-like
logic as summarized in Methods Sec. II.

Measurement-free, scalable and fault-tolerant universal quantum compu$ng 
F. Bu\, D. F. Locher, K. Brechtelsbauer, H. P. Büchler, and M. Müller, Science Advances 11, eadv2590 (2025)
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FIG. 1: Quantum algorithms with universal gate set. (a) Two codes with complementary sets of FT gates
in combination amount to a complete FT universal logical gate set {HL, TL,CNOTL}. (b) An algorithm running
on physical qubits (left) can be run fault-tolerantly on logical qubits (right) by switching between two codes. If, for
example, the FT TL gate is only available in code B (orange), one has to switch to this code before applying the
respective gate operation.

ing a single logical qubit and capable of correcting a single
error, and an error-detecting 10-qubit code [8] on an ion-
trap quantum processor. We prepare 12 di↵erent states
on the seven-qubit color code, which can not be obtained
transversally using a single error-correcting code. We
furthermore extend these protocols to entangling logical
operations and implement minimal logical algorithms us-
ing all gates of a universal gate set {H,T,CNOT}.

II. FT CODE SWITCHING PROCEDURE

The seven-qubit color code encodes k = 1 logical qubit
in n = 7 physical qubits and has a code distance d = 3,
allowing the correction of any single error [7, 27]. A
valid logical state is the simultaneous +1-eigenstate of

the stabilizer generators A(i)
� , which are shown in Fig. 2

on the left and given explicitly in App. A. The logical
Pauli operators of this code correspond to applying Pauli
X- and Z- operations to all seven qubits XL = X

⌦7 and
ZL = Z

⌦7. A logical Hadamard gate HL can be im-
plemented transversally by bitwise application of single-
qubit Hadamard-gates and, similarly, the phase gate SL

can be realized in a transversal manner by applying
single-qubit S†-gates to all qubits. As introduced in [8],
the [[10, 1, 2]] code encodes a single logical qubit in 10
physical qubits and, with distance d = 2, can detect any
single error. The logical qubit of the [[10, 1, 2]] code is

defined by the stabilizer generators B(i)
� , shown in Fig. 2

on the right and given in App. A, and the logical Pauli-
operators coincide with those of the seven-qubit color
code. X- and Z-stabilizer generators are not defined on
the same support, meaning that the [[10, 1, 2]] code is not
self-dual, and consequently does not have a transversal
Hadamard-gate. It is generated from the larger 15-qubit
tetrahedral code, inheriting its FT non-Cli↵ord T -gate,
which can be implemented with [8]

TL = T1T
†
2T3T

†
4T5T

†
6T7 CCZ8,9,10, (1)

which includes the controlled-controlled-Z-gate on qubits
8, 9, and 10. This implementation of the logical TL-
gate is not transversal anymore but FT in the sense that
all possible errors resulting from a single fault are still
detectable. The [[10, 1, 2]] code is the smallest known
code that has a FT T -gate [8].

We implement a FT universal gate set by switch-
ing between the seven-qubit color code [[7, 1, 3]] and the
[[10, 1, 2]] code [7, 8, 27]. We can transfer encoded in-
formation between these two codes by first measuring
those stabilizers of the target code which di↵er from the
stabilizers of the initial code. This measurement ran-
domly projects the logical state onto a ±1-eigenstate of
the measured stabilizers. In a second step, we force the
state into the +1-eigenstate of the measured stabilizers
without changing the logical state [4, 6, 28] by applying a
combination of Pauli-generators. Here, these generators
directly correspond to stabilizer operators of the initial
code and, therefore, do not a↵ect the logical state.

Specifically, we measure the three Z-stabilizers

(B(4)
Z , B

(5)
Z , B

(6)
Z ), shown in Fig. 2 to switch from

[[7, 1, 3]] to [[10, 1, 2]]. Then, we apply a combina-
tion of the weight-4 X-generators of the [[7, 1, 3]] code

(A(1)
X , A

(2)
X , A

(3)
X ). For example, if the random projec-

tion onto the Z-stabilizers yields (0, 0, 1), where 0 corre-
sponds to a +1-eigenvalue and 1 to a -1-eigenvalue of the

measured operator, we would apply A
(3)
X = X3X4X6X7.

A
(3)
X overlaps at an even number of sites with the first

and second Z-stabilizer and only at a single site with

B
(6)
X and, therefore, this operation fixes the state into

the +1-eigenstate of all Z-stabilizers (B(4)
Z , B

(5)
Z , B

(6)
Z )

of the ten-qubit code. For switching in the inverse
direction from [[10, 1, 2]] to [[7, 1, 3]] , we employ the
same scheme but interchange the sets of stabilizers: we

measure (A(1)
X , A

(2)
X , A

(3)
X ) and apply a combination of

(B(4)
Z , B

(5)
Z , B

(6)
Z ). The lookup table with possible mea-

surement outcomes and switching operations for both di-
rections is summarized in App. Tab. I.

To achieve fault tolerance, we repeat measurements
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ZL
0

XL
0 ZL

1
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1 ZL
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1: Measurement-based

2: Coherent feedback

3: Coherent on [[8, 3, 2]] via [[4, 2, 2]][[4, 2, 2]][[8, 3, 2]]
b

Logical operators: 

H

H H

H

X

XZ
Z
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H HX

H
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SZ = Z0Z2Z4Z6
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Z
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First experimental demonstration of measurement-free universal 
fault-tolerant quantum computation on any physical platform 

Work with a small cubic 3D color code: 3 logical qubits, d=2 (error detection only) 

Coherent FT injection of a logical Hadamard gate

First experimental measurement-free fault-tolerant QC



First experimental measurement-free fault-tolerant QC
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Demonstration of a measurement-free logical algorithm requiring 
a universal logical gate set 

Grover search algorithm in a database of N=8 elements 
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Solutions clearly identified
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systems needed for  
break-even with physical qubits
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failure rates. To this end, we introduce an additional parameter 
pidle,meas , which indicates the error rate on idling data qubits during 
measurements. We identify a large parameter regime where the 
MF logical operation outperforms the measurement- based version, 
shown in green in Fig. 6B.

Scalability of MF FT universal gates
Scaling up an FT quantum computing architecture to high- distance 
codes is a crucial step toward building practical, large- scale quan-
tum computers that require low error rates (32). However, this task 
presents major challenges in the measurement- based setting, as 
qubit overhead, computational complexity, and hardware require-
ments increase substantially. Code concatenation o"ers a powerful 
method for constructing high- distance codes from smaller ones be-
cause the failure probability is suppressed doubly exponentially be-
low the threshold with each layer of concatenation while maintaining 
polynomial time decoding complexity (6, 33), at the cost of expo-
nentially growing qubit overhead. In the following, we scale the pre-
sented MF FT protocols to high- distance codes by concatenating the 

[[7, 1, 3]] color code with itself and combining this with code 
switching, thus e"ectively giving access to the logical T gate for the 
concatenated [[7, 1, 3]] code.

As a #rst step, we estimate the leading order contributions to the 
logical failure rate for the initial, nonconcatenated code. $e noisy 
two- qubit gates and the three- qubit To"oli gates dominate the total 
logical failure rate because the number of two- qubit gates is orders 
of magnitude larger than that of single- qubit operations. $is allows 
us to approximate the e"ective error polynomial, as discussed fur-
ther in Materials and Methods, as

$e coe%cients c2, c2,toff , and ctoff correspond to the number of 
weight 2 faults on the specified components (two- qubit gates, 
Toffoli gates) that lead to a logical failure, and p2 and ptoff are the 
error rates on the respective circuit component. We determine the 
coefficients c2 and c2,toff  for the different protocols by determinis-
tically placing all weight 2 fault con#gurations and counting the 

pL ≈ c2p
2
2 + c2,toffp2ptoff + ctoffp

2
toff

+
(
p3
)

(1)

Fig. 6. MF FT code switching and logical operations. (A) Logical failure rates for switching from the [[15, 1, 3]] to the [[7, 1, 3]] code and the inverse direction for the FT 
and non- FT MF protocol, averaged over di!erent logical input states. All two- qubit gate components infer an error with the error rate p and any single- qubit gate operation 
introduces an error with a probability p

10
 . The gray dashed lines correspond to the approximated polynomial (Eq. 1) with the coe#cients given in table S2. The black dashed 

line is the physical error rate, indicating a breakeven point for the FT schemes at p ≈ 3 × 10
−4 . (B) Di!erence in the logical error rate between the measurement- 

based and the MF protocol for the FT HL gate on the tetrahedral [[15, 1, 3]] code, operated above threshold in the regime of current experimental capabilities. The MF protocol 
achieves lower logical failure rates in the area depicted in green with circles, while the measurement- based version yields lower logical failure rates in the area shown in pink 
with crosses. The symbols indicate parameter regimes demonstrated in experiments with trapped ions in static traps (□) (12, 15), shuttling- based traps (○ ) (16), and with 
neutral atoms in tweezer arrays (Δ) (5, 42–44).

Fig. 7. MF FT code switching cycle and approximated scaling of the logical T gate. (A) Logical error rate for a full switching cycle, starting and ending in the [[7, 1, 3]] code. The 
gray dashed line corresponds to the summed polynomials of each individual switching step. We $nd a breakeven point at approximately pth = 2.6 × 10−4 as indicated by the red 
dashed line. (B) Approximated error polynomials of the logical error rates for the logical T gate (darker colored) and the logical To!oli gate (lighter colored) for concatenation levels 
l = 2, 3, and4 , based on the coe#cients summarized in table S2 and the polynomials given in table S3 for small physical error rates p. The level l To!oli gate error rates dominate 
the logical failure rates of the logical level (l − 1) T gate, and we $nd a pseudothreshold of pth ≈ 1 × 10−4 for both logical operations (gray dashed vertical line).
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Code concatenation to exponentially 
suppress logical error rates

Waiting for a scalable 
neutral atom realisation! 
… starting with only 35 physical qubits
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Fault-Tolerant Stabilizer Measurements in Surface Codes with Three-Qubit Gates (III)

HAT Site Visit – 24th July 2025

Challenge: Fault tolerance commonly believed to be only achievable using single- and two-qubit gates
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- two-qubit implementation FT with specific ordering
- three-qubit gate implementation always non-FT
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- three-qubit gate implementation FT with specific ordering
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FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-
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[[41, 1, 1]]

[[61, 1, 6]]
[[61, 1, 1]]

[[85, 1, 7]]
[[85, 1, 1]]

[[113, 1, 8]]
[[113, 1, 1]]

[[145, 1, 9]]
[[145, 1, 1]]

[[181, 1, 10]]
[[181, 1, 1]]

[[10, 2, 2]]
[[10, 2, 2]]

[[26, 2, 3]]
[[26, 2, 2]]

[[50, 2, 4]]
[[50, 2, 2]]

[[82, 2, 5]]
[[82, 2, 2]]

[[122, 2, 6]]
[[122, 2, 2]]

[[170, 2, 7]]
[[170, 2, 2]]

[[226, 2, 8]]
[[226, 2, 2]]

[[290, 2, 9]]
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[[362, 2, 10]]
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[[15, 3, 2]]
[[15, 3, 3]]

[[39, 3, 3]]
[[39, 3, 3]]

[[75, 3, 4]]
[[75, 3, 3]]

[[123, 3, 5]]
[[123, 3, 3]]

[[183, 3, 6]]
[[183, 3, 3]]

[[255, 3, 7]]
[[255, 3, 3]]

[[339, 3, 8]]
[[339, 3, 3]]

[[435, 3, 9]]
[[435, 3, 3]]

[[543, 3, 10]]
[[543, 3, 3]]

[[20, 4, 2]]
[[20, 4, 3]]

[[52, 4, 3]]
[[52, 4, 4]]

[[100, 4, 4]]
[[100, 4, 4]]

[[164, 4, 5]]
[[164, 4, 4]]

[[244, 4, 6]]
[[244, 4, 4]]

[[340, 4, 7]]
[[340, 4, 4]]

[[452, 4, 8]]
[[452, 4, 4]]

[[580, 4, 9]]
[[580, 4, 4]]

[[724, 4, 10]]
[[724, 4, 4]]

[[25, 5, 2]]
[[25, 5, 3]]

[[65, 5, 3]]
[[65, 5, 5]]

[[125, 5, 4]]
[[125, 5, 5]]

[[205, 5, 5]]
[[205, 5, 5]]

[[305, 5, 6]]
[[305, 5, 5]]

[[425, 5, 7]]
[[425, 5, 5]]

[[565, 5, 8]]
[[565, 5, 5]]

[[725, 5, 9]]
[[725, 5, 5]]

[[905, 5, 10]]
[[905, 5, 5]]

[[30, 6, 2]]
[[30, 6, 3]]

[[78, 6, 3]]
[[78, 6, 5]]

[[150, 6, 4]]
[[150, 6, 6]]

[[246, 6, 5]]
[[246, 6, 6]]

[[366, 6, 6]]
[[366, 6, 6]]

[[510, 6, 7]]
[[510, 6, 6]]

[[678, 6, 8]]
[[678, 6, 6]]

[[870, 6, 9]]
[[870, 6, 6]]

[[1086, 6, 10]]
[[1086, 6, 6]]

[[35, 7, 2]]
[[35, 7, 3]]

[[91, 7, 3]]
[[91, 7, 5]]

[[175, 7, 4]]
[[175, 7, 7]]

[[287, 7, 5]]
[[287, 7, 7]]

[[427, 7, 6]]
[[427, 7, 7]]

[[595, 7, 7]]
[[595, 7, 7]]

[[791, 7, 8]]
[[791, 7, 7]]

[[1015, 7, 9]]
[[1015, 7, 7]]

[[1267, 7, 10]]
[[1267, 7, 7]]

[[40, 8, 2]]
[[40, 8, 3]]

[[104, 8, 3]]
[[104, 8, 5]]

[[200, 8, 4]]
[[200, 8, 7]]

[[328, 8, 5]]
[[328, 8, 8]]

[[488, 8, 6]]
[[488, 8, 8]]

[[680, 8, 7]]
[[680, 8, 8]]

[[904, 8, 8]]
[[904, 8, 8]]

[[1160, 8, 9]]
[[1160, 8, 8]]

[[1448, 8, 10]]
[[1448, 8, 8]]

[[45, 9, 2]]
[[45, 9, 3]]

[[117, 9, 3]]
[[117, 9, 5]]

[[225, 9, 4]]
[[225, 9, 7]]

[[369, 9, 5]]
[[369, 9, 9]]

[[549, 9, 6]]
[[549, 9, 9]]

[[765, 9, 7]]
[[765, 9, 9]]

[[1017, 9, 8]]
[[1017, 9, 9]]

[[1305, 9, 9]]
[[1305, 9, 9]]

[[1629, 9, 10]]
[[1629, 9, 9]]

FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.

2

(d)
(e)

FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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qLDPC Codes: Lift-connected surface code family
Key features of new lift-connected surface code family 
• Attractive parameters in low-qubit number regime 
• Efficient decoders 
• Strong suppression of logical error rates
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L

[[5, 1, 2]]
[[5, 1, 1]]

[[13, 1, 3]]
[[13, 1, 1]]

[[25, 1, 4]]
[[25, 1, 1]]

[[41, 1, 5]]
[[41, 1, 1]]

[[61, 1, 6]]
[[61, 1, 1]]

[[85, 1, 7]]
[[85, 1, 1]]

[[113, 1, 8]]
[[113, 1, 1]]

[[145, 1, 9]]
[[145, 1, 1]]

[[181, 1, 10]]
[[181, 1, 1]]

[[10, 2, 2]]
[[10, 2, 2]]

[[26, 2, 3]]
[[26, 2, 2]]

[[50, 2, 4]]
[[50, 2, 2]]

[[82, 2, 5]]
[[82, 2, 2]]

[[122, 2, 6]]
[[122, 2, 2]]

[[170, 2, 7]]
[[170, 2, 2]]

[[226, 2, 8]]
[[226, 2, 2]]

[[290, 2, 9]]
[[290, 2, 2]]

[[362, 2, 10]]
[[362, 2, 2]]

[[15, 3, 2]]
[[15, 3, 3]]

[[39, 3, 3]]
[[39, 3, 3]]

[[75, 3, 4]]
[[75, 3, 3]]

[[123, 3, 5]]
[[123, 3, 3]]

[[183, 3, 6]]
[[183, 3, 3]]

[[255, 3, 7]]
[[255, 3, 3]]

[[339, 3, 8]]
[[339, 3, 3]]

[[435, 3, 9]]
[[435, 3, 3]]

[[543, 3, 10]]
[[543, 3, 3]]

[[20, 4, 2]]
[[20, 4, 3]]

[[52, 4, 3]]
[[52, 4, 4]]

[[100, 4, 4]]
[[100, 4, 4]]

[[164, 4, 5]]
[[164, 4, 4]]

[[244, 4, 6]]
[[244, 4, 4]]

[[340, 4, 7]]
[[340, 4, 4]]

[[452, 4, 8]]
[[452, 4, 4]]

[[580, 4, 9]]
[[580, 4, 4]]

[[724, 4, 10]]
[[724, 4, 4]]

[[25, 5, 2]]
[[25, 5, 3]]

[[65, 5, 3]]
[[65, 5, 5]]

[[125, 5, 4]]
[[125, 5, 5]]

[[205, 5, 5]]
[[205, 5, 5]]

[[305, 5, 6]]
[[305, 5, 5]]

[[425, 5, 7]]
[[425, 5, 5]]

[[565, 5, 8]]
[[565, 5, 5]]

[[725, 5, 9]]
[[725, 5, 5]]

[[905, 5, 10]]
[[905, 5, 5]]

[[30, 6, 2]]
[[30, 6, 3]]

[[78, 6, 3]]
[[78, 6, 5]]

[[150, 6, 4]]
[[150, 6, 6]]

[[246, 6, 5]]
[[246, 6, 6]]

[[366, 6, 6]]
[[366, 6, 6]]

[[510, 6, 7]]
[[510, 6, 6]]

[[678, 6, 8]]
[[678, 6, 6]]

[[870, 6, 9]]
[[870, 6, 6]]

[[1086, 6, 10]]
[[1086, 6, 6]]

[[35, 7, 2]]
[[35, 7, 3]]

[[91, 7, 3]]
[[91, 7, 5]]

[[175, 7, 4]]
[[175, 7, 7]]

[[287, 7, 5]]
[[287, 7, 7]]

[[427, 7, 6]]
[[427, 7, 7]]

[[595, 7, 7]]
[[595, 7, 7]]

[[791, 7, 8]]
[[791, 7, 7]]

[[1015, 7, 9]]
[[1015, 7, 7]]

[[1267, 7, 10]]
[[1267, 7, 7]]

[[40, 8, 2]]
[[40, 8, 3]]

[[104, 8, 3]]
[[104, 8, 5]]

[[200, 8, 4]]
[[200, 8, 7]]

[[328, 8, 5]]
[[328, 8, 8]]

[[488, 8, 6]]
[[488, 8, 8]]

[[680, 8, 7]]
[[680, 8, 8]]

[[904, 8, 8]]
[[904, 8, 8]]

[[1160, 8, 9]]
[[1160, 8, 8]]

[[1448, 8, 10]]
[[1448, 8, 8]]

[[45, 9, 2]]
[[45, 9, 3]]

[[117, 9, 3]]
[[117, 9, 5]]

[[225, 9, 4]]
[[225, 9, 7]]

[[369, 9, 5]]
[[369, 9, 9]]

[[549, 9, 6]]
[[549, 9, 9]]

[[765, 9, 7]]
[[765, 9, 9]]

[[1017, 9, 8]]
[[1017, 9, 9]]

[[1305, 9, 9]]
[[1305, 9, 9]]

[[1629, 9, 10]]
[[1629, 9, 9]]

FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.

3D local – interesting for e.g. (static)  
neutral atom tweezer arrays

LiK-Connected Surface Codes 
J. Old, M. Rispler and M. M.,  
Quantum Science and Technology 9, 045012 (2024)
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vs

k ⋅ [[n,1,d]] [[n, k, d]]

• Interwoven logical 
qubit encodings in 
qLDPC codes  

Addressable fault-tolerant universal quantum gate opera$ons for high-rate liK-connected surface codes 
J. Old, J. Bechar, M. M., S. Heußen, arXiv:2511.10191 (2025)

Universal FT logical gates in lift-connected surface codes

vs

k ⋅ [[n,1,d]] [[n, k, d]]

• Challenge: realize 
addressable logical 
gates

J. Old S. HeußenJ. Bechar



• FT constructions for full Clifford group (S, H, CNOT), targeting arbitrary 
logical qubits in d=3 LCS codes

FT logical Clifford gates in lift-connected surface codes

Addressable fault-tolerant universal quantum gate opera$ons for high-rate liK-connected surface codes 
J. Old, J. Bechar, M. M., S. Heußen, arXiv:2511.10191 (2025)



• FT constructions for full Clifford group (S, H, CNOT), targeting arbitrary 
logical qubits in d=3 LCS codes

• Achieve FT by adding flag qubits to detect dangerous errors

FT logical Clifford gates in lift-connected surface codes

Addressable fault-tolerant universal quantum gate opera$ons for high-rate liK-connected surface codes 
J. Old, J. Bechar, M. M., S. Heußen, arXiv:2511.10191 (2025)
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FIG. 8. Targeted logical Cli!ord Gates in d = 3 LCS codes. a) The logical H gate consists of all-to-all Y CY -gates followed
by transversal H and Y -gates on the support of the logical operator. b) The logical S gate uses all-to-all ZCZ-gates followed
by transversal S-gates on the support of the logical operator. c) The logical intrablock CiXj gate is a round-robin, i.e., all-
control-to-all-target CX.

IV. FLAG-FT GATE CONSTRUCTIONS

In what follows, we present our detailed constructions
of the FT universal gate set Cli!ord+T on !15, 3, 3"-LCS
codes. We specify stabilizer generators and a logical oper-
ator basis in appendix A. We first consider making single-
qubit gates FT. Together with our construction of the FT
CX gate, which we discuss subsequently, the FT Cli!ord
group is generated. Finally, we provide two FT magic
state preparation schemes that allow us to complete the
FT universal gate set via gate teleportation.

A. FT single-qubit gates

As seen in the previous section, the round-robin gates
are not fault-tolerant. This implies that there are still
pairs of locations that lead to undetectable logical errors.
Using the H-gate as a guiding example, we explain how
flag constructions based on Ref. [46] render the fault set
F

(1) distinguishable. The flagged gate can then be used
in the Flag-FT protocol described above.

The general strategy is to first flag all two qubit gates
to catch correlated errors like the XX-fault described
above. Then, all remaining problematic faults are equiv-
alent to single-qubit faults before the gates. These are
detected by inserting stabilizer measurements.

For the bare logical gate, we find via computer-aided
inspection that 66 out of 1953 possible order-p2 faults
lead to an undetected logical error. 48 of these contain
correlated 2-qubit faults, like the XX fault of Fig. 9 a),
that are not equivalent to single-qubit faults before the
gate (i.e. XI, Y I, ZI, IX, IY, IZ, XZ, ZX, XY, Y X).

All these correlated two-qubit faults on data qubits af-
ter a Y CY -gate can be caught using two auxiliary qubits
as flags, cf. Ref. [46]: for the logical Hadamard gate,
the Y CY gates are flagged using a Y -flag on one qubit
i.e. a flag implementing the measurement of identity us-
ing CY -gates. This Y -flag catches X- and Z-faults. On
the other qubit, a Z-flag catches Y Y -faults. We show
the same fault-pair from before, that is now detected by
flag measurements in Fig. 9 b).

There are still faults that are undetected by flags. De-
spite the much larger number of fault locations (44850

fault pairs), still only 68 of those lead to an undetectable
logical error. These fault pairs contain terms at circuit
locations at or equivalent to X- or Y - faults at the in-
put of the circuit. We show corresponding locations in
Fig. 9 b). The reason for these faults not being detected
is that they occur before the flags and therefore prop-
agate onto the ancilla twice. The only chance to iden-
tify these remaining faults is to insert stabilizer mea-
surements after the first gate of the initial flags. The
stabilizers have to be chosen such that they overlap and
anticommute with these initial faults. For the H-gate,
the faults are Pauli X and Z - the stabilizer operators
therefore have to have a Pauli-Y term at these loca-
tions. For the logical H0, on the logical operator sup-
ported on qubits 0, 10 and 12, we choose to measure

the stabilizer S
(0) =

∏5
i=0 S

(i)
X

S
(i)
Z

= Y0Y1Y2Y12Y13Y14

after the first gate of the Y -flag for gate Y0CY10, and

S
(1) = S

(3)
X

S
(3)
Z

= X3Z6Y9Y10Y12Y14 after the first gate
of the Y -flag for gate Y10CY12. We show this final circuit
with a distinguishable fault set in Fig. 9 c). We show the
full circuit for the logical S in the appendix B and tabu-
late the measured stabilizers in Tab. IV of appendix B 2.

B. FT CX gate

For the logical CX gate in the bare round-robin con-
struction, 28 out of 16290 fault pairs lead to an unde-
tected logical error. By flagging physical control and tar-
get qubits, 36 out of 69378. Note that because the CX

has a Z-control and an X-target, the Z- and X-flags
contain no extra gate due to anti-commutation. Also,
we find that we don’t have to flag each gate separately,
but one flag spanning the first two controls and targets
of each qubit is su”cient. Again, including stabilizer
measurements allows one to distinguish the remaining,
incoming faults such that F

(1) is distinguishable. For
a C0X1, on the logical operators supported on qubits
(0, 10, 12) and (1, 11, 13) respectively, the measured sta-

bilizers are S
(0)
Z

= Z0Z3Z4Z12, S
(3)
Z

= Z6Z9Z10Z12Z14

and S
(1)
X

= X1X7X8X13, S
(5)
X

= X5X9X11X13X14. We
show the full circuit in Fig. 10. Circuits for other combi-
nations of logical controls and targets have the identical
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FIG. 4. Fault-tolerant generation of a logical magic state |Hi
L
(see Eqn. 2). (a) The magic state is prepared non-fault-tolerantly

in a first step, where a physical magic state |Hi is mapped to the logical state |Hi
L,nf encoded in the data qubits at positions

9 to 15 in the ion string (see labels at left of circuit). Thereafter, a FT measurement of the Hadamard operator (MH) is
carried out. Two ancilla qubits herald that the prepared state is a +1-eigenstate of the Hadamard operator but also that no
dangerous error occurred during the measurement. The magic state preparation is concluded with an error detection block that
measures the three X- and Z-type stabilizers each in a fault-tolerant fashion. The first part of the error detection circuit (first

dashed box), measures S(1)
X

, S(2)
Z

and S
(3)
Z

, whereas the second part measures S(1
Z
, S(2)

X
and S

(2)
X

. The magic state preparation
is discarded and repeated in case of a non-trivial syndrome of the eight ancilla qubits 1 to 8. (b) Logical state tomography
(see Sec. III) after FT magic state preparation. The phase of the complex amplitudes is encoded in the color of the 3D bar
plot and the wireframes depict ideal results. Phase deviations from the ideal density matrix are smaller than 50mrad while
amplitude deviations are smaller than 0.07. (c) The decrease in infidelity of the logical magic state (red marker on Bloch sphere)
after each step of the FT preparation procedure is observed experimentally and captured by depolarizing noise simulations
(experimental/simulation results depicted darker/lighter).

logical measurement outcome. First preparing and then
injecting the logical magic state

|HiL = cos(⇡/8) |0iL + sin(⇡/8) |1iL (2)

enables gate teleportation of the logical non-Cli↵ord
T-gate. The logical magic state in Eq. (2) is the +1-
eigenstate of the logical Hadamard operator. Its corre-
sponding �1-eigenstate is |�HiL = YL |HiL, related to
|HiL via a logical Y-flip.

Recently, a resource-e�cient procedure to prepare a
magic state using FT circuits following the flag fault tol-
erance paradigm has been proposed [25]. The procedure
consists of the following steps, depicted in Fig. 4a: we be-
gin with a non-FT preparation of the magic state |HiL,nf,
as recently demonstrated also in [30] (shown in subbox
”Non-FT encoding”). Next, a measurement of the logical
Hadamard operator is performed, which projects input
states onto the +1-eigenspace and discards states that
are eigenstates with eigenvalue �1 (subbox ”Hadamard
meas.”). The latter may be caused by single faults in the
circuit (e.g. faults in the initial state preparation of |Hi
for physical qubit 11), thus rendering the circuit non-FT
if �1-eigenstates are not discarded in this step. Here
both ancillas (qubits 1 and 2) are utilized as flag qubits.

The syndrome measurement ancilla flags when the �1-
eigenstate has erroneously been prepared, the second an-
cilla flags when a dangerous fault has occurred that may
corrupt the state. The last step is a complete error cor-
rection (EC) cycle, consisting of fault-tolerantly measur-
ing all six stabilizers of the color code using one flag qubit
per stabilizer as suggested in [23]. The EC block is used
to sort out faulty states whenever any flag qubit is mea-
sured as �1 and thus enables error detection (ED) (sub-
box ”Error detection”). The resulting states after per-
forming all three steps are guaranteed to be the correct
logical magic state |HiL up to correctable single-qubit
errors provided at most one fault has occurred anywhere
in the circuit. In total the protocol requires eight ancilla
qubits that act as flags. The generated state is accepted
as valid if all flag qubits indicate that no harmful error
has happened.

We implement all steps for the magic state prepara-
tion and estimate the logical infidelities of the generated
magic state. We compare the results to numerical sim-
ulations of depolarizing noise on all circuit operations.
In Fig. 4b the reconstructed density matrix of the fault-
tolerantly prepared magic state is shown and its ideal
numerical values can be found in Eq. (35). Fig. 4c shows
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FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-
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FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.
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(d)
(e)

FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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1. Live cell with < 2 live neighbors: dies (underpopulation)
2. Live cell with 2 or 3 live neighbors: stays alive
3. Live cell with > 3 live neighbors: dies (overpopulation)
4. Dead cell with exactly 3 live neighbors: becomes a live cell (reproduction).

Classical cellular automata

Convey’s Game of Life (1970)
Simple local rules can give 
rise to complex emergent 

dynamics
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FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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FIG. 3. Flip times of Q232 (a) and QTLV (b) as func-
tions of 1/p. Phenomenological incoherent and coherent [with
sin2(✓/2) = p] bit-flip noise are represented by blue triangles
and stars, respectively. Circuit incoherent depolarizing noise
corresponds to orange squares. For comparison, classical CA
flip times are included as solid red curves.

Fig. 3. We choose to start with randomly generated log-
ical states of the form cos(�) ⌦i |0i,0i + i sin(�) ⌦i |1i,0i
with |�| < ⇡/4. It is possible to see from Fig. 3 that
the performances of the QCAs are exactly the same as
CA ones when incoherent bit-flip noise is phenomenolog-
ically applied, but are especially damped by depolarizing
circuit noise. As expected from our analysis of the 232
and TLV CAs, Fig. 3 confirms a solid performance by
TLV, generally showing robustness against noise applied
according to any model. Surprisingly, QTLV performs
very well in the presence of phenomenological coherent
noise, with a considerably smaller performance drop rel-
ative to the incoherent model than when one compares
coherent and incoherent performances for the repetition
code [52].

Implementation Proposal.—Neutral-atom dynamically
reconfigurable 2D arrays allow for the parallelization of
2- and 3-qubit high-fidelity entangling gates [60–63]. The
parallel 2- and 3-qubit gates required for the construction
of our QCAs are therefore within experimental reach.
The To↵oli gates can also be decomposed in terms of
single- and two-qubit gates [54, 64]. The reconfigurabil-
ity of 2D neutral-atom arrays provides the advantage of
allowing for the rearrangement of ”past”, ”present/now”
and ”future” strings [61]. It is therefore expected that
Rydberg-atom platforms will soon be able to implement
QCAs with globally applied locally conditional interac-
tions [32, 65] [cf. Fig. 1(b)], with trapped ions o↵ering
similar implementation capabilities [66].

Conclusion.—In this work, we introduce the first
QCAs for QEC. Those QCAs are reversible, translation
invariant, locality preserving, self-dual and independent
from measurements and syndromes. They preserve
coherence and information in the logical states they
act upon while keeping errors local. Our simulation
results highlight the robustness of QTLV with respect
to all studied noise models, displaying remarkably high
performance against coherent noise. Our proposal for
error-correcting QCAs opens the possibility to system-
atically explore and establish QCAs as a complementary
paradigm for robust quantum information processing. In

special, higher-dimensional QCAs should be able to cor-
rect both bit and phase flips, and topological properties
of QCAs [29, 67], potentially leveraging concepts from
CAs and topological error correction [35–39], could lead
to new classes of QCA-based measurement-free QEC
approaches unparalleled by currently known codes.
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FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can
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double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]

Quantum cellular automata for QEC and density classifica$on 
T. L. M. Guedes, D. Winter, and M. M., PRL 133, 150601 (2024)



Cellular Automata (CA) based Decoding

Analysis of Quantum Error-Correc$ng Codes: Symplec$c LaOce Codes and Toric Codes 
J. W. Harrington, Ph.D. thesis, California Insdtute of Technology (2004) 
Local Decoders for the 2D and 4D Toric Code 
N. Breuckmann et al., Quant. Inf. Comp. 17, 0181 (2017) 
… and many more

5

4

0

1

2

FIG. 3. Sketch of Harrington’s hierarchical CA decoder. On the left, we show a distance-27 toric code from the perspective
of the three hierarchy levels Harrington’s decoder imposes. Error correction is accomplished by moving defects (black circles)
which are close towards each other thereby correcting the errors (red lines) which separate them. At the lowest level (0),
one- and some two-qubit errors are corrected within at most two CA steps. Defects which have no other defect in their local
neighborhood move towards the center of their colony (group of Q→Q cells) marked in thick black lines at the next hierarchy
level (1). At level-1, defects located at colony centers communicate by exchanging CountSignals (blue color; shade represents
amount of signals) via the CA cells in between. These signals are counted for U CA steps, and compared to the threshold values
fCU, fNU to yield level-1 defects, as explained in detail in the main text. Based on the level-1 defects, the colony center cells
calculate level-1 corrections. This correction decision is then propagated via FlipSignals (not shown) to the intermediate cells
within the next Q time steps. Similar to level-0, level-1 defects which have no other level-1 neighbor defect are moved to the
supercolony center (i.e., the Q→Q group of level-0 colony centers) which are shown in thick black lines at the next hierarchy
level (2). At level-2, the exact same procedure is executed between level-2 defects, communicated by level-2 CountSignals and
FlipSignals. In the top center, we show a sketch of a CA cell. A cell contains one syndrome bit at level-0 (black circle) which
is connected to one DefectCounter (white square in cell center) per higher level, i.e., for all level k ↑ 1. Additionally, for
every higher level, a cell has eight CountSignal bits (black triangles) each one with attached SignalCounter (white squares),
incrementing for every received CountSignal and four FlipSignals (not shown), one for each cardinal direction. Additionally,
a cell has memory fields for the working period U = 10, the linear size of a colony, Q = 3, the threshold constants fC , fN and an
Age counter which increments each CA step (not shown). Furthermore, for each level a cell has an Address field (not shown),
corresponding to the cell’s relative position inside its level-k colony. In the boxes labeled (1 — 4), we subdivide the local rule
of Harrington’s CA into subrules, as detailed in the main text. In orange, we highlight parts of a cell’s memory involved in a
substep. In 3), we use color to illustrate the exchange of signals by assigning unique colors to cell signals before the exchange
occurs. In 4), green color represents a qubit correction which is executed by the cell from which the arrow emerged if both the
cell and its pointed to neighbor cell have a defect present. A red arrow represents a cell performing no action when itself and
its corresponding neighbor both have a defect present. For next-nearest neighbors, the green line represents the presence of
defects at a cell and its (diagonal) neighbor which causes a correction to the qubit to which the attached arced arrow points.
For a detailed description of the local rule we refer to the main text.

automaton operates on classical information obtained
syndrome measurements and applies corrections directly
to the toric code data qubits in discrete time steps. In-
spired by the work of Gacs [62–65], corrections of larger
error chains at higher hierarchy levels mimic the correc-
tions at the lowest level via self-reproduction. In the fol-
lowing, we explain each of these design aspects in detail.

Since the toric code is a CSS code, phase- and bit-
flip errors are corrected by two independent instances
of Harrington’s decoder, respectively taking X- and Z-
syndromes as input. We focus solely on bit-flip errors
which are detected by the plaquette operators.

1. Hierarchy

The hierarchy of the automaton is defined by recur-
sively partitioning the toric-code lattice into functional
groups. At the lowest level (level-0), Q → Q cells are
grouped into a colony. In this work, we fix Q = 3
which was found to be optimal in terms of QEC per-
formance [1, 33]. Colonies are further grouped into func-
tional groups of size Q→Q to form a higher-level (level-1)
colony. At level 2, Q→Q level-1 colonies are grouped into
a level-2 colony and so on, until the entire toric code lat-
tice is contained within one level-m colony. Due to this

Hierarchical CA Decoder:  
Recursive partitioning of the (toric code) 
lattice into colonies formed by Q x Q cells

RG-like 
self-similar 
structure

Non-Hierarchical CA Decoder 
(“Field-based” / “Signaling”)
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FIG. 15. Sketch of the SCALA1D decoder on a distance d = 15 repetition code with periodic boundary conditions. On the left
we show a space-time diagram of an initial (t = 0) configuration of data qubit errors (thick red lines) with the corresponding
syndrome (black dots). Each cell corresponds to a CA cell in space (left to right) and time (top to bottom). The SCALA1D
decoder is applied successively for t = d→2 steps, leading to the depicted evolution of errors (thick orange lines) and syndrome.
Note that errors in orange are “carried over” from previous time steps while red errors are newly generated due to noise. In the
depicted example, errors are only generated at t = 0 (red lines) and subsequently processed by the automaton under noise-free
conditions. In the top right, we show the layout of one CA cell. Besides the defect bit di and access to its left and right adjacent
qubits qi→1 and qi, a cell contains two signal bits li and ri, for left and right directions, respectively. In the space-time diagram,
a cell which has two active signal bits is colored in dark-blue while cells with one active signal are light-blue. When relevant to
understand the dynamics, we additionally show the direction of active signals. At time step t = d → 2, the number of signals
nsigs is equal to 4min (w0, d→ w0) where w0 is the error weight (i.e., number of errors) at t = 0, as explained in the text. In
the labeled boxes (1—4), we show the local rule divided into four steps, as further detailed in the main text.

A. Construction

SCALA1D is a non-hierarchical cellular automaton de-
coder for the quantum repetition code. Similar to Har-
rington’s model, CA cells are placed in between data
qubits of the repetition code, having access to their cor-
responding defect measurement information at each dis-
crete time step and the cell states of their left and right
neighbors. At the end of each CA step, each cell directly
applies its correction to at most one of its two adjacent
code qubits.

The state of a CA cell consists of three bits of infor-
mation — one Defect bit for the defect value which is
overwritten at the beginning of each CA step by the sta-
bilizer measurement at its location, and two Signal bits
for the left and right direction. A cell’s left and right
adjacent qubits, as shown in the top right of Fig. 15, are
not part of its internal state but accessible to the cell’s
corrections. These corrections a!ect the states of cells in-
directly via subsequent syndrome measurement and over-
writing of their Defect bits. In Fig. 15 (1–4), we illus-
trate the local rule, divided into four subrules. Applying
the local rules synchronously to all neighborhoods yields
the global update rule which evolves the current config-
uration to the next. We summarize this global update

Algorithm2 SCALA1D global update
1: function update(syndrome[ ], cells[ ], qubits[ ])
2: d ↑ length(syndrome)
3: for j ↑ 1 to d do
4: i ↑ (j → 1) mod d ω Left neighbor index
5: k ↑ (j + 1) mod d ω Right neighbor index
6: L,C,R ↑ cells[i to k]
7: dL,dC,dR ↑ syndrome[i to k] ω Defects
8: C.l = R.l ↓ ¬R.l ↔ dR ω Update left signal
9: C.r = L.r ↓ ¬L.l ↔ dL ω Update right signal

10: if dL ↔ dC then
11: qubits[j]=qubits[j] ↗1 ω Flip left qubit
12: else if ¬dL ↔ dC ↔ ¬dR ↔ ¬C.l ↔ C.r then
13: qubits[j]=qubits[j] ↗1 ω Flip left qubit
14: else if ¬dL ↔ dC ↔ ¬dR ↔ C.l ↔ ¬C.r then
15: qubits[k]= qubits[k]↗1 ω Flip right qubit

step in Alg. 2. In the global update, we iterate over all
d cells in the lattice, choosing the current cell as center
cell C with its left (L) and right (R) neighbor cells. The
corresponding defect is extracted from the given input
syndrome, which we label dL, dC, dR for left, center and
right defects. A cell’s left and right signal bits are repre-
sented as the attributes l and r, e.g., the center cell’s left
signal bit is accessed by C.l. The symbols ¬, →, ↑ and ↓
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FIG. 18. Average logical flip time →TF ↑ as function of phenomenological bit-flip error rate p on data qubits (left panel) and
rate q on measurements (right panel) for di!erent code distances (color code). In the left panel we set q = 0 and in the right
p = 0. Dashed black lines correspond to fits of the function g(d, r) = B(d)r→ω(d) with ω(d) shown in insets and rate r = p (q)
for the left (right) plot. The purple line in the insets corresponds to ω(d) = (1 +

↓
d)2/4 (left) and ω(d) = (d+ 3)/2 (right), as

explained in the main text. Code distance d = 7 in the left plot does not follow the lower bound due to certain weight-3 causing
logical errors which are discussed in more detail in App. C. For all other code distances the bound seems to hold. Numerical
data has been obtained from N = 103 to 106 Monte Carlo simulations (more shots for lower physical error rates). Standard
errors are shown in black bars.

4. Other work

Recently, a similar CA decoder design for the quantum
repetition code [67] has been proposed that also corrects
bit-flip errors dynamically via a signal-based automaton,
similar to ours. Our SCALA1D design di!ers in three
major ways. First, the cell state space of our decoder is
much smaller and the local rule less complex. SCALA1D

requires only three bits (defect, left and right signal)
while the design of Ref. [67] involves several types of
signals traveling at di!erent speeds and a stack as part
of each cell’s state. The simplicity of SCALA1D makes the
design amenable to future implementation as a quantum
cellular automaton. Second, whereas the design of
Ref. [67] is known to not be a maximum-likelihood
decoder in the code capacity scenario, we provide strong
numerical evidence (Fig. 17) that ours is. Third, whereas
in Ref. [67] all signals are removed (“uncomputed”)
by faster moving anti-signals, we use periodic resets of
the signal bits. The uncomputation requires additional
overhead in terms of CA steps which SCALA1D avoids.

V. SCALA2D

In this section, we now extend SCALA1D to two dimen-
sions to protect the toric code. Both the toric and repe-
tition codes are defined by local stabilizers that indicate
the endpoints of error chains, making them amenable to
correction through local attraction and annihilation of
defects. We begin by discussing the decoder construc-
tion.

A. Construction

We start constructing SCALA2D by placing independent
SCALA1D decoders on each of the d rows and d columns
of the toric code lattice shown on the left in Fig. 20. The
cells of the lattice correspond to the position of plaque-
tte operators which provide the input syndrome to the
decoder correcting bit-flip errors. Phase-flip errors are
corrected analogously via the star-stabilizers by an inde-
pendent SCALA2D decoder. A CA cell, shown in the top
center of Fig. 20, has four Signal bits, sN , sE , sS , sW ,
one for each cardinal direction, a Defect bit, di, as well
as access to its four adjacent toric-code data qubits. Sim-
ilar to SCALA1D, we divide the local rule into subrules for
clarity.
After syndrome collection, the defect bit is overwrit-

Only data qubit errors ( )p ≠ 0, q = 0 Only measurement errors ( )q ≠ 0, p = 0

Logical lifetime ⟨TF⟩ ∝ p−λ(d)

λ(d) = (1 + d)2/4 λ(d) = (d + 3)/2
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FIG. 20. Graphical representation of SCALA2D on the 2D toric code correcting bit-flip errors. A cellular automaton cell,
corresponding to a cell of the grid on the left and shown in detail in the top center, holds classical bits for signals in four
directions, sN , sE , sS , sW , and a defect bit di storing the measurement result of its associated Z-type stabilizer. A cell can
apply one bit-flip to any of its four adjacent qubits within one CA step. For convenience, we also define nsig as the number of
all active signals in a cell and the boolean variable isolated which is on when all four neighbors of a cell have no defect present.
These definitions are used in the description of the local rule (1–4). During one CA step, SCALA2D alters both its defect as well
as its signal bits and might apply a correction to one of its qubits. The local rule (1–4) of our decoder is split into four sub-rules,
similar to SCALA1D. We elaborate on these rules in the main text. On the left, we show an example error configuration (red
edges) resulting in the error syndrome (black dots) on the CA cells (faces). In response, the CA cells emit signals (blue shades)
in all four directions. Light-blue cells have one active signal while dark-blue ones contain two active signals. We indicate the
directions of signals when relevant to understand which correction the local rule applies in the next time step.

smaller cluster. To prevent such situations from occur-
ring, we further reinforce correction of smaller clusters by
gradually increasing and then decreasing the signal reset
time tR, i.e., the interval between two successive signal
reset events, over time. As two defects can be separated
by at most d cells (along either one of the two main di-
agonals of the lattice), the maximal reset time is limited
to d.

We start with tR = 1. At time step t = 1, all signals are
reset and we increment tR → 2. Two time steps later,
at t = 3, we reset the signals for the second time and
increment tR → 3, and so on, until we reached tR = d.
By this time, we can be sure that the most distant defects
had a chance to communicate. Next, we must assure
that these defects annihilate, which we accomplish by
gradually ramping down the reset time from tR = d ↑ 1
to 1. The ramp-up takes

∑d
k=1 k = d(d+1)/2 steps. The

ramp-down takes
∑d→1

k=1 k = d(d ↑ 1)/2 steps. Thus, in
total, the decoder runtime with this scheme is d2. While
the update rules of the cellular automaton are strictly
local, the reset schedule introduces a global timescale into
the decoding protocol. In particular, the reset interval
tR is predetermined as a function of the code distance d
through the ramp-up and ramp-down procedure, rather
than emerging from the local dynamics. This does not
require non-local communication during runtime, but it
implies that the overall protocol is not fully scale-free.

In the low-noise regime, the reset schedule ensures that
only error configurations of minimal weight have su!-
cient time to generate a logical failure, so that the ob-

served scaling reflects the underlying minimum-weight
processes.
In Fig. 21, we show numerical results for logical er-

ror rates pL as function of bit-flip error rate p in the
code-capacity model for di”erent code distances d un-
der SCALA2D corrections. In dashed black lines, we pro-
vide fits to the function f(d, p) = A(d)pω(d) with ω(d)
shown in the inset. The purple curve in the inset corre-
sponds to the function ω(d) = (1 +

↓
d)2/4 which also

determines the scaling of SCALA1D under phenomeno-
logical data noise. As we observe, the scaling in pL of
SCALA2D in the code-capacity setting matches the scaling
in ↔TF ↗ for p → 0 of SCALA1D under phenomenological
noise. We can explain this similarity in performance by
noting that the phenomenological minimal-weight error
configurations for SCALA1D also lead to logical errors un-
der SCALA2D correction in the code-capacity setting. The
observed scaling thereby supports the interpretation that
these configurations are indeed of minimal weight.
More precisely, this correspondence can be understood

from the e”ective greedy dynamics implemented by the
decoder in both settings. In SCALA2D, signals are reset af-
ter increasing periods of time, tR. As a consequence, de-
fect pairs at shorter distances are preferentially connected
first, while longer-range correlations are only resolved at
later times. This induces a greedy matching mechanism
that locally minimizes error chains. An analogous e”ect
occurs in SCALA1D under phenomenological noise, where
earlier measurement signals are processed first and thus
shorter-time (and thereby typically shorter-length) cor-
relations are resolved before longer ones. In both cases,

4 signal bits, slightly modified correction rules as compared to SCALA 1D
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FIG. 22. Average logical flip time →TF ↑ as function of phenomenological bit-flip error rate p on data qubits (left panel) and
rate q on measurements (right panel) for di!erent code distances (color code). In the left panel we set q = 0 and in the right
p = 0. Dashed black lines correspond to fits of the function g(d, p) = B(d)p→ω(d) with ω(d) shown in insets. In the right panel,
the asymptotic scaling regime is not fully reached for the largest code distances (d = 13, 15) within the accessible range of q,
leading to visible deviations from the fitted behavior in the main plot. For these largest code distances in the right panel, the
corresponding fits are therefore omitted from the main plot and are not included in the scaling analysis shown in the inset.
The purple line in the insets corresponds to ω(d) = (1 +

↓
d)2/4 (left) and ω(d) = (d + 3)/2 (right), as explained in the main

text. Numerical data has been obtained from N = 103 to 106 Monte Carlo simulations (more shots for lower physical error
rates). Standard errors are shown in black bars.

Thus, we conclude that SCALA2D is, like SCALA1D, robust
to signal noise.

4. Other work

We can compare SCALA2D to other similar decoders
proposed in the literature. The first one is Harring-
ton’s toric-code decoder, discussed in Sec. II. We have
shown numerically that both QEC threshold and sub-
threshold scaling of SCALA2D in the code-capacity model
(Fig. 21) are superior to Harrington’s decoder (Fig. 4).
In the phenomenological setting, we see earlier pairwise
crossings and improved lifetime scaling for p → 0. Due
to its working mechanism, SCALA2D is more tolerant to-
wards measurement errors, while Harrington’s decoder
is about equally volatile to measurement and data er-
rors. These observations follow by comparing Fig. 5 to
Fig. 22. Furthermore, Harrington’s hierarchical design
only allows for code distances which are powers of 3
while SCALA2D allows for any code distance d, making it
more adaptable for physical implementation. Even when
we consider noise within the CA, SCALA2D is substan-
tially more robust, while Harrington’s CA performance
degrades severely. Additionally, due to its more com-
plex structure we could consider also noise on counters
or address fields in Harrington’s decoder which would re-

duce its performance even further. As was noted in [33],
Harrington’s decoder is not fully local as the cell state
space grows when scaling up the system (each cell needs
more signal bits and counters etc.) whereas SCALA2D’s
state space does not grow with system size. Note that
although our choice of tR as a function of system size
also breaks strict locality, this dependence enters only
through a fixed external schedule and does not a!ect the
locality of the update rules or the constant size of the cell
state space during execution. We conclude that SCALA2D
is a more attractive CA decoder with respect to these
criteria.

A recent work [34] discussed a fault-tolerant design of
a toric-code decoder based on Gac’s work [62–65] and
Tsirelson’s automaton [74]. This automaton is similar to
Harrington’s design, i.e., essentially a local version of a
concatenated decoder. Reduced to one dimension, the
decoder performs concatenated majority vote, similar to
our one-dimensional reduction of Harrington’s decoder.
Also similar to Harrington’s decoder, larger levels of the
QEC hierarchy are corrected at time intervals increas-
ing with hierarchy level. Therefore, its performance is
comparable to Harrington’s design. The authors find a
phenomenological threshold pc on the order of 10→4 and
sub-threshold scaling according to concatenated major-

ity voting of ↑TF ↓ ↔ p→2log3(d)

. Although we cannot re-

SCALA (Signaling CA with Local Attraction)

Phenomenological noise

Only data qubit errors ( )p ≠ 0, q = 0 Only measurement errors ( )q ≠ 0, p = 0

Logical lifetime ⟨TF⟩ ∝ p−λ(d)

Strong robustness against measurement errors 

λ(d) = (1 + d)2/4 λ(d) = (d + 3)/2
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Algorithm1 Harrington1D global update
1: procedure update(syndrome[ ], cells[ ], qubits[ ])
2: U → 10 ω Working period
3: Q → 3 ω Colony size
4: fC → 9/10 ω Center defect threshold
5: fN → 4/10 ω Neighbor defect threshold
6: d → length(syndrome)
7: m = log3(d) ω Max. hierarchy level
8: for j → 1 to d do
9: cj → cells[j]

10: cj .Age += 1
11: for k → 1 to m do
12: if syndrome[j] ↑ cj .Addr[k] == C then
13: cj .CountSig[k][:] → 1
14: ω Broadcast defects
15: for j → 1 to d do
16: ci, cj → cells[i], cells[j]
17: for k → 1 to m do
18: if cj .Addr[k] ↓= C then
19: i → (j ↔ 1) mod d
20: swap(ci.CountSig[k][R], cj .CountSig[k][L])
21: swap(ci.FlipSig[k][R], cj .FlipSig[k][L])
22: ω Propagate signals

23: for j → 1 to d do
24: cj → cells[j]
25: l, c, r → syndrome[(j ↔ 1) to (j + 1) mod d]
26: dir = correct(l, c, r, cj .Addr[0])
27: ω Nearest-neighbor correction
28: for k → 1 to m do
29: cj .DefectCounter[k] += syndrome[j]
30: cj .SigCounter[k][:] += cj .CountSig[k][:]
31: ω Increment counters
32: if cj .Age mod Uk == 0 ↑cj .Addr[k] ↓= ↗ then
33: c → cj .DefectCounter[k][C] ↘ fCU

k

34: l → cj .SigCounter[k][L] ↘ fNUk

35: r → cj .SigCounter[k][R] ↘ fNUk

36: dir → correct(l,c,r,cj .Addr[k])
37: ω Level-k correction
38: else if cj .Age mod Uk +Qk == 0 then
39: if cj .FlipSig[k][L] then
40: dir = L
41: else if cj .FlipSig[k][R] then
42: dir = R
43: ω Flip chain
44: ResetCountersAndSignals(cj)

45: i → j if dir == L else (j + 1) mod d
46: qubits[i] → qubits[i] ≃1 ω Execute correction

47:
48: function swap(a, b) ω Swap values in-memory
49: a→ → a
50: a → b
51: b → a→

52:
53: function correct(l,c,r,addr)
54: if addr == L then
55: if l then
56: return L ω Move via border
57: else
58: return R ω Default movement
59: else if addr == R then
60: if l then
61: return L ω Default movement

return ↗

FIG. 6. Average logical lifetimes ⇐TF ⇒ as function of data,
measurement, and signal noise with respective rates p, q, and
psig for Harrington’s decoder on toric codes of distance d
(color coded). The lines of less opacity in the background
correspond to performance curves under sole data noise, cf.,
left panel of Fig. 5. The dashed colored lines correspond to
data, measurement and CountSignal noise, while the solid
lines correspond to data, measurement and CountSignal and
FlipSignal noise. The devastating e!ect of FlipSignal noise
becomes apparent when p, q < 10↑2. In this regime, larger
lattice sizes show worse performance than small ones. Sole
CountSignal noise (dashed lines) is less detrimental since the
scaling is not a!ected (cf. opaque curves). Numerical data
was obtained for 104 to 106 Monte Carlo shots until statistical
uncertainty is small relative to the measured values. Standard
errors are represented by black error bars.

rors occur on the data qubits exactly between two colony
centers, the decoder adds an error to the third qubit. We
will refer to a group of qubits between two colony centers
as (level-0) block. The decoder action on all error configu-
rations of a block can be seen in Fig. 8. These corrections
e!ectively induce a majority vote on the data qubit er-
rors of a block. If all qubits within a block have an error,
we say a block error occurred. Block errors cause de-
fects at their enclosing colony centers, which are counted
over the working period U and subsequently corrected at
the next level. A single block error is then corrected af-
ter emission of FlipSignals and subsequent Q steps of
travel time. If, however, two block errors are present be-
tween two neighboring level-1 colony centers for at least
fCU time steps, the level-1 correction decides to create
a new block error, similar to the action at level-0. This
process is applied recurrently at each level resulting in
an e!ective concatenated majority vote.

In the code-capacity setting, we recover the same per-
formance as concatenated majority voting on the rep-
etition code, as shown in Fig. 9. The black dashed
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FIG. 3. Sketch of Harrington’s hierarchical CA decoder. On the left, we show a distance-27 toric code from the perspective
of the three hierarchy levels Harrington’s decoder imposes. Error correction is accomplished by moving defects (black circles)
which are close towards each other thereby correcting the errors (red lines) which separate them. At the lowest level (0),
one- and some two-qubit errors are corrected within at most two CA steps. Defects which have no other defect in their local
neighborhood move towards the center of their colony (group of Q→Q cells) marked in thick black lines at the next hierarchy
level (1). At level-1, defects located at colony centers communicate by exchanging CountSignals (blue color; shade represents
amount of signals) via the CA cells in between. These signals are counted for U CA steps, and compared to the threshold values
fCU, fNU to yield level-1 defects, as explained in detail in the main text. Based on the level-1 defects, the colony center cells
calculate level-1 corrections. This correction decision is then propagated via FlipSignals (not shown) to the intermediate cells
within the next Q time steps. Similar to level-0, level-1 defects which have no other level-1 neighbor defect are moved to the
supercolony center (i.e., the Q→Q group of level-0 colony centers) which are shown in thick black lines at the next hierarchy
level (2). At level-2, the exact same procedure is executed between level-2 defects, communicated by level-2 CountSignals and
FlipSignals. In the top center, we show a sketch of a CA cell. A cell contains one syndrome bit at level-0 (black circle) which
is connected to one DefectCounter (white square in cell center) per higher level, i.e., for all level k ↑ 1. Additionally, for
every higher level, a cell has eight CountSignal bits (black triangles) each one with attached SignalCounter (white squares),
incrementing for every received CountSignal and four FlipSignals (not shown), one for each cardinal direction. Additionally,
a cell has memory fields for the working period U = 10, the linear size of a colony, Q = 3, the threshold constants fC , fN and an
Age counter which increments each CA step (not shown). Furthermore, for each level a cell has an Address field (not shown),
corresponding to the cell’s relative position inside its level-k colony. In the boxes labeled (1 — 4), we subdivide the local rule
of Harrington’s CA into subrules, as detailed in the main text. In orange, we highlight parts of a cell’s memory involved in a
substep. In 3), we use color to illustrate the exchange of signals by assigning unique colors to cell signals before the exchange
occurs. In 4), green color represents a qubit correction which is executed by the cell from which the arrow emerged if both the
cell and its pointed to neighbor cell have a defect present. A red arrow represents a cell performing no action when itself and
its corresponding neighbor both have a defect present. For next-nearest neighbors, the green line represents the presence of
defects at a cell and its (diagonal) neighbor which causes a correction to the qubit to which the attached arced arrow points.
For a detailed description of the local rule we refer to the main text.

automaton operates on classical information obtained
syndrome measurements and applies corrections directly
to the toric code data qubits in discrete time steps. In-
spired by the work of Gacs [62–65], corrections of larger
error chains at higher hierarchy levels mimic the correc-
tions at the lowest level via self-reproduction. In the fol-
lowing, we explain each of these design aspects in detail.

Since the toric code is a CSS code, phase- and bit-
flip errors are corrected by two independent instances
of Harrington’s decoder, respectively taking X- and Z-
syndromes as input. We focus solely on bit-flip errors
which are detected by the plaquette operators.

1. Hierarchy

The hierarchy of the automaton is defined by recur-
sively partitioning the toric-code lattice into functional
groups. At the lowest level (level-0), Q → Q cells are
grouped into a colony. In this work, we fix Q = 3
which was found to be optimal in terms of QEC per-
formance [1, 33]. Colonies are further grouped into func-
tional groups of size Q→Q to form a higher-level (level-1)
colony. At level 2, Q→Q level-1 colonies are grouped into
a level-2 colony and so on, until the entire toric code lat-
tice is contained within one level-m colony. Due to this
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FIG. 23. E!ect of phenomenological bit-flip noise on the sig-
nal bits with error rate psig, data qubit error rate p and mea-
surement error rate q with p = q = psig. As before, we select
the reset time tR that maximizes the →TF ↑-value for given
p = q = psig. The curves of lower opacity correspond to
SCALA2D performance under sole data noise without signal and
measurement noise (q = psig = 0), corresponding to the left
panel of Fig. 22. Dashed black lines correspond to fits of the
function g(d, p) = B(d)p→ω(d) for the smallest code distances
(d = 3, 9). For larger code distances, the asymptotic scaling
regime is not fully reached within the accessible range of p,
and the corresponding fits are therefore omitted. Numerical
data was obtained using the adaptive Monte Carlo sampling
strategy described in the main text, whereby the number of
samples is increased for smaller physical error rates. Each
data point corresponds to between 103 and 106 Monte Carlo
simulations. Standard errors are shown as black bars.

port a threshold for SCALA2D in the phenomenological set-
ting, its improved scaling of →TF ↑ ↓ p(1+

→
d)2/4 and first

pseudo-thresholds in the range of 6↔ 8↗ 10↑3 as shown
in Fig. 22 clearly outperform this scheme. Ref. [36] de-
scribes another decoder for topological codes which uses
a message-passing scheme, similar to our signaling mech-
anism. A threshold of pc ↘ 7.3% and sub-threshold scal-
ing of pL ↓ pd/5 is reported under code-capacity noise.
As demonstrated in Fig. 21, SCALA2D also exceeds this
decoder. However, as classical control bits in this scheme
scale with code distance d, it is not fully local. Further-
more, the described decoder is developed as an o!ine
decoder and was not tested under measurement noise.
Furthermore, our SCALA decoders feature simpler logic,
robustness to signal noise, and a constant scaling in lo-
cal resources — all desirable properties for real-time de-
coders.

References [27–29] report on real-time decoder schemes
which also use signals to exchange information between
local decoding units. The authors detail implementations
of their decoders in Single Flux Quantum (SFQ) circuits

and find that their models are very fast and avoid the
backlog problem [18] when scaling up to larger code dis-
tances. In terms of QEC performance, the authors report
thresholds of 5% [27] and 1% [29], respectively, in the
code-capacity setting. Signal noise, or noise in the au-
tomaton evolution is not discussed. As SCALA2D’s logic
is simpler than their proposals and able to perform under
signal noise, a hardware implementation might be even
more e”cient and, due to robustness against signal noise,
potentially implementable in noisy hardware.
Finally, the CA decoder of Ref. [38] has served as ini-

tial inspiration for our work, especially the idea of mu-
tual attraction of defects via a force conveyed by signals.
The authors of [38] report a QEC threshold of 8.2% but
no sub-threshold scaling analysis is given. Since their
work focused on providing a proof of principle, a practi-
cal realization of their schemes poses potential challenges
due to large resource overhead and complex logic. In our
work, we prioritize simple, easy-to-implement decoder so-
lutions whose construction principles make them ideal
candidates for potential practical implementation in a
real-time decoder setting.

VI. CONCLUSION AND OUTLOOK

This work analyses the performance of di#erent types
of cellular-automaton decoders for quantum error cor-
rection. More specifically, we investigate whether a non-
hierarchical, locally interacting and parallel architecture
can outperform a hierarchical, multi-scale one. We an-
swer this question a”rmatively by comparing the perfor-
mance of the hierarchical Harrington decoder [1] to our
novel non-hierarchical CA design, SCALA, on the quantum
repetition and toric codes. This investigation demon-
strates the native resilience of our design to noise in the
CA dynamics and imperfect measurements, addressing a
critical, often-overlooked challenge in the design of future
quantum computing systems and suggesting its potential
for implementation even in noisy hardware.
We emphasise, however, that while the local update

rules of SCALA are strictly local and translation-invariant,
the protocol includes a reset time, tR, that scales with the
lattice size. The dynamics itself therefore remains local,
but the overall decoding schedule is not fully scale-free in
a strict sense. This global timescale, however, enters only
as a fixed hyperparameter and does not require non-local
communication during execution.
The superiority of the non-hierarchical design in gen-

eral, as well as the attractive features of our new CA
design that realises this paradigm, are summarized as
follows.

1. Hierarchical designs impose a recursive structure
on the decoding process similar to renormalization-
group and concatenated decoders. This structure
restricts the logical error rate pL = pω(d) to scale
with ω(d) ↘ d0.631, i.e., sub-linear in code distance

Breaks down for signaling noise
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FIG. 20. Graphical representation of SCALA2D on the 2D toric code correcting bit-flip errors. A cellular automaton cell,
corresponding to a cell of the grid on the left and shown in detail in the top center, holds classical bits for signals in four
directions, sN , sE , sS , sW , and a defect bit di storing the measurement result of its associated Z-type stabilizer. A cell can
apply one bit-flip to any of its four adjacent qubits within one CA step. For convenience, we also define nsig as the number of
all active signals in a cell and the boolean variable isolated which is on when all four neighbors of a cell have no defect present.
These definitions are used in the description of the local rule (1–4). During one CA step, SCALA2D alters both its defect as well
as its signal bits and might apply a correction to one of its qubits. The local rule (1–4) of our decoder is split into four sub-rules,
similar to SCALA1D. We elaborate on these rules in the main text. On the left, we show an example error configuration (red
edges) resulting in the error syndrome (black dots) on the CA cells (faces). In response, the CA cells emit signals (blue shades)
in all four directions. Light-blue cells have one active signal while dark-blue ones contain two active signals. We indicate the
directions of signals when relevant to understand which correction the local rule applies in the next time step.

smaller cluster. To prevent such situations from occur-
ring, we further reinforce correction of smaller clusters by
gradually increasing and then decreasing the signal reset
time tR, i.e., the interval between two successive signal
reset events, over time. As two defects can be separated
by at most d cells (along either one of the two main di-
agonals of the lattice), the maximal reset time is limited
to d.

We start with tR = 1. At time step t = 1, all signals are
reset and we increment tR → 2. Two time steps later,
at t = 3, we reset the signals for the second time and
increment tR → 3, and so on, until we reached tR = d.
By this time, we can be sure that the most distant defects
had a chance to communicate. Next, we must assure
that these defects annihilate, which we accomplish by
gradually ramping down the reset time from tR = d ↑ 1
to 1. The ramp-up takes

∑d
k=1 k = d(d+1)/2 steps. The

ramp-down takes
∑d→1

k=1 k = d(d ↑ 1)/2 steps. Thus, in
total, the decoder runtime with this scheme is d2. While
the update rules of the cellular automaton are strictly
local, the reset schedule introduces a global timescale into
the decoding protocol. In particular, the reset interval
tR is predetermined as a function of the code distance d
through the ramp-up and ramp-down procedure, rather
than emerging from the local dynamics. This does not
require non-local communication during runtime, but it
implies that the overall protocol is not fully scale-free.

In the low-noise regime, the reset schedule ensures that
only error configurations of minimal weight have su!-
cient time to generate a logical failure, so that the ob-

served scaling reflects the underlying minimum-weight
processes.
In Fig. 21, we show numerical results for logical er-

ror rates pL as function of bit-flip error rate p in the
code-capacity model for di”erent code distances d un-
der SCALA2D corrections. In dashed black lines, we pro-
vide fits to the function f(d, p) = A(d)pω(d) with ω(d)
shown in the inset. The purple curve in the inset corre-
sponds to the function ω(d) = (1 +

↓
d)2/4 which also

determines the scaling of SCALA1D under phenomeno-
logical data noise. As we observe, the scaling in pL of
SCALA2D in the code-capacity setting matches the scaling
in ↔TF ↗ for p → 0 of SCALA1D under phenomenological
noise. We can explain this similarity in performance by
noting that the phenomenological minimal-weight error
configurations for SCALA1D also lead to logical errors un-
der SCALA2D correction in the code-capacity setting. The
observed scaling thereby supports the interpretation that
these configurations are indeed of minimal weight.
More precisely, this correspondence can be understood

from the e”ective greedy dynamics implemented by the
decoder in both settings. In SCALA2D, signals are reset af-
ter increasing periods of time, tR. As a consequence, de-
fect pairs at shorter distances are preferentially connected
first, while longer-range correlations are only resolved at
later times. This induces a greedy matching mechanism
that locally minimizes error chains. An analogous e”ect
occurs in SCALA1D under phenomenological noise, where
earlier measurement signals are processed first and thus
shorter-time (and thereby typically shorter-length) cor-
relations are resolved before longer ones. In both cases,

Signal noise can trigger wrong corrections
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Algorithm1 Harrington1D global update
1: procedure update(syndrome[ ], cells[ ], qubits[ ])
2: U → 10 ω Working period
3: Q → 3 ω Colony size
4: fC → 9/10 ω Center defect threshold
5: fN → 4/10 ω Neighbor defect threshold
6: d → length(syndrome)
7: m = log3(d) ω Max. hierarchy level
8: for j → 1 to d do
9: cj → cells[j]

10: cj .Age += 1
11: for k → 1 to m do
12: if syndrome[j] ↑ cj .Addr[k] == C then
13: cj .CountSig[k][:] → 1
14: ω Broadcast defects
15: for j → 1 to d do
16: ci, cj → cells[i], cells[j]
17: for k → 1 to m do
18: if cj .Addr[k] ↓= C then
19: i → (j ↔ 1) mod d
20: swap(ci.CountSig[k][R], cj .CountSig[k][L])
21: swap(ci.FlipSig[k][R], cj .FlipSig[k][L])
22: ω Propagate signals

23: for j → 1 to d do
24: cj → cells[j]
25: l, c, r → syndrome[(j ↔ 1) to (j + 1) mod d]
26: dir = correct(l, c, r, cj .Addr[0])
27: ω Nearest-neighbor correction
28: for k → 1 to m do
29: cj .DefectCounter[k] += syndrome[j]
30: cj .SigCounter[k][:] += cj .CountSig[k][:]
31: ω Increment counters
32: if cj .Age mod Uk == 0 ↑cj .Addr[k] ↓= ↗ then
33: c → cj .DefectCounter[k][C] ↘ fCU

k

34: l → cj .SigCounter[k][L] ↘ fNUk

35: r → cj .SigCounter[k][R] ↘ fNUk

36: dir → correct(l,c,r,cj .Addr[k])
37: ω Level-k correction
38: else if cj .Age mod Uk +Qk == 0 then
39: if cj .FlipSig[k][L] then
40: dir = L
41: else if cj .FlipSig[k][R] then
42: dir = R
43: ω Flip chain
44: ResetCountersAndSignals(cj)

45: i → j if dir == L else (j + 1) mod d
46: qubits[i] → qubits[i] ≃1 ω Execute correction

47:
48: function swap(a, b) ω Swap values in-memory
49: a→ → a
50: a → b
51: b → a→

52:
53: function correct(l,c,r,addr)
54: if addr == L then
55: if l then
56: return L ω Move via border
57: else
58: return R ω Default movement
59: else if addr == R then
60: if l then
61: return L ω Default movement

return ↗

FIG. 6. Average logical lifetimes ⇐TF ⇒ as function of data,
measurement, and signal noise with respective rates p, q, and
psig for Harrington’s decoder on toric codes of distance d
(color coded). The lines of less opacity in the background
correspond to performance curves under sole data noise, cf.,
left panel of Fig. 5. The dashed colored lines correspond to
data, measurement and CountSignal noise, while the solid
lines correspond to data, measurement and CountSignal and
FlipSignal noise. The devastating e!ect of FlipSignal noise
becomes apparent when p, q < 10↑2. In this regime, larger
lattice sizes show worse performance than small ones. Sole
CountSignal noise (dashed lines) is less detrimental since the
scaling is not a!ected (cf. opaque curves). Numerical data
was obtained for 104 to 106 Monte Carlo shots until statistical
uncertainty is small relative to the measured values. Standard
errors are represented by black error bars.

rors occur on the data qubits exactly between two colony
centers, the decoder adds an error to the third qubit. We
will refer to a group of qubits between two colony centers
as (level-0) block. The decoder action on all error configu-
rations of a block can be seen in Fig. 8. These corrections
e!ectively induce a majority vote on the data qubit er-
rors of a block. If all qubits within a block have an error,
we say a block error occurred. Block errors cause de-
fects at their enclosing colony centers, which are counted
over the working period U and subsequently corrected at
the next level. A single block error is then corrected af-
ter emission of FlipSignals and subsequent Q steps of
travel time. If, however, two block errors are present be-
tween two neighboring level-1 colony centers for at least
fCU time steps, the level-1 correction decides to create
a new block error, similar to the action at level-0. This
process is applied recurrently at each level resulting in
an e!ective concatenated majority vote.

In the code-capacity setting, we recover the same per-
formance as concatenated majority voting on the rep-
etition code, as shown in Fig. 9. The black dashed
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FIG. 3. Sketch of Harrington’s hierarchical CA decoder. On the left, we show a distance-27 toric code from the perspective
of the three hierarchy levels Harrington’s decoder imposes. Error correction is accomplished by moving defects (black circles)
which are close towards each other thereby correcting the errors (red lines) which separate them. At the lowest level (0),
one- and some two-qubit errors are corrected within at most two CA steps. Defects which have no other defect in their local
neighborhood move towards the center of their colony (group of Q→Q cells) marked in thick black lines at the next hierarchy
level (1). At level-1, defects located at colony centers communicate by exchanging CountSignals (blue color; shade represents
amount of signals) via the CA cells in between. These signals are counted for U CA steps, and compared to the threshold values
fCU, fNU to yield level-1 defects, as explained in detail in the main text. Based on the level-1 defects, the colony center cells
calculate level-1 corrections. This correction decision is then propagated via FlipSignals (not shown) to the intermediate cells
within the next Q time steps. Similar to level-0, level-1 defects which have no other level-1 neighbor defect are moved to the
supercolony center (i.e., the Q→Q group of level-0 colony centers) which are shown in thick black lines at the next hierarchy
level (2). At level-2, the exact same procedure is executed between level-2 defects, communicated by level-2 CountSignals and
FlipSignals. In the top center, we show a sketch of a CA cell. A cell contains one syndrome bit at level-0 (black circle) which
is connected to one DefectCounter (white square in cell center) per higher level, i.e., for all level k ↑ 1. Additionally, for
every higher level, a cell has eight CountSignal bits (black triangles) each one with attached SignalCounter (white squares),
incrementing for every received CountSignal and four FlipSignals (not shown), one for each cardinal direction. Additionally,
a cell has memory fields for the working period U = 10, the linear size of a colony, Q = 3, the threshold constants fC , fN and an
Age counter which increments each CA step (not shown). Furthermore, for each level a cell has an Address field (not shown),
corresponding to the cell’s relative position inside its level-k colony. In the boxes labeled (1 — 4), we subdivide the local rule
of Harrington’s CA into subrules, as detailed in the main text. In orange, we highlight parts of a cell’s memory involved in a
substep. In 3), we use color to illustrate the exchange of signals by assigning unique colors to cell signals before the exchange
occurs. In 4), green color represents a qubit correction which is executed by the cell from which the arrow emerged if both the
cell and its pointed to neighbor cell have a defect present. A red arrow represents a cell performing no action when itself and
its corresponding neighbor both have a defect present. For next-nearest neighbors, the green line represents the presence of
defects at a cell and its (diagonal) neighbor which causes a correction to the qubit to which the attached arced arrow points.
For a detailed description of the local rule we refer to the main text.

automaton operates on classical information obtained
syndrome measurements and applies corrections directly
to the toric code data qubits in discrete time steps. In-
spired by the work of Gacs [62–65], corrections of larger
error chains at higher hierarchy levels mimic the correc-
tions at the lowest level via self-reproduction. In the fol-
lowing, we explain each of these design aspects in detail.

Since the toric code is a CSS code, phase- and bit-
flip errors are corrected by two independent instances
of Harrington’s decoder, respectively taking X- and Z-
syndromes as input. We focus solely on bit-flip errors
which are detected by the plaquette operators.

1. Hierarchy

The hierarchy of the automaton is defined by recur-
sively partitioning the toric-code lattice into functional
groups. At the lowest level (level-0), Q → Q cells are
grouped into a colony. In this work, we fix Q = 3
which was found to be optimal in terms of QEC per-
formance [1, 33]. Colonies are further grouped into func-
tional groups of size Q→Q to form a higher-level (level-1)
colony. At level 2, Q→Q level-1 colonies are grouped into
a level-2 colony and so on, until the entire toric code lat-
tice is contained within one level-m colony. Due to this
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FIG. 23. E!ect of phenomenological bit-flip noise on the sig-
nal bits with error rate psig, data qubit error rate p and mea-
surement error rate q with p = q = psig. As before, we select
the reset time tR that maximizes the →TF ↑-value for given
p = q = psig. The curves of lower opacity correspond to
SCALA2D performance under sole data noise without signal and
measurement noise (q = psig = 0), corresponding to the left
panel of Fig. 22. Dashed black lines correspond to fits of the
function g(d, p) = B(d)p→ω(d) for the smallest code distances
(d = 3, 9). For larger code distances, the asymptotic scaling
regime is not fully reached within the accessible range of p,
and the corresponding fits are therefore omitted. Numerical
data was obtained using the adaptive Monte Carlo sampling
strategy described in the main text, whereby the number of
samples is increased for smaller physical error rates. Each
data point corresponds to between 103 and 106 Monte Carlo
simulations. Standard errors are shown as black bars.

port a threshold for SCALA2D in the phenomenological set-
ting, its improved scaling of →TF ↑ ↓ p(1+

→
d)2/4 and first

pseudo-thresholds in the range of 6↔ 8↗ 10↑3 as shown
in Fig. 22 clearly outperform this scheme. Ref. [36] de-
scribes another decoder for topological codes which uses
a message-passing scheme, similar to our signaling mech-
anism. A threshold of pc ↘ 7.3% and sub-threshold scal-
ing of pL ↓ pd/5 is reported under code-capacity noise.
As demonstrated in Fig. 21, SCALA2D also exceeds this
decoder. However, as classical control bits in this scheme
scale with code distance d, it is not fully local. Further-
more, the described decoder is developed as an o!ine
decoder and was not tested under measurement noise.
Furthermore, our SCALA decoders feature simpler logic,
robustness to signal noise, and a constant scaling in lo-
cal resources — all desirable properties for real-time de-
coders.

References [27–29] report on real-time decoder schemes
which also use signals to exchange information between
local decoding units. The authors detail implementations
of their decoders in Single Flux Quantum (SFQ) circuits

and find that their models are very fast and avoid the
backlog problem [18] when scaling up to larger code dis-
tances. In terms of QEC performance, the authors report
thresholds of 5% [27] and 1% [29], respectively, in the
code-capacity setting. Signal noise, or noise in the au-
tomaton evolution is not discussed. As SCALA2D’s logic
is simpler than their proposals and able to perform under
signal noise, a hardware implementation might be even
more e”cient and, due to robustness against signal noise,
potentially implementable in noisy hardware.
Finally, the CA decoder of Ref. [38] has served as ini-

tial inspiration for our work, especially the idea of mu-
tual attraction of defects via a force conveyed by signals.
The authors of [38] report a QEC threshold of 8.2% but
no sub-threshold scaling analysis is given. Since their
work focused on providing a proof of principle, a practi-
cal realization of their schemes poses potential challenges
due to large resource overhead and complex logic. In our
work, we prioritize simple, easy-to-implement decoder so-
lutions whose construction principles make them ideal
candidates for potential practical implementation in a
real-time decoder setting.

VI. CONCLUSION AND OUTLOOK

This work analyses the performance of di#erent types
of cellular-automaton decoders for quantum error cor-
rection. More specifically, we investigate whether a non-
hierarchical, locally interacting and parallel architecture
can outperform a hierarchical, multi-scale one. We an-
swer this question a”rmatively by comparing the perfor-
mance of the hierarchical Harrington decoder [1] to our
novel non-hierarchical CA design, SCALA, on the quantum
repetition and toric codes. This investigation demon-
strates the native resilience of our design to noise in the
CA dynamics and imperfect measurements, addressing a
critical, often-overlooked challenge in the design of future
quantum computing systems and suggesting its potential
for implementation even in noisy hardware.
We emphasise, however, that while the local update

rules of SCALA are strictly local and translation-invariant,
the protocol includes a reset time, tR, that scales with the
lattice size. The dynamics itself therefore remains local,
but the overall decoding schedule is not fully scale-free in
a strict sense. This global timescale, however, enters only
as a fixed hyperparameter and does not require non-local
communication during execution.
The superiority of the non-hierarchical design in gen-

eral, as well as the attractive features of our new CA
design that realises this paradigm, are summarized as
follows.

1. Hierarchical designs impose a recursive structure
on the decoding process similar to renormalization-
group and concatenated decoders. This structure
restricts the logical error rate pL = pω(d) to scale
with ω(d) ↘ d0.631, i.e., sub-linear in code distance

Breaks down for signaling noise
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FIG. 20. Graphical representation of SCALA2D on the 2D toric code correcting bit-flip errors. A cellular automaton cell,
corresponding to a cell of the grid on the left and shown in detail in the top center, holds classical bits for signals in four
directions, sN , sE , sS , sW , and a defect bit di storing the measurement result of its associated Z-type stabilizer. A cell can
apply one bit-flip to any of its four adjacent qubits within one CA step. For convenience, we also define nsig as the number of
all active signals in a cell and the boolean variable isolated which is on when all four neighbors of a cell have no defect present.
These definitions are used in the description of the local rule (1–4). During one CA step, SCALA2D alters both its defect as well
as its signal bits and might apply a correction to one of its qubits. The local rule (1–4) of our decoder is split into four sub-rules,
similar to SCALA1D. We elaborate on these rules in the main text. On the left, we show an example error configuration (red
edges) resulting in the error syndrome (black dots) on the CA cells (faces). In response, the CA cells emit signals (blue shades)
in all four directions. Light-blue cells have one active signal while dark-blue ones contain two active signals. We indicate the
directions of signals when relevant to understand which correction the local rule applies in the next time step.

smaller cluster. To prevent such situations from occur-
ring, we further reinforce correction of smaller clusters by
gradually increasing and then decreasing the signal reset
time tR, i.e., the interval between two successive signal
reset events, over time. As two defects can be separated
by at most d cells (along either one of the two main di-
agonals of the lattice), the maximal reset time is limited
to d.

We start with tR = 1. At time step t = 1, all signals are
reset and we increment tR → 2. Two time steps later,
at t = 3, we reset the signals for the second time and
increment tR → 3, and so on, until we reached tR = d.
By this time, we can be sure that the most distant defects
had a chance to communicate. Next, we must assure
that these defects annihilate, which we accomplish by
gradually ramping down the reset time from tR = d ↑ 1
to 1. The ramp-up takes

∑d
k=1 k = d(d+1)/2 steps. The

ramp-down takes
∑d→1

k=1 k = d(d ↑ 1)/2 steps. Thus, in
total, the decoder runtime with this scheme is d2. While
the update rules of the cellular automaton are strictly
local, the reset schedule introduces a global timescale into
the decoding protocol. In particular, the reset interval
tR is predetermined as a function of the code distance d
through the ramp-up and ramp-down procedure, rather
than emerging from the local dynamics. This does not
require non-local communication during runtime, but it
implies that the overall protocol is not fully scale-free.

In the low-noise regime, the reset schedule ensures that
only error configurations of minimal weight have su!-
cient time to generate a logical failure, so that the ob-

served scaling reflects the underlying minimum-weight
processes.
In Fig. 21, we show numerical results for logical er-

ror rates pL as function of bit-flip error rate p in the
code-capacity model for di”erent code distances d un-
der SCALA2D corrections. In dashed black lines, we pro-
vide fits to the function f(d, p) = A(d)pω(d) with ω(d)
shown in the inset. The purple curve in the inset corre-
sponds to the function ω(d) = (1 +

↓
d)2/4 which also

determines the scaling of SCALA1D under phenomeno-
logical data noise. As we observe, the scaling in pL of
SCALA2D in the code-capacity setting matches the scaling
in ↔TF ↗ for p → 0 of SCALA1D under phenomenological
noise. We can explain this similarity in performance by
noting that the phenomenological minimal-weight error
configurations for SCALA1D also lead to logical errors un-
der SCALA2D correction in the code-capacity setting. The
observed scaling thereby supports the interpretation that
these configurations are indeed of minimal weight.
More precisely, this correspondence can be understood

from the e”ective greedy dynamics implemented by the
decoder in both settings. In SCALA2D, signals are reset af-
ter increasing periods of time, tR. As a consequence, de-
fect pairs at shorter distances are preferentially connected
first, while longer-range correlations are only resolved at
later times. This induces a greedy matching mechanism
that locally minimizes error chains. An analogous e”ect
occurs in SCALA1D under phenomenological noise, where
earlier measurement signals are processed first and thus
shorter-time (and thereby typically shorter-length) cor-
relations are resolved before longer ones. In both cases,

Signal noise can trigger wrong corrections



Performance of SCALA 2D

✓ Hierarchical CA decoders exhibit sublinear effective distance scaling , 
; SCALA2D achieves linear scaling, .


✓ SCALA’s computational resources per cell are constant.  
In Harrington’s CA, cell memory grows with 


✓ SCALA is applicable to any lattice size, hierarchical designs not


✓ SCALA shows superior robustness against measurement noise 

✓ SCALA can tolerate internal (signal) noise 
 

 key requirement for future quantum CA implementation 

pL ∝ pλ(d)

λ(d) ≈ d0.631 λ(d) ≥ d /4
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FIG. 6. Circuit to fault-tolerantly initialize the logical zero
state of the Steane code without measurements. The first
eight CNOT gates prepare the state non-fault-tolerantly.
The subsequent three CNOT gates map the logical opera-
tor Z3Z5Z6 to a flag qubit that heralds successful prepara-
tion (red dotted circles on code graph). The last four CNOT
gates map the complementary stabilizer Z1Z2Z4Z7 (orange
dashed circles on code graph) to a second auxiliary qubit.
Only if both measurements yield the �1-eigenvalue, the cor-
rection X7 is applied via the To↵oli gate (large green circle on
code graph). In the end, both auxiliary qubits are reset (R).
The dangerous fault X1 after the forth CNOT gate (red star)
propagates to both auxiliary qubits and triggers the To↵oli
feedback (green box). The resulting operator X7 · X3X1 is
stabilizer-equivalent to the correctable error X5 via applica-
tion of KX

2 .

propagate to a correctable error since the To↵oli is only
connected to a single data qubit.

R

R
=

R

R

H T
† T T

† T H

FIG. 7. Decomposition of the To↵oli gate followed by reset
of the control qubits into Hadamard gates H, the standard
T, T

† and CNOT gates as well as reset R.

The To↵oli gate can be decomposed into a sequence of
single- and two-qubit gates.2 Because the auxiliary qubit
state is discarded at the end of the circuit anyways, we
can modify the well-known decomposition into six CNOT
gates from Ref. [71]. Figure 7 shows the decomposition
of the To↵oli gate followed by reset into only four CNOT
gates.

In summary, since the state preparation scheme can
be performed without qubit measurements, it qualifies
to prepare logical auxiliary qubits and thereby com-
pletes our measurement-free FT QEC scheme. Let us

2
We note that the reduced To↵oli gate decompositions given in

Refs. [68, 70] are not feasible for use in our scheme. There, the

To↵oli operation is performed up to a relative phase between cer-

tain computational basis states, which would lead to erroneous

phase flips when applied to a superposition state such as |0iL.

remark that the measurement-based encoding protocol
from Ref. [69] has been realized recently in ion-trap plat-
forms [11, 13, 15].

IV. PRACTICAL IMPLEMENTATION

The suggested measurement-free fault-tolerant quan-
tum error correction protocol can be implemented using
various sets of basis gates that are native to di↵erent
quantum computing platforms.
In the following, we provide compilations of our 17-

qubit scheme (Fig. 2) into CNOT gates, native multi-
qubit-controlled gates as well as multi-qubit MS gates.
The latter are widely-used entangling gates in trapped-
ion systems [72].
If native multi-qubit gates are practically available and

if their physical error rates are lower than the expected
overall error of their decompositions, they are preferen-
tial to implement the feedback operation (green boxes in
Fig. 2) over a gate decomposition into single- and two-
qubit gates in order to minimize circuit depth. For the
syndrome mapping step (orange boxes in Fig. 2), multi-
qubit gates can still be used to decrease the gate count
although no single multi-qubit gate can implement the
syndrome mapping in a fault-tolerant way. It is crucial
that the transversal CNOT gates used for fault propaga-
tion (yellow boxes in Fig. 2) and syndrome copying (blue
boxes in Fig. 2) cannot be replaced by multi-qubit gates.
These would destroy the FT property of the scheme un-
der the channel in Eq. (C1) which would create high-
weight Pauli faults in order p that propagate to errors
that are uncorrectable in the Steane code.
To be truly fault-tolerant, every qubit operation used

in an actual implementation acting on a respective qubit
state ⇢ must be assumed to be prone to noise. Here
we employ the standard depolarizing noise model (see
App. C for details). For the decomposition into two-qubit
gates, we show simulations for a single-parameter depo-
larizing noise model with noise strength p on operations.
On idling locations, we choose a corresponding

noise strength p/100, which is the order of mag-

nitude reached for two-qubit entangling gates in

state-of-the-art ion trap systems [73]. This model

has been assumed before for simulation of QEC

blocks [53, 74]. The ratio of idling to operation

noise strength can be many orders of magnitude

smaller for fast gates and long coherence times.

For the decompositions into multi-qubit gates, we

use a multi-parameter noise model with di↵erent

noise strengths ~p = (p1, p2, ...) for the respective

multi-qubit depolarizing channel (see Eq. (C1))
on operations. The parameters are based on val-

ues that either can be achieved experimentally in

quantum processors already [15, 73] or are based

on theory proposals [75–78]. Since dephasing is

the dominant source of noise on idling qubits in

atomic architectures, we make use of the dephas-
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[[5, 1, 2]]
[[5, 1, 1]]

[[13, 1, 3]]
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[[25, 1, 4]]
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[[580, 4, 4]]
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[[724, 4, 4]]

[[25, 5, 2]]
[[25, 5, 3]]

[[65, 5, 3]]
[[65, 5, 5]]

[[125, 5, 4]]
[[125, 5, 5]]

[[205, 5, 5]]
[[205, 5, 5]]

[[305, 5, 6]]
[[305, 5, 5]]

[[425, 5, 7]]
[[425, 5, 5]]

[[565, 5, 8]]
[[565, 5, 5]]

[[725, 5, 9]]
[[725, 5, 5]]

[[905, 5, 10]]
[[905, 5, 5]]

[[30, 6, 2]]
[[30, 6, 3]]
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[[35, 7, 3]]
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[[1267, 7, 7]]

[[40, 8, 2]]
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[[225, 9, 7]]
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[[369, 9, 9]]

[[549, 9, 6]]
[[549, 9, 9]]
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FIG. 4. Code parameters [[n, k, d]] of LCS (top, bold font) and copies of surface codes (bottom) for di↵erent (`, L). The codes
marked in dark green correspond to L = `+1 where both surface and LCS codes have the same parameters (family 1). Above
that line for fixed (`, L), the LCS codes have a larger distance compared to the copies of surface codes, indicated by the green
shade behind the corresponding parameters. The purple boxes mark LCS code family 2 where for a fixed rate, codes with
maximum distance and minimum number of physical qubits are chosen. The orange box (` = const.) shows how for the LCS
codes, k, d scale linearly in n up until L = 2`+ 1.

FIG. 5. Possible arrangement of qubits of the [[65, 5, 5]](2,5) LCS code, corresponding to 5 interconnected [[13, 1, 3]] surface
codes. While only a few interconnections of the patches are shown, note that all connectivity is restricted to neighbors of
neighboring patches and therefore 3D-local.
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(d)
(e)

FIG. 1. Quantum-circuit representations of Q232 (left) and QTLV (right). To guarantee reversibility, the (quasi-)1D QCAs are
extended in one additional (potentially periodic) timelike dimension [vertical axes in the cylinders (d) and (h)], so that the global
rule, shown as a combination of commuting and translation-invariant local unitaries Ui (colored), acts on the present register,
covering an entire (periodic) time-t section of the cylinder, while coupling to the future register (section above) and decoupling
from the past register (section below). A single Ui (one for each j in the case of QTLV) is highlighted in each cylinder, showing
how those local unitaries are decomposed into geometrically distributed parallelizable quantum gates, depicted in standard
form in (e) for Q232 and (i) for QTLV, where P,N, F denote respectively past, present/now and future, while R stands for
reset. The classical neighborhood schemes Nd of the corresponding CAs are also highlighted in red [for Q232 in (d)] and blue
and red [for QTLV in (h)], and they are also shown in isolated form in (a) and (c); in these representations, the future cells are
shown in green (Q232) or green and yellow (QTLV) and their states are marked by primes. (f) and (j) show the orbits of the
232 and TLV CAs, respectively, under noise with bit-flip probability p = 1/12, while (g) and (k) show the orbits when p = 1/6.
In (j) and (k), each bistring is shown as a single string with 4 states: 00 (white), 01 (blue), 10 (purple) and 11 (black). Lastly,
(b) shows a schematic representation of how Q232 could be realized in arrays of trapped Rydberg atoms.

tomata (cells), each of which has an internal set of states
S and evolves according to a local function (rule) f map-
ping a neighborhood Nd of each cell into the update value
of that cell [8]. A configuration over S (global state) is
a map ⇣ : Ld ! S, such that ⇣(i) = si for the cell
state si on site i. The set of all configurations is denoted
Conf(S,Ld) and the global transition rule is a function
F : Conf(S,Ld) ! Conf(S,Ld). Space-time configura-
tions generated by t applications of F on an initial con-
figuration ⇣, F (t)(⇣) ⌘ F �F � . . .�F (⇣), are called orbits
[cf. Figs. 1(f),(g),(j),(k)]. When d = 1, L1 is usually (a
subset of) N or Z. For a binary system (S = Z2) with Nd

such that f(si�1,t, si,t, si+1,t) = si,t+1 for the (discrete)
time step t ! t + 1, each of the 23 = 8 possible inputs
of f is mapped into one of two output states, leading to
28 = 256 nearest-neighbor rules [40, 54].

The CA rule can be either reversible or irreversible.
The global transition function F of reversible CAs is
bijective, therefore every configuration has exactly one
predecessor. It has been proven that every irreversible d-
dimensional CA can be simulated by a reversible (d+1)-
dimensional CA [7] and, for the specific case of irre-
versible 1D CAs, it has also been proven that they can
always be simulated by some reversible 1D CA [8].

Although CAs cannot be perfect DCs [9, 10], it has
been shown in Ref. [11] that a combination of rules 184
and 232 in (L1 = Zn, S = Z2) systems generates a perfect
DC. Rule 184, however, does not fulfill self-duality [34],
what hinders the decoupling between di↵erent-time con-
figurations in the corresponding QCA, as discussed later.
We shall therefore focus on the most natural DC com-
ponent of this composition: the local majority voting,

rule 232. Throughout this work, periodic boundary con-
ditions are assumed, since they best emulate the infinite-
lattice scenario often encountered in CA and QCA the-
ory and lead to superior performances in DCs. Note,
however, that other boundary conditions are also possi-
ble [34].
Rule 232 can be best described as

si ! si+1si�1 + si+1si + sisi�1 mod 2 (1)

and imprints on the central cell the majority (modulo 2)
of all cells in the neighborhood [see Fig. 1(a)]. As a DC
(in the absence of noise), it can easily correct sole errors
(e.g., a single state-1 cell in a background of state-0 cells
or vice-versa), and as long as sole errors are sparsely dis-
tributed throughout the lattice, successful density classi-
fication is possible. However, when errors group in the
form of islands/clusters, rule 232 will map those islands
into themselves, therefore making density classification
impossible. This explains the poor performance of rule
232 when noise is present: whenever two or more neigh-
boring errors are created by noise at a certain time step,
density classification fails. In fact, 2- and 3-error islands
have higher probabilities to grow than to shrink in the
presence of noise, while larger islands have similar prob-
abilities for both cases. Therefore, over several rounds of
application of noise, the islands will contain over half of
the cells in the lattice [54].
A far more powerful quasi-1D (1̃D) DC, the TLV, can

be built from the 232 CA by extending the lattice to a
double string, L1̃ = Zn/2 � Zn/2, and applying the local
majority voting, Eq. (1), with two di↵erent neighbor-
hoods, each updating the cells on a di↵erent string [14]
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code

L042014-2

5 - Enhancing QEC thresholds  
     by Syndrome Resampling



Syndrome resampling enhances QEC thresholds 
COLMENAREZ, HUANG, DIEHL, AND MÜLLER PHYSICAL REVIEW RESEARCH 6, L042014 (2024)

providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code
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FIG. 2. Coherent information for surface (upper row), color code
(lower row) under bit flip noise (left column) and depolarizing noise
(right column). We show distances d = 3 to 9(7) for 4.8.8 color
(rotated surface) code under bit-flip noise and d = 3, 5 for both codes
under depolarizing noise. d = 1 denotes the CI of a single qubit.
Gray vertical lines are the crossing between the two largest distances
available (see Table I).

[[n(d ), 1, d]] encodes k = 1 logical qubit in n(d ) = (d2 −
1)/2 + d physical qubits [45] and belongs to the family of
2D topological color codes [46]. The reported threshold under
bit-flip noise only is pth ≈ 0.109 [31,32,47–49]. As for the
surface code, depolarizing noise introduces error correlations
that manifest themselves as interlayer interaction between
two originally independent 2D disordered spin models. The
threshold for the 4.8.8 color codes under depolarizing noise
was estimated as pth = 0.189(2) [30]. Details about the ro-
tated surface and 4.8.8 color code are given in the SM [42].

Coherent information in topological codes. To reach codes
with a relatively large number of data qubits, we exploit the
structure of the mixed state and properties of the CI and error
model. This allows us to numerically compute the CI for codes
with up to n = 49 data qubits (d = 9 color code) under bit-flip
noise and n = 25 for depolarizing noise (d = 5 surface code).
For details about the numerical calculations, see the SM [42].
It is important to note that we exploit general properties of
stabilizer states and Pauli noise, thus we expect the benefits
from such properties to hold regardless of other independent
factors, e.g., spatial dimensionality and error correlations. In
Fig. 2 we show the CI for surface and color code alongside
the CI of a single qubit (d = 1). The CI of the code with
distance d ! 5 crosses the curve for distance d − 2 almost
at the same error rate. Indeed, the crossing point of the two
largest available distances is equal to the known values of the
threshold up to two decimal digits (see Table I). Given the
smallness of the code instances, it is quite remarkable that
the finite-size crossings yield such accurate estimates of the

TABLE I. Crossings of coherent information (CI) between the
two largest distances available [50] plotted in Fig. 2. For comparison,
we show the known thresholds for surface and 2D color codes.

Bit-flip (CI) Depol. (CI) Bit flip pth Depol. pth

Surface 0.1089(2) 0.1882(2) 0.1094(2) [24] 0.189(3) [30]
Color 0.1088(2) 0.1862(2) 0.10919(7) [49] 0.189(2) [30]

QEC threshold. Furthermore, we present a pseudothreshold
analysis by plotting the crossings of the CI of codes with
distance d > 1 with the single-qubit CI (see Fig. 3). We see a
slight nonmonotonous trend of the pseudothresholds that may
be caused by finite-size effects. However, it is worth noting
that the finite-size effects are noticeable only from the third
decimal digit onwards (see the insets of Fig. 2).

Phenomenological and circuit level noise. So far we have
considered the code capacity setting only. Now we allow mea-
surements and gates to be also faulty. To this end, we consider
the repetition code in the Z basis exposed to bit-flip noise.
This code has distance d = n but protects only against bit-flip
noise. Faulty measurements of syndrome qubits (phenomeno-
logical noise) are modeled by bit-flip channels on the ancilla
qubits right after each round of stabilizer measurements (see
the setting and error model in Fig. 4). In this setting, the
repetition code asymptotically behaves as a surface code in
a space-time description [24]. When data qubit and measure-
ment errors occur with the same error rate, the threshold is
the same as that found for the surface code under bit-flip
noise, pth ≈ 0.109 (see Table I). The CI crossing between
d = 3 and 5 repetition code under phenomenological noise
is located at p ≈ 0.1094(2) (see Fig. 5), which is precisely the
aforementioned value [24]. We also study the more realistic
case of circuit level noise, namely considering gate errors in
the syndrome measurement and errors in the initialization of
qubits. The extraction of fundamental thresholds for quantum

FIG. 3. Left: Finite distance crossings of CI between consecutive
distances d ! 3 and d + 2 for color and surface code under bit-flip
noise. Right: Crossing between surface and color codes with distance
d ! 3 and the single-qubit CI. Shaded regions are previous estimates
of thresholds: pth = 0.1094(2) from Ref. [24] for the surface code.
For the color code we show pth = 0.109 19(7) from Ref. [49] and
pth = 0.109 39(6) from Ref. [48]. Error bars are the error rate reso-
lution prior to fitting [50].
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FIG. 2. Coherent information for surface (upper row), color code
(lower row) under bit flip noise (left column) and depolarizing noise
(right column). We show distances d = 3 to 9(7) for 4.8.8 color
(rotated surface) code under bit-flip noise and d = 3, 5 for both codes
under depolarizing noise. d = 1 denotes the CI of a single qubit.
Gray vertical lines are the crossing between the two largest distances
available (see Table I).

[[n(d ), 1, d]] encodes k = 1 logical qubit in n(d ) = (d2 −
1)/2 + d physical qubits [45] and belongs to the family of
2D topological color codes [46]. The reported threshold under
bit-flip noise only is pth ≈ 0.109 [31,32,47–49]. As for the
surface code, depolarizing noise introduces error correlations
that manifest themselves as interlayer interaction between
two originally independent 2D disordered spin models. The
threshold for the 4.8.8 color codes under depolarizing noise
was estimated as pth = 0.189(2) [30]. Details about the ro-
tated surface and 4.8.8 color code are given in the SM [42].

Coherent information in topological codes. To reach codes
with a relatively large number of data qubits, we exploit the
structure of the mixed state and properties of the CI and error
model. This allows us to numerically compute the CI for codes
with up to n = 49 data qubits (d = 9 color code) under bit-flip
noise and n = 25 for depolarizing noise (d = 5 surface code).
For details about the numerical calculations, see the SM [42].
It is important to note that we exploit general properties of
stabilizer states and Pauli noise, thus we expect the benefits
from such properties to hold regardless of other independent
factors, e.g., spatial dimensionality and error correlations. In
Fig. 2 we show the CI for surface and color code alongside
the CI of a single qubit (d = 1). The CI of the code with
distance d ! 5 crosses the curve for distance d − 2 almost
at the same error rate. Indeed, the crossing point of the two
largest available distances is equal to the known values of the
threshold up to two decimal digits (see Table I). Given the
smallness of the code instances, it is quite remarkable that
the finite-size crossings yield such accurate estimates of the

TABLE I. Crossings of coherent information (CI) between the
two largest distances available [50] plotted in Fig. 2. For comparison,
we show the known thresholds for surface and 2D color codes.

Bit-flip (CI) Depol. (CI) Bit flip pth Depol. pth

Surface 0.1089(2) 0.1882(2) 0.1094(2) [24] 0.189(3) [30]
Color 0.1088(2) 0.1862(2) 0.10919(7) [49] 0.189(2) [30]

QEC threshold. Furthermore, we present a pseudothreshold
analysis by plotting the crossings of the CI of codes with
distance d > 1 with the single-qubit CI (see Fig. 3). We see a
slight nonmonotonous trend of the pseudothresholds that may
be caused by finite-size effects. However, it is worth noting
that the finite-size effects are noticeable only from the third
decimal digit onwards (see the insets of Fig. 2).

Phenomenological and circuit level noise. So far we have
considered the code capacity setting only. Now we allow mea-
surements and gates to be also faulty. To this end, we consider
the repetition code in the Z basis exposed to bit-flip noise.
This code has distance d = n but protects only against bit-flip
noise. Faulty measurements of syndrome qubits (phenomeno-
logical noise) are modeled by bit-flip channels on the ancilla
qubits right after each round of stabilizer measurements (see
the setting and error model in Fig. 4). In this setting, the
repetition code asymptotically behaves as a surface code in
a space-time description [24]. When data qubit and measure-
ment errors occur with the same error rate, the threshold is
the same as that found for the surface code under bit-flip
noise, pth ≈ 0.109 (see Table I). The CI crossing between
d = 3 and 5 repetition code under phenomenological noise
is located at p ≈ 0.1094(2) (see Fig. 5), which is precisely the
aforementioned value [24]. We also study the more realistic
case of circuit level noise, namely considering gate errors in
the syndrome measurement and errors in the initialization of
qubits. The extraction of fundamental thresholds for quantum

FIG. 3. Left: Finite distance crossings of CI between consecutive
distances d ! 3 and d + 2 for color and surface code under bit-flip
noise. Right: Crossing between surface and color codes with distance
d ! 3 and the single-qubit CI. Shaded regions are previous estimates
of thresholds: pth = 0.1094(2) from Ref. [24] for the surface code.
For the color code we show pth = 0.109 19(7) from Ref. [49] and
pth = 0.109 39(6) from Ref. [48]. Error bars are the error rate reso-
lution prior to fitting [50].
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providing estimates of QEC thresholds as critical points of
phase transitions. The main challenge lies in the significant
amount of computational resources needed to accurately lo-
cate critical points of disordered interacting spin models. In
summary there are two ways to estimate optimal thresholds
of QEC codes: (i) a general QEC simulation and use of MLD
[21,23], and (ii) constructing statistical mechanics mappings
for specific codes and error models [24,27–37].

In this work, we introduce a third approach to the es-
timation of optimal QEC thresholds based on the coherent
information (CI) [9,38]. This quantity is the theoretical upper
limit to the amount of quantum information that can be recov-
ered from a noisy mixed state, hence reflecting the capability
of the given QEC code to protect the logical qubits under a
particular error model. As such, the CI signals the threshold
error rate beyond which the quantum information cannot be
recovered by any means. Thus only optimal decoders can
attain the threshold obtained from the CI, while thresholds
reached by suboptimal decoders are always smaller than the
optimal thresholds we study in this work. To illustrate the
use and power of the CI, we estimate optimal thresholds of
topological QEC codes in the code capacity setting, namely
when the state becomes corrupted after a single round of noise
on each data qubit. We show that the CI, evaluated for small
instances of topological codes, provides threshold values that
come very close to known optimal thresholds, exhibiting strik-
ingly small finite-size effects. Moreover, in real devices all
components of the circuit are faulty (e.g., measurement and
gates), which compels the inclusion of gate errors and stabi-
lizer measurements in the error model. Therefore, we adapt
the CI as a tool to determine critical error thresholds to the
phenomenological and circuit level noise settings. Formally,
the latter setting includes gate and measurement errors alike,
whereas the former only considers measurement errors. We
then apply this approach to the quantum repetition code in the
aforementioned settings and show that this again yields very
accurate threshold estimates. Importantly, in all cases of study,
the finite distance crossings are almost exactly at the location
of the known thresholds (discrepancies start at the third digit),
suggesting little finite-size corrections in the CI.

Before introducing formal definitions, we briefly compare
the approach introduced here with the other two main ap-
proaches for obtaining optimal thresholds. On the one hand,
statistical mechanics mappings must be crafted on a case-by-
case basis, and they are limited mostly to the code capacity
and phenomenological noise settings—with few exceptions
[27,34]. In contrast, the CI approach is easily adapted to
different codes and error models. On the other hand, MLD
and computing the CI both suffer from exponential overhead
in the number of physical qubits. However, the CI does not
require error sampling, thus getting rid of statistical errors in
the threshold estimation, and is thus purely limited by minimal
finite size-effects.

The CI was first introduced as a measure of the quantum
information transmitted through a noisy channel [38]. Indeed
maximizing the CI over all possible encodings yields the
quantum capacity of a noisy quantum channel [39]. At the
same time, it was established as a key ingredient for the
existence of a successful quantum error correction protocol
[9,40]. Following the setting shown in Fig. 1, the coherent

FIG. 1. Setup for the coherent information for a QEC code en-
coding a single logical qubit. We start with a Bell pair between
two physical qubits, one of which is kept as a (noise-free) reference
qubit (R). The other qubit is used for preparing the logical state on
the register of n qubits (Q). The encoding unitary Uenc on the data
qubits creates a superposition of logical states, such that in the RQ
system we have (|0R0L〉 + |1R1L〉)/

√
2. After encoding, the Q system

is exposed to noise N according to a noise model. The coherent
information of the noisy state ρRQ allows one to extract optimal
thresholds.

information is defined as

I = S(ρQ) − S(ρRQ). (1)

Here, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy of the
state, and ρQ = TrR(ρRQ) is the reduced density matrix after
tracing out the reference qubit. It was shown in Ref. [9] that I
can only decrease or stay constant after successively applying
CPTP maps to the Q system. In this setup, the CI before
application of the noise is I0 = log 2, therefore I ! log 2. The
equality I = log 2 ensures the existence of a quantum error
correction procedure that recovers the state with unit fidelity.
In Ref. [41], the CI has been used in finding thresholds of
concatenated repetition codes, although there the coherent
information was identified as the quantum code capacity. Gen-
eralizing the setup in Fig. 1 to codes with k > 1 logical qubits
is straightforward; see the supplemental material (SM) [42]
for details.

Error models. We focus on two types of single-qubit
error models: bit-flip noise and depolarizing noise. The bit-
flip channel on qubit i with error rate p reads N b

i (ρ) =
(1 − p)ρ + pXiρXi, while the depolarizing channel is writ-
ten as N d

i (ρ) = (1 − p)ρ + p
3

XiρXi + p
3

YiρYi + p
3

ZiρZi. All

qubits are exposed to the same error channel such that N =∏n
i=1 N a

i , where a = b, d denotes the type of channel.
Quantum codes and their thresholds. We choose to bench-

mark our method for two well-known topological codes: (i)
the rotated surface code, and (ii) the topological color code,
both being leading contenders for practical QEC. (i) The
rotated surface code [[n, 1,

√
n]] [43,44], which is asymptoti-

cally equivalent to the toric code [25], encodes k = 1 logical
qubit in n physical qubits and has a code distance (minimal
support of logical operators) of d =

√
n. In Ref. [24], the

threshold of the toric code under bit-flip noise was estimated
from mapping the QEC code to the 2D RBIM, yielding a
threshold pth = 0.109(2). Depolarizing noise, which also con-
tains the occurrence of Y -type errors, introduces correlations
between bit-flip and dephasing noise. Thus the corresponding
statistical mechanics model becomes a stack of two RBIMs
on square lattices with interlayer four-body interactions [30].
The numerically estimated threshold under depolarizing noise
is pth = 0.189(3) [30]. (ii) The triangular 4.8.8 color code

L042014-2
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FIG. 3. Logical error rate for surface code for bit-flip noise
error rate p = 0.08, 0.1, 0.12, 0.14, 0.16. We use MWPM only
(blue), syndrome resampling (SR) (orange), complementary
gap post-selection (CGPS)(green) and both SR and CGPS
(red). For SR we set ω = 2. The complementary gap confi-
dence parameter is set to c = 2/5, 2/3, 1/2, 2/3 [73] for code
distances d = 5, 6, 8, 9 respectively. The lowest logical error
rate is always obtained by decoding using both strategies.
The grey dashed line denotes the standard optimal threshold
p → 0.109.
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FIG. 4. Logical error rate (top panels) and acceptance rate
(bottom panels) of the resampling method under increasing
number of samples N for p = 0.12 (left panels) and p = 0.14
(right panels). Post-selected (circles) and ω = 2 (stars) resam-
pled data are considered. The acceptance rate is calculated as
the number of samples kept in independently sampled batches
of size N . The post-selected error rate for d = 9 (not shown)
is too low to be reliably computed with the present number
of samples. Error bars are computed via bootstrapping and
represent the 67% confidence interval.

logical error rate of the rotated surface code [74] under
bit-flip noise, even for physical error rates exceeding the
thresholds of MWPM and MLD [41]. In this procedure,
syndromes appearing fewer than ω times are discarded,
and decoding is performed on the remaining samples
according the the distribution Q̂ω(s). As more data
are collected, fewer syndromes are discarded, and in
the limit N → ↑ the discard rate vanishes. In Fig. 4
we show how the logical error rate of MWPM and
acceptance rate, i.e. the number of samples kept within a
set ε of samples, are a!ected by considering only a finite
number N of samples for error rates above the MWPM
threshold [41]. First, the minimum N for at least one
syndrome to appear ω times is exponentially large in
the number of syndromes (see SM for details), but once
this minimum value is attained, the acceptance rate is
steadily increasing towards unity. We observe that the
logical error rate converges faster to its steady value
than the acceptance rate. Second, we compare SR ω = 2
to PS. The number of samples needed for PS is higher,
as consistent with being the limit ω → ↑. This means
that there is a window of error rate and code distance
where PS is unfeasible while SR is implementable and
e!ective.
We further consider complementary gap post-selection

(CGPS) [47]. The complementary gap ” is defined as
the di!erence between the weight of the most likely error
chain identified by MWPM and that of the most likely
chain belonging to a di!erent logical class. A sample
is discarded if (1 ↓ ”/d) > c, where c is a confidence
parameter that is to be chosen. The limits c = 0 and
c = 1 correspond to discarding all nontrivial syndromes
and discarding none, respectively, analogous to the lim-
its ω → ↑ and ω = 1 in our method. Unlike SR, each
syndrome is deterministically either kept or discarded ev-
ery time it appears, resulting in a finite discard rate as
N → ↑. As shown in Fig. 3, CGPS also reduces the log-
ical error rate in the regime considered. We finally com-
bine both strategies. We first construct Q̂ω(s), discard
syndromes appearing fewer than ω times, and resample
the remaining data. On the selected samples, we ap-
ply MWPM decoding followed by CGPS with confidence
parameter c. The resulting logical error rate is consis-
tently lower than that obtained using either method alone
and can be up to four orders of magnitude smaller when
compared to bare MWPM decoding (see blue and red
curves in Fig. 3). The two mechanisms suppress logical
errors through complementary e!ects: CGPS exploits de-
coder confidence, while SR enhances the weight of high-
probability syndromes. Our results indicate that, at least
for the surface code, the two methods act on substantially
di!erent subsets of syndromes.
Application to experimental data: To demonstrate ap-

plicability in realistic settings, we benchmark SR on the
recent three-qubit repetition-code lattice-surgery experi-
ment of Ref. [5], shown in Fig. 5. In this scenario, bare
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p → 0.109.

10�4

10�3

10�2

10�1

Lo
gi

ca
le

rr
or

ra
te

p = 0.12d=5 ↵ = 2
d=7 ↵ = 2
d=9 ↵ = 2

p = 0.14

104 106

Number of samples

10�4

10�3

10�2

10�1

100

A
cc

ep
ta

nc
e

ra
te

p = 0.12d=5 PS
d=7 PS
d=9 PS

104 106

Number of samples

p = 0.14

FIG. 4. Logical error rate (top panels) and acceptance rate
(bottom panels) of the resampling method under increasing
number of samples N for p = 0.12 (left panels) and p = 0.14
(right panels). Post-selected (circles) and ω = 2 (stars) resam-
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the number of samples kept in independently sampled batches
of size N . The post-selected error rate for d = 9 (not shown)
is too low to be reliably computed with the present number
of samples. Error bars are computed via bootstrapping and
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logical error rate of the rotated surface code [74] under
bit-flip noise, even for physical error rates exceeding the
thresholds of MWPM and MLD [41]. In this procedure,
syndromes appearing fewer than ω times are discarded,
and decoding is performed on the remaining samples
according the the distribution Q̂ω(s). As more data
are collected, fewer syndromes are discarded, and in
the limit N → ↑ the discard rate vanishes. In Fig. 4
we show how the logical error rate of MWPM and
acceptance rate, i.e. the number of samples kept within a
set ε of samples, are a!ected by considering only a finite
number N of samples for error rates above the MWPM
threshold [41]. First, the minimum N for at least one
syndrome to appear ω times is exponentially large in
the number of syndromes (see SM for details), but once
this minimum value is attained, the acceptance rate is
steadily increasing towards unity. We observe that the
logical error rate converges faster to its steady value
than the acceptance rate. Second, we compare SR ω = 2
to PS. The number of samples needed for PS is higher,
as consistent with being the limit ω → ↑. This means
that there is a window of error rate and code distance
where PS is unfeasible while SR is implementable and
e!ective.
We further consider complementary gap post-selection

(CGPS) [47]. The complementary gap ” is defined as
the di!erence between the weight of the most likely error
chain identified by MWPM and that of the most likely
chain belonging to a di!erent logical class. A sample
is discarded if (1 ↓ ”/d) > c, where c is a confidence
parameter that is to be chosen. The limits c = 0 and
c = 1 correspond to discarding all nontrivial syndromes
and discarding none, respectively, analogous to the lim-
its ω → ↑ and ω = 1 in our method. Unlike SR, each
syndrome is deterministically either kept or discarded ev-
ery time it appears, resulting in a finite discard rate as
N → ↑. As shown in Fig. 3, CGPS also reduces the log-
ical error rate in the regime considered. We finally com-
bine both strategies. We first construct Q̂ω(s), discard
syndromes appearing fewer than ω times, and resample
the remaining data. On the selected samples, we ap-
ply MWPM decoding followed by CGPS with confidence
parameter c. The resulting logical error rate is consis-
tently lower than that obtained using either method alone
and can be up to four orders of magnitude smaller when
compared to bare MWPM decoding (see blue and red
curves in Fig. 3). The two mechanisms suppress logical
errors through complementary e!ects: CGPS exploits de-
coder confidence, while SR enhances the weight of high-
probability syndromes. Our results indicate that, at least
for the surface code, the two methods act on substantially
di!erent subsets of syndromes.
Application to experimental data: To demonstrate ap-

plicability in realistic settings, we benchmark SR on the
recent three-qubit repetition-code lattice-surgery experi-
ment of Ref. [5], shown in Fig. 5. In this scenario, bare
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(red). For SR we set ω = 2. The complementary gap confi-
dence parameter is set to c = 2/5, 2/3, 1/2, 2/3 [73] for code
distances d = 5, 6, 8, 9 respectively. The lowest logical error
rate is always obtained by decoding using both strategies.
The grey dashed line denotes the standard optimal threshold
p → 0.109.
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logical error rate of the rotated surface code [74] under
bit-flip noise, even for physical error rates exceeding the
thresholds of MWPM and MLD [41]. In this procedure,
syndromes appearing fewer than ω times are discarded,
and decoding is performed on the remaining samples
according the the distribution Q̂ω(s). As more data
are collected, fewer syndromes are discarded, and in
the limit N → ↑ the discard rate vanishes. In Fig. 4
we show how the logical error rate of MWPM and
acceptance rate, i.e. the number of samples kept within a
set ε of samples, are a!ected by considering only a finite
number N of samples for error rates above the MWPM
threshold [41]. First, the minimum N for at least one
syndrome to appear ω times is exponentially large in
the number of syndromes (see SM for details), but once
this minimum value is attained, the acceptance rate is
steadily increasing towards unity. We observe that the
logical error rate converges faster to its steady value
than the acceptance rate. Second, we compare SR ω = 2
to PS. The number of samples needed for PS is higher,
as consistent with being the limit ω → ↑. This means
that there is a window of error rate and code distance
where PS is unfeasible while SR is implementable and
e!ective.
We further consider complementary gap post-selection

(CGPS) [47]. The complementary gap ” is defined as
the di!erence between the weight of the most likely error
chain identified by MWPM and that of the most likely
chain belonging to a di!erent logical class. A sample
is discarded if (1 ↓ ”/d) > c, where c is a confidence
parameter that is to be chosen. The limits c = 0 and
c = 1 correspond to discarding all nontrivial syndromes
and discarding none, respectively, analogous to the lim-
its ω → ↑ and ω = 1 in our method. Unlike SR, each
syndrome is deterministically either kept or discarded ev-
ery time it appears, resulting in a finite discard rate as
N → ↑. As shown in Fig. 3, CGPS also reduces the log-
ical error rate in the regime considered. We finally com-
bine both strategies. We first construct Q̂ω(s), discard
syndromes appearing fewer than ω times, and resample
the remaining data. On the selected samples, we ap-
ply MWPM decoding followed by CGPS with confidence
parameter c. The resulting logical error rate is consis-
tently lower than that obtained using either method alone
and can be up to four orders of magnitude smaller when
compared to bare MWPM decoding (see blue and red
curves in Fig. 3). The two mechanisms suppress logical
errors through complementary e!ects: CGPS exploits de-
coder confidence, while SR enhances the weight of high-
probability syndromes. Our results indicate that, at least
for the surface code, the two methods act on substantially
di!erent subsets of syndromes.
Application to experimental data: To demonstrate ap-

plicability in realistic settings, we benchmark SR on the
recent three-qubit repetition-code lattice-surgery experi-
ment of Ref. [5], shown in Fig. 5. In this scenario, bare
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chain identified by MWPM and that of the most likely
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is discarded if (1 ↓ ”/d) > c, where c is a confidence
parameter that is to be chosen. The limits c = 0 and
c = 1 correspond to discarding all nontrivial syndromes
and discarding none, respectively, analogous to the lim-
its ω → ↑ and ω = 1 in our method. Unlike SR, each
syndrome is deterministically either kept or discarded ev-
ery time it appears, resulting in a finite discard rate as
N → ↑. As shown in Fig. 3, CGPS also reduces the log-
ical error rate in the regime considered. We finally com-
bine both strategies. We first construct Q̂ω(s), discard
syndromes appearing fewer than ω times, and resample
the remaining data. On the selected samples, we ap-
ply MWPM decoding followed by CGPS with confidence
parameter c. The resulting logical error rate is consis-
tently lower than that obtained using either method alone
and can be up to four orders of magnitude smaller when
compared to bare MWPM decoding (see blue and red
curves in Fig. 3). The two mechanisms suppress logical
errors through complementary e!ects: CGPS exploits de-
coder confidence, while SR enhances the weight of high-
probability syndromes. Our results indicate that, at least
for the surface code, the two methods act on substantially
di!erent subsets of syndromes.
Application to experimental data: To demonstrate ap-

plicability in realistic settings, we benchmark SR on the
recent three-qubit repetition-code lattice-surgery experi-
ment of Ref. [5], shown in Fig. 5. In this scenario, bare
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logical process tomography, providing insights that can be applied to 
larger, fully fault-tolerant error-correcting schemes. This work takes 
a crucial step towards scalable fault-tolerant quantum computing by 
implementing an entangling operation between logical qubits encoded 
in a surface-code lattice using lattice surgery. Beyond this conceptual 
advance, we highlight the role of logical characterization techniques 
as key tools for benchmarking the performance of such operations in 
realistic, noisy devices.

Lattice surgery on a distance-three surface code
In lattice surgery16,17, logical qubits are encoded in patches of distinct 
data qubits forming a larger underlying lattice. For the surface code, 
this lattice is square. In each logical qubit, errors are identified through 
measurements of stabilizers, that is, products of Pauli-Z or Pauli-X 
operators acting on data qubits located at the vertices of the lattice 
plaquettes, with X-type and Z-type stabilizers arranged in a checker-
board pattern. The rotated distance-three surface code implemented 
in this work consists of a three-by-three grid of data qubits, denoted  
Dj, j ∈ {1, …, 9}, and eight stabilizers. Each stabilizer is assigned a  
unique auxiliary qubit for its measurement. The qubit layout and  
connectivity is shown in Fig. 1a.

Error correction is performed by measuring repeated cycles  
of stabilizers. We denote the stabilizer operators as ̂

S

Ai

, and their meas-
urement outcomes in cycle N as sAi

N

= ±1, where A ∈ {X, Z} indicates the 
stabilizer type and i enumerates the stabilizers of one type. Syndrome 
elements are defined as the parity of stabilizer outcomes across two 
consecutive cycles, where a value of zero indicates even parity, and a 

These can also be realized transversally, as demonstrated between 
distinct distance-three colour codes in systems with reconfigurable 
connec tivity, such as trapped ions11,15 and Rydberg atoms13. However,  
in systems with fixed local connectivity, this approach cannot be 
directly applied.

Lattice surgery16 is a powerful technique that extends topological 
codes to multiple logical qubits, enabling fault-tolerant gate operations 
while maintaining a two-dimensional arrangement of physical qubits. 
The fundamental operation in lattice surgery involves measuring an 
observable of two logical qubits, which is executed through merge and 
split code deformations17. These two operations can be used as building 
blocks for more complex operations such as logical CNOT gates18,19 or 
magic state distillation20. Lattice surgery primitives have been suc-
cessfully demonstrated in state teleportation experiments utilizing 
distance-two surface codes21 and distance-three colour codes11,12, as well 
as in a logical Bell state preparation experiment involving distance-four 
3CX and Bacon–Shor codes22.

Here, we demonstrate lattice surgery operation on a quantum 
device consisting of 17 qubits realized with superconducting circuits. 
Specifically, we focus on the split operation applied to a rotated 
distance-three surface code, which results in an entangled state of 
two independently operated logical qubits, encoded with bit-flip 
repetition codes. The protocol is fault-tolerant for bit-flip but not 
for phase-flip errors, which remain undetectable after the split. By 
focusing on the boundary region connecting the two logical qubits, 
we investigate critical aspects of error correction and lattice surgery, 
such as syndrome correlation analysis during code deformation and 
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Fig. 1 | Experiment concept, quantum device layout and performance.  
a–c, Conceptual qubit layout and connectivity. The red circles correspond to 
data qubits, while the green (blue) plaquettes and circles depict Z-type (X-type) 
stabilizers and auxiliary qubits associated with them. The logical operator 
definitions of the distance-three surface code (a) and the two distance-three 
repetition codes (c) are indicated as solid black lines. Mid-circuit data qubit 
readout during the lattice-split operation (b) is depicted as green circle outlines. 
d, Schematic experimental sequence and Pauli-frame-update definitions  

mZ1, mZ2 and mX2. Double lines denote an update of the results of the tomography 
readouts in postprocessing based on measurement outcomes obtained during 
the lattice split operation. e, False-coloured optical photograph of the quantum 
chip. The stabilizer plaquettes are shown with blue and green triangles and 
squares. f, Experimental cumulative distributions of the operation errors of the 
device: single-qubit gates (pink), two-qubit CZ gates (cyan), readout with two-
state (red) and three-state (orange) discrimination and cycle-average syndrome 
elements for weight-two and weight-four stabilizers (w2 and w4).
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larger, fully fault-tolerant error-correcting schemes. This work takes 
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implementing an entangling operation between logical qubits encoded 
in a surface-code lattice using lattice surgery. Beyond this conceptual 
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Here, we demonstrate lattice surgery operation on a quantum 
device consisting of 17 qubits realized with superconducting circuits. 
Specifically, we focus on the split operation applied to a rotated 
distance-three surface code, which results in an entangled state of 
two independently operated logical qubits, encoded with bit-flip 
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