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Outline

Synchronization: What is it?

Why do we need observers?
Nodal stabilization and observers
Model for the flow in a natural gas pipe

What about mixtures (hydrogen)? The problem of embrittlement

The observer system and exponential synchronization:
Also here the exponential weights as used by JEAN-MICHEL CORON et al. are very
useful!

More weight functions to deal more easily with the source terms and the limits of
observability
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Synchronization: What is it?

HUYGENS found that two very weakly coupled pendulum clocks hanging on the
same wooden beam become synchronized in phase (1673).
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¢ In synchronization problems, there are N > 2 coupled dynamics,
e.g. wave equations that are coupled through the source term.
e The systems are driven towards the same state!
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Synchronization: What is it?

HUYGENS found that two very weakly coupled pendulum clocks hanging on the
same wooden beam become synchronized in phase (1673).
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¢ In synchronization problems, there are N > 2 coupled dynamics,
e.g. wave equations that are coupled through the source term.

e The systems are driven towards the same state!

e Recent contributions on synchronization: Approximate Internal Controllability and
Synchronization for a System of Wave Equations With Coupled Robin Boundary
Condition CHENGXIA ZU, TATSIEN LI, BOPENG RAO

e rank conditions on the coupling matrices
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Synchronization: What is it?

HUYGENS found that two very weakly coupled pendulum clocks hanging on the
same wooden beam become synchronized in phase (1673).
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¢ In synchronization problems, there are N > 2 coupled dynamics,
e.g. wave equations that are coupled through the source term.

e The systems are driven towards the same state!

e Recent contributions on synchronization: Approximate Internal Controllability and
Synchronization for a System of Wave Equations With Coupled Robin Boundary
Condition CHENGXIA ZU, TATSIEN LI, BOPENG RAO

e rank conditions on the coupling matrices

e Up to now, no networks! Synchronization of string networks ?
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Synchronization: What is it?

As an application, think of
Synchronization of velocities in pipeline flow of blended gas
Journal of Mathematical Analysis and Applications 2026.

e The flow of the gas mixtures is modelled following with conservation of mass and
balance of momentum, where the effect of collisions is modelled by suitable
coupling terms.

e Only a single pipe is considered: The network case is open.
Node coupling conditions?
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Synchronization: What is it?

As an application, think of
Synchronization of velocities in pipeline flow of blended gas
Journal of Mathematical Analysis and Applications 2026.

e The flow of the gas mixtures is modelled following with conservation of mass and
balance of momentum, where the effect of collisions is modelled by suitable
coupling terms.

e Only a single pipe is considered: The network case is open.
Node coupling conditions?

In observers , there are N = 2 systems,

1. the original system and

2. the observer system.

The coupling only acts on the second system by information from the first system.
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Why do we need observers?
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The control system

Control devices ( =controllers)
See the results of DFG CRC 154-3

\;ﬁ . TRR Mathematical Mudetllr{g.
o K S Simulation and Optimization Using
g . 1 54 the Example of Gas Netwarks

In the operation of gas networks,
the control acts at

1. compressor stations,

2. valves,

3. regulators (pressure reducers).

Thus the control acts only in certain
points (as in boundary control).
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points (as in boundary control).
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The control system

Control devices ( =controllers)
See the results of DFG CRC 154-3

"""" N Mathematical Madelling,

e </ TRR Simulation and Optimization Using

N Y. 1 54 the Example of Gas Networks
P

In the operation of gas networks,
the control acts at

1. compressor stations,

2. valves,

3. regulators (pressure reducers).

Thus the control acts only in certain
points (as in boundary control).

Pointwise Control:
Nodal Control

We call this control action that is
located a finite number of points
in space nodal control.

Pointwise measurements:
Nodal Measurements

Also measurements only provide
data for the current state that is
located in a finite number of
points in space i.e.

nodal measurements.
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What is the use of observers?

Why do we need observers?

An observer system can be used to obtain an
approximation of the full current state from the measurement data.
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What is the use of observers?

I Why do we need observers?

An observer system can be used to obtain an
approximation of the full current state from the measurement data.

e The observer system is started with a guess of the current full system state.
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What is the use of observers?

I Why do we need observers?

An observer system can be used to obtain an
approximation of the full current state from the measurement data.

e The observer system is started with a guess of the current full system state.

e The observer is constructed in such a way that it can be fed continuously
with the measurement data as input.
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What is the use of observers?

Why do we need observers?

An observer system can be used to obtain an
approximation of the full current state from the measurement data.

e The observer system is started with a guess of the current full system state.

e The observer is constructed in such a way that it can be fed continuously
with the measurement data as input.

e The output of the observer at the time t is an approximation of the full system
state at 1.
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Optimal control problems and observers

Optimal Control

In the operation of gas networks,
pressure bounds are
essential state constraints!
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Optimal control problems and observers

Optimal Control

In the operation of gas networks,
pressure bounds are
essential state constraints!

The compressor cost is a generic

objective functional in the mathematical
literature:

v Pout,v (1) Ay 11 d
fO ve VC (t) ( pin,v(t) ) - t
(see e.g. Mixed integer approach for

time-dependent gas network optimization,
Optim. Methods Softw. 2009).
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Optimal control problems and observers

Optimal Control

In the operation of gas networks,
pressure bounds are
essential state constraints!

The compressor cost is a generic

objective functional in the mathematical
literature:

v Pout,v(t) Ay
Jo Svev. Arq¥(t) [(p—(t)) — 1] ot
(see e.g. Mixed integer approach for
time-dependent gas network optimization,
Optim. Methods Softw. 2009).
¢ The gas flow has to be sufficient to

satisfy the (uncertain) customer
demand!
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Optimal control problems and observers

Optimal Control

In the operation of gas networks,
pressure bounds are
essential state constraints!

The compressor cost is a generic

objective functional in the mathematical
literature:

v Pout,v(t) Ay
fo VEVG (t) [( pin,:/(t) ) B 1] at
(see e.g. Mixed integer approach for
time-dependent gas network optimization,
Optim. Methods Softw. 2009).
¢ The gas flow has to be sufficient to

satisfy the (uncertain) customer
demand!

Why do we need observers?

For a dynamic optimal control
problem where the system is
governed by an evolution equation,
it is required that the

initial state is known.

This is usually not the case!
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Optimal control problems and observers

Optimal Control
In the operation of gas networks, Why do we need observers?

s bounds are -~ For a dynamic optimal control
essential state constraints! problem where the system is

governed by an evolution equation,
it is required that the

The compressor cost is a generic

objective functional in the mathematical
literature:

= initial state is known.
out,v t Y u .
fo vev, Avq¥(t) [(%nt—((t))) - 1] dt  This is usually not the case!

(see e.g. Mixed integer approach for
time-dependent gas network optimization,
Optim. Methods Softw. 2009).

¢ The gas flow has to be sufficient to
satisfy the (uncertain) customer
demand!

In order to approximate the full initial
state observers are needed!

The definition of the optimal bounad-
ary control problems is under scien-
tific discussion: See preprint BRE-
ITKOPF, GUGAT, S. ULBRICH
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The optimal control problems under discussion

The definition of the optimal boundary control problems is under scientific
discussion:

e What is the right regularity?
e We would like to have optimal states without shocks or rarefaction fans,

e e.g. Lipschitz solutions (see e.g. GUGAT, S. ULBRICH) or
classical solutions (see e.g. TA-TSIEN LI, preprint BREITKOPF, GUGAT, S.
ULBRICH)
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The optimal control problems under discussion

The definition of the optimal boundary control problems is under scientific
discussion:

e What is the right regularity?
e We would like to have optimal states without shocks or rarefaction fans,

e e.g. Lipschitz solutions (see e.g. GUGAT, S. ULBRICH) or
classical solutions (see e.g. TA-TSIEN LI, preprint BREITKOPF, GUGAT, S.
ULBRICH)

e In the preprint, we also show the differentiability of the control-to-state-map
e \We use characteristic variables: No RIEMANN-invariants are required!
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The optimal control problems under discussion

The definition of the optimal boundary control problems is under scientific
discussion:

e What is the right regularity?
e We would like to have optimal states without shocks or rarefaction fans,

e e.g. Lipschitz solutions (see e.g. GUGAT, S. ULBRICH) or
classical solutions (see e.g. TA-TSIEN LI, preprint BREITKOPF, GUGAT, S.
ULBRICH)

e In the preprint, we also show the differentiability of the control-to-state-map
e \We use characteristic variables: No RIEMANN-invariants are required!

e Approaches with solutions from L'-BV non-linear semi-groups allow for shocks,
which is useful in emergencies, e.g. leaks or explosions in the pipeline-system.
(see R. COLOMBO, M. HERTY, A KLAR, .... e.g. Optimal Control in Networks of
Pipes and Canals )
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The optimal control problems under discussion

The definition of the optimal boundary control problems is under scientific
discussion:

e What is the right regularity?

e We would like to have optimal states without shocks or rarefaction fans,

e e.g. Lipschitz solutions (see e.g. GUGAT, S. ULBRICH) or
classical solutions (see e.g. TA-TSIEN LI, preprint BREITKOPF, GUGAT, S.
ULBRICH)

e In the preprint, we also show the differentiability of the control-to-state-map

e \We use characteristic variables: No RIEMANN-invariants are required!

e Approaches with solutions from L'-BV non-linear semi-groups allow for shocks,
which is useful in emergencies, e.g. leaks or explosions in the pipeline-system.
(see R. CoLoMBO, M. HERTY, A KLAR, .... e.g. Optimal Control in Networks of
Pipes and Canals )

¢ Desired regularity can be enforced in

® the objective function (regularization terms penalize violation)
® or state constraints (bounds for derivatives).
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The stabilization problem and observers

The stabilization problem seeks

feedback laws

(nodal control laws) that lead to
exponential decay of the difference
between the actual state and the desired
stationary state!
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The stabilization problem and observers

The stabilization problem seeks
feedback laws

(nodal control laws) that lead to
exponential decay of the difference
between the actual state and the desired
stationary state!

e E.g. co-located feedback (i.e.
co-located actuators and sensors)
of the type

pX(ta O) - kopf(ta O)

see Limits of stabilizability for a
semilinear model for gas pipeline flow,
M. Gugat, M. Herty, 2022.
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The stabilization problem and observers

The stabilization problem seeks A full state feedback law

can be constructed in a more efficient

feedback laws

(nodal control laws) that lead to
exponential decay of the difference
between the actual state and the desired
stationary state!

e E.g. co-located feedback (i.e.
co-located actuators and sensors)
of the type

pX(ta O) - kopf(ta O)

see Limits of stabilizability for a
semilinear model for gas pipeline flow,
M. Gugat, M. Herty, 2022.

and flexible way.

But e.g. in the gas network,

measurements only give
pointwise data!
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The stabilization problem and observers

The stabilization problem seeks A full state feedback law

feedback laws

(nodal control laws) that lead to
exponential decay of the difference
between the actual state and the desired
stationary state!

e E.g. co-located feedback (i.e.
co-located actuators and sensors)
of the type

pX(ta O) - kopf(ta O)

see Limits of stabilizability for a
semilinear model for gas pipeline flow,
M. Gugat, M. Herty, 2022.

can be constructed in a more efficient
and flexible way.
But e.g. in the gas network,
measurements only give

pointwise data!

Why do we need observers?

In order to obtain an approximation of
the full current state, an observer
system can be used.
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The stabilization problem as a special case of ob-
servers with exponential decay

Figure: Dynamic versus static states

e Consider the case where a nodal observer is available that synchronizes
exponentially fast.
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The stabilization problem as a special case of ob-
servers with exponential decay

Figure: Dynamic versus static states

e Consider the case where a nodal observer is available that synchronizes
exponentially fast.

e This observer can also be used to observe a stationary state.
In this case, the measurement data are constants that are independent of t.
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The stabilization problem as a special case of ob-
servers with exponential decay

Figure: Dynamic versus static states

e Consider the case where a nodal observer is available that synchronizes
exponentially fast.

e This observer can also be used to observe a stationary state.
In this case, the measurement data are constants that are independent of t.

e Then the synchronization problem for the observer is equivalent to feedback
stabilization of the observer system to the stationary state.
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The stabilization problem as a special case of ob-
servers with exponential decay

Figure: Dynamic versus static states

e Consider the case where a nodal observer is available that synchronizes
exponentially fast.

e This observer can also be used to observe a stationary state.
In this case, the measurement data are constants that are independent of t.

e Then the synchronization problem for the observer is equivalent to feedback
stabilization of the observer system to the stationary state.

¢ The time-independent constant yield the feedback gains.

]
Hence the limits of stabilizability imply limits of observability!
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Model for the flow in a natural gas pipe
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Model for the flow in a single pipe

The isothermal Euler equations for
ideal gas (see e.g. BANDA, HERTY,

KLAR(2006) NHM)

For a horizontal pipe,
we have

Pt + Qx = 0
2
q: + (Czp—l—%)x = —% 9%‘”
¢ p: density
e g: flow rate
e c: sound speed

_f
09_5

e f,: friction, D: diameter
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Model for the flow in a single pipe

The isothermal Euler equations for ~ Slow flow (|g/p| << ¢)
ideal gas (see e.g. BANDA, HERTY,
KLAR(2006) NHM)

In the regular operation of gas pipelines,
the flow is subsonic. See the results of

DFG CRC 154-3

e A TRR Mathematical Modelling,
R Simulation and Optimization Using
g Y. 154 the Example of Gas Networks

For a horizontal pipe,
we have

pt"‘CIx:O
2
qt+(02p+q7) :—%9%6”

X
¢ p: density
e g: flow rate
e c: sound speed
L — %g
e f,: friction, D: diameter
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Model for the flow in a single pipe

The isothermal Euler equations for ~ Slow flow (|g/p| << ¢)

ideal gas (see e.g. BANDA, HERTY,
KLAR(2006) NHM)

In the regular operation of gas pipelines,
the flow is subsonic. See the results of

DFG CRC 154-3

. TRR Mathematical Modelling,
R Simulation and Optimization Using
g Y. 154 the Example of Gas Networks

For a horizontal pipe,
we have

2 9 1 n4qlql
Q: + (C p+ 7) =30 o With sufficiently regular control actions,

X

{”"“’Xo ]

o ;: density no shocks

e g: flow rate are created.

e c: sound speed

_f
.@_5

e f,: friction, D: diameter
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Re(p.q) = B(p) + 2 with /"?(p)—/1p P o

P

The eigenvalues are
. 1/2
e (A ()"

In terms of the Riemann invariants, for an edge e € E with
o®(Re, R®) = v° |RS — R®| (RS — R®)

the PDE has the diagonal form

R® A0 RS —1
w(m) (5 ) (&) =ommm (7).
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Model for the flow through pipe junctions:
Node conditions

Node conditions

Our node conditions model
1. Conservation of mass
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Model for the flow through pipe junctions:
Node conditions

Node conditions

Our node conditions model
1. Conservation of mass

2. Continuity of the pressure
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Model for the flow through pipe junctions:

Algebraic nhode conditions
Continuity of the pressure

Forallve Vande, f € Ey(v)
we have

pe(x(v)) = p'(x'(v)).

Also, perfect mixing of the
incoming entropies has been
suggested for the sake of
thermodynamic consistency.
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Model for the flow through pipe junctions:

Algebraic node conditions
Continuity of the pressure Notation: Outer normal n(e, v)

Forallve Vande, f € Ey(v) Let G = (V, E). The pipes e € E correspond
we have to intervals [0, L]. Define the ’outer normal’

pe(x°(v)) = p/(xX(v)). 0 if e¢ Eo(v),
n(e,v) =< —1 if ee Ey(v)and x°(v) =0,
1 if ee Ep(v) and x®¢(v) = L°.

Also, perfect mixing of the
incoming entropies has been
suggested for the sake of
thermodynamic consistency.
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Model for the flow through pipe junctions:

Algebraic node conditions
Continuity of the pressure Notation: Outer normal n(e, v)

Forallve Vande, f € Ey(v) Let G = (V, E). The pipes e € E correspond
we have to intervals [0, L]. Define the ’outer normal’

pe(x°(v)) = p/(xX(v)). 0 if e¢ Eo(v),
n(e,v) =< —1 if ee Ey(v)and x°(v) =0,
1 if ee Ep(v) and x®¢(v) = L°.

Also, perfect mixing of the
incoming entropies has been
suggested for the sake of
thermodynamic consistency.

Conservation of mass

Define the mass flow m® = Z(D¢)?qe.
Define the incidence matrix

A= (n(e,V))vev, ecE-
The balance of mass is given by

L Am=0.
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Model for the flow through pipe junctions:

Algebraic node conditions
Continuity of the pressure Notation: Outer normal n(e, v)

Forallve Vande, f € Ey(v) Let G = (V, E). The pipes e € E correspond
we have to intervals [0, L]. Define the ’outer normal’

pe(x°(v)) = p/(xX(v)). 0 if e¢ Eo(v),
n(e,v) =< —1 if ee Ey(v)and x°(v) =0,
1 if ee Ep(v) and x®¢(v) = L°.

Also, perfect mixing of the
incoming entropies has been
suggested for the sake of
thermodynamic consistency.

Am =0 _(Conservation of mass)

Define the mass flow m® = 7(D°)*q°.  See On the Cauchy Problem for the
Define the incidence matrix p-System at a Junction, COLOMBO
GARAVELLO SIAM J. MATH. ANAL.
A= (n(e,v :

(n(e, V))vev.ece 39 (2008), 1456-1471.
The balance of mass is given by

L Am=0.
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What about mixtures (hydrogen)? The problem of embrittlement
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Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.
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Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

Martin Gugat - FAU - Observers for gas network flow: Synchronization 24. 8. 2026, 14:00

20



NATURWISSENSCHAFTLICHE

Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

¢ At the nodes perfect mixing is required, that is the outgoing concentrations are
the same (see CoOLOMBO, MAURI 2008).
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We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

¢ At the nodes perfect mixing is required, that is the outgoing concentrations are
the same (see CoOLOMBO, MAURI 2008).

e The third eigenvalue is the velocity of the gas mixture.
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Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

¢ At the nodes perfect mixing is required, that is the outgoing concentrations are
the same (see CoOLOMBO, MAURI 2008).

e The third eigenvalue is the velocity of the gas mixture.

e |f the hydrogen has the same average velocity as the mixture, we can still obtain
Riemann invariants. The new third Riemann invariant is the concentration.
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Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

¢ At the nodes perfect mixing is required, that is the outgoing concentrations are
the same (see CoOLOMBO, MAURI 2008).

e The third eigenvalue is the velocity of the gas mixture.

e |f the hydrogen has the same average velocity as the mixture, we can still obtain
Riemann invariants. The new third Riemann invariant is the concentration.

¢ In general Riemann invariants do not exist.
Instead we can use characteristic variables.
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Hydrogen blending and Hydrogen embrittilement

We extended the observer to a model for a mixture of natural gas and hydrogen.

e We have chosen a 3 x 3 model with an additional continuity equation
(see BANDA, HERTY, NGNOTCHOUYE, Coupling Drift-Flux Models with Unequal
Sonic Speeds, Math. Comput. Appl. 2010 ).

¢ At the nodes perfect mixing is required, that is the outgoing concentrations are
the same (see CoOLOMBO, MAURI 2008).

e The third eigenvalue is the velocity of the gas mixture.

e |f the hydrogen has the same average velocity as the mixture, we can still obtain
Riemann invariants. The new third Riemann invariant is the concentration.

¢ In general Riemann invariants do not exist.
Instead we can use characteristic variables.

e There are two time-scales:
Pressure waves are fast and hydrogen concentration travels much more slowly.
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The system in diagonal form - (S)

G = (V, E): graph of a pipeline network

e E£y(v) denotes the set of edges in the graph that are incident to a vertex v € V.
e x°(v) € {0, L®} denotes the end of the interval [0, L®] corresponding to e € Ey(V).

—1
eForvelV,letw, =2 (ZfeEo(v) ‘Df‘z) :

Let the diagonal matrix diag(S€) contain \§; u¥ € [—1, 1]. The quasilinear system is

[ S°(0,x) = y8(x), x € (0,L®), e € E,
S€(0,x) = y¢(x), x € (0,L®), e € E,

Se

out

(£, x°(v)) = (1 = p") us(t) + " Si(t, L%), £ < (0, T), if |Eo(v)| =1,

Se

out

(Ex°(V) = —SE(t, x(V)) +w, X (D9 SEt, x9(v), t € (0, T)
cEp(v
Y i |Eo(v)| = 2

e —
\ 0;( g;) + diag(S°®) 8X< g;) = 0°(S¢, S°) ( 1 ) on [0, T] x [0,L®], e € E.
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Well-posedness of the system

Note that with gas at rest, we have a steady state with constant pressure and
constant Riemann invariants
S¢—58°—J.
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Well-posedness of the system

Note that with gas at rest, we have a steady state with constant pressure and

constant Riemann invariants
S_‘i =8 =J.

Semi-global classical solutions (TA-TSIEN LI (Fudan university, Shanghai),...)

Let T > 0 and a real number J be given.
Then there exists (T) > 0 such that for all initial data y¢ < C'(0, L®) such that

1= lys — Jllcio, ey < &(T)

and all control functions u® € C'(0, T) (e with |Ey(v)| = 1 for a v € V) such that
C = ||u® = J||cro.r) < &(T)

that satisfy the C'-compatibility conditions for (S), there exists a

unique classical solution S of (S) on [0, T].
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Well-posedness of the system

Note that with gas at rest, we have a steady state with constant pressure and

constant Riemann invariants
S_‘i =8 =J.

Semi-global classical solutions (TA-TSIEN LI (Fudan university, Shanghai),...)

Let T > 0 and a real number J be given.
Then there exists (T) > 0 such that for all initial data y¢ < C'(0, L®) such that

= [ly$ = Jlloso,Le) < (T)
and all control functions u® € C'(0, T) (e with |Ey(v)| = 1 for a v € V) such that
C = ||u® = J||cro.r) < &(T)
that satisfy the C'-compatibility conditions for (S), there exists a
unique classical solution S of (S) on [0, T].

There exists a constant Cr > 0 such that the solution satisfies the a priori bound

fgeaé({HSi —Jlleto. x5y 158 = dllero mxo.ep } < Cr max{l, C}. (1)
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Inhalt

The observer system and exponential synchronization:
Also here the exponential weights as used by JEAN-MICHEL CORON et al. are very
useful!
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The observer system (R)

The idea of the observer system is to replace the node conditions for (S) at v € V

in the observer system (R) by a linear combination of two terms:

e the physical node conditions as in the original system (S): Sour = FY(Sin);
¢ a nudging term of LUENBERGER type where the difference

5 = F(R) — F(S)

between the observer output and the value from the measurements is fed into
the observer system (R).

Rout = Sout + NV [FV(Rin) - FV(Sin)] = ,LLVFV(Rin) + (1 — ,LLV) Sout-
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NATURWISSENSCHAFTLICHE

The observer system (R)

The idea of the observer system is to replace the node conditions for (S) at v € V

in the observer system (R) by a linear combination of two terms:

e the physical node conditions as in the original system (S): Sour = FY(Sin);
¢ a nudging term of LUENBERGER type where the difference

5 = F(R) — F(S)

between the observer output and the value from the measurements is fed into
the observer system (R).

Rout = Sout + MV [FV(R,-,,) - FV(Sin)] = ,LLVFV(Rin) + (1 — ,LLV) Sout-

The choice of the nodal parameter 1" allows to control the influence of the

measured values that are prone to measurement errors.

If |1 — uY| (i.e. the weight of the Luenberger term) is small, the influence of these
errors is damped.

Then the synchronization has the tendency to be slower.
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The observer system (R)

Forv € Vet u¥ € [0, 1] control the coupling of the original system to the observer

system ( 1 = 1: (R) decouples from (S); u” = 0: full flow of information from (S)).
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The observer system (R)

Forv € Vet u¥ € [0, 1] control the coupling of the original system to the observer

system ( 1 = 1: (R) decouples from (S); u” = 0: full flow of information from (S)).

The observer system has a similar structure as (S):

( R%(0,x) =z%(x), x € (0,L°), ec E,
R¢(0,x) = z°(x), x € (0,L®), e € E,

Re

outlt, X6(V)) = (1 — ") ue(t) + p¥ RE(t, x2(v)), t € (0, T), if |Eo(v)| =1,
(R){ Roult,x®(v)) = Sgu(t, x2(v)) — u” [RE(L, x8(v)) — S5(t, x*(v)))
+uwy Yo (D9 R, x9(v)) — Sii(t, x9(v))] .
cEp(v
i v S (Oa T)a if ‘EO(V)’ > 27

R—i ; e R—? e( pe e —1 e
\ O Re + diag(R®) Ox Re | =° (RS, R?) 1 )on [0, T] x [0,L®], e € E.

The initial state (z¢, z°) of (R) is an estimation of the initial state of the original
system (S).
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The difference system between (R) and (S)

For the proof of synchronization, we show that the solution of the difference system
decays exponentially fast.

Let 0 = R — S. For the difference § we obtain the system

(02(0,x) = z°(x) — yé(x), x € (0, L®), e € E,
6¢(0,x) = z8(x) — y°(x), x € (0,L®), e € E,

66

out

(8, x5(v)) = p” op(t, x4(v)), t € (0, T), it |Eo(v)| =1,

i) ] Pt X0 = [5,-7,(1: ) T (DR xg(v»] |
te(0,7), if |Eo(v)| =2,
) ( ’ ) + dliag(S° + 6°) B ( ’ ) + [oliag(S® + 6°) — dliag(S°)] Ox ( > )
— [0°(02 + S2, 69 + S°) — 0%(S®, S°)) ( g )
on [0, 7] x[0,L®], e E.
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Result on Exponential Synchronization. Let T > 0 be given.

e Assume that for each node v € V, |u"| is sufficiently small.

e Assume that on [0, T] there exists a classical solution of (Diff) that satisfies a
priori bounds for the C'-norm and hence for the eigenvalues.

e Assume that the solution of (S) and the initial state of (R) satisfy appropriate
smallness conditions in C'.
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Result on Exponential Synchronization. Let T > 0 be given.

e Assume that for each node v € V, |u"| is sufficiently small.
e Assume that on [0, T] there exists a classical solution of (Diff) that satisfies a
priori bounds for the C'-norm and hence for the eigenvalues.

e Assume that the solution of (S) and the initial state of (R) satisfy appropriate
smallness conditions in C'.
Then the solution of (Diff) decays exponentially fast in the sense that

there exist constants C; > 0 and x > 0 (indep. of T) such that for all t € [0, T] we

L® Le
have 3 [165(t, x)[2 + [68(t, x)|* dx < Cre Xt 3 [162(0, x)|? + |84(0, x)|” dx.
ecEQ ecEQ
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Discussion

]
e Due to the a priori bound, the
smallness condition can be achieved
for sufficiently small (in C?) initial and
boundary data for (S) and for initial
data for (R) that are sufficiently close
to the initial data of (S).
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Discussion

]
e Due to the a priori bound, the
smallness condition can be achieved
for sufficiently small (in C?) initial and
boundary data for (S) and for initial
data for (R) that are sufficiently close
to the initial data of (S).

For the proof we use exponential
weights

h.(x) = exp(F X)
(e.g. CORON, BASTIN,

D’ANDREA-NOVEL, HAYAT).
For boundary observers, see
CASTILLO, WITRANT, PRIEUR,
DUGARD)

in the Lyapunov function

= fy ha(x |5e(t x)[?
h_(x) [8°(t, x)[? dx.

We show that

< —x&(t) — Q

with a positive real number y > 0 and

Q=) h.(x)X(S+0)[637(t, x)

ecE

+h-(x) A2(S +0) |02 [3(t, X)I .
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The proofs

For the proof, it suffices to show that for |u"| sufficiently small, we have

Q=) Q>0

veV

where Q, contains the terms in Q that correspond to a vertex v € V.
Then Gronwall’s Lemma implies

Eo(t) < exp(—x 1) &o(0)

and the result follows.
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The proofs

For the proof, it suffices to show that for |u"| sufficiently small, we have

Q=) Q>0

veV

where Q, contains the terms in Q that correspond to a vertex v € V.
Then Gronwall’s Lemma implies

Eo(t) < exp(—x 1) &o(0)

and the result follows.
e Similarly, an H'-Lyapunov function can be found (ongoing research).

e For an H?-Lyapunov function, we need additional assumptions since in the
source term we have r — r|r| which is C' but not C2.
If the flow direction is fixed, there is no problem!
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The proofs

where Q, contains the terms in Q that correspond to a vertex v € V.
Then Gronwall’s Lemma implies

Eo(t) < exp(—x 1) &o(0)

and the result follows.
e Similarly, an H'-Lyapunov function can be found (ongoing research).

e For an H?-Lyapunov function, we need additional assumptions since in the
source term we have r — r|r| which is C' but not C2.
If the flow direction is fixed, there is no problem!

See An Observer for Pipeline Flow with Hydrogen Blending in Gas Networks

M. GUGAT, J. GIESSELMANN, SIAM Journal on Control and Optimization 62 (2024),
(contains the analysis for the 3 x 3 system that models the flow of the mixture).
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Hyd rogen embrittlement, "Photo by CEphoto, Uwe
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e We have also analyzed the effect of L>-errors (up to level 1) in the
measurements: It turns out that the observer synchronizes exponentially fast up
to an error level n for the Lyapunov function!
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Inhalt

More weight functions to deal more easily with the source terms and the limits of
observability
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Recent developments: Hyperbolic weights (Control and Cybernetics 53, 2024)

Since exp(+1x) = cosh(1)x) + sinh(y)x), a natural perturbation is the weight function

hi(x) = v/v cosh(¢) x) F sinh(z)x)

where v > 0 is chosen sufficiently large such that only positive values are attained.
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Recent developments: Hyperbolic weights (Control and Cybernetics 53, 2024)

Since exp(+1x) = cosh(1)x) + sinh(y)x), a natural perturbation is the weight function

hi(x) = v/v cosh(¢) x) F sinh(z)x)

where v > 0 is chosen sufficiently large such that only positive values are attained.
We have the representation

h.(x) = cosh(¢ X) |v/v F tanh(¢ x)] .

Thus if /v > |tanh(¢ L)|, we have hy(x) > 0 for all x € [-L, L] and h.(x)/h_(x) < 1
and h_(x)/h.(x) = (v/v+1)/(y/v —tanh(y L)) for x > 0.

Figure 2 shows the graphs of h, and h_for¢Yy =L=1andv = g tanh®(¢) L).

Figure: The weight functions h. and h_for¢) = L =1and v = 2 tanh®(1) L).

We get better decay rates!
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Recent developments: Hyperbolic weights (Control and Cybernetics 53, 2024)

Since exp(+1x) = cosh(1)x) + sinh(y)x), a natural perturbation is the weight function

hi(x) = v/v cosh(¢) x) F sinh(z)x)

where v > 0 is chosen sufficiently large such that only positive values are attained.
We have the representation

h.(x) = cosh(¢ X) |v/v F tanh(¢ x)] .

Thus if /v > |tanh(¢ L)|, we have hy(x) > 0 for all x € [-L, L] and h.(x)/h_(x) < 1
and h_(x)/h.(x) = (v/v+1)/(y/v —tanh(y L)) for x > 0.

Figure 2 shows the graphs of h, and h_for¢Yy =L=1andv = g tanh®(¢) L).

Figure: The weight functions h. and h_for¢) = L =1and v = 2 tanh®(1) L).

We get better decay rates!

e The derivatives h'_ can be represented as a linear combination of the weight
functions h,, h_. Useful to estimate the source terms in the Lyapunov method!
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Limits of observability: SKIP!

Results about the limits of stabilizability yield limits of observability!

e For quasilinear hyperbolic systems with non-zero source term it can happen that
if the interval is too long, the system is not observable!

e The celebrated example by G. BASTIN and J.-M. CORON:

6 DOEDEH -

with the boundary conditions
0. (t,0)=koo_(t,0), o_(t, L)=4d.(t L)

where kg is a feedback parameter. It is shown that for parameters (L, M) with
L>0, M>0and

LM>n
there is no feedback parameter ky € R such that the system is exponentially
stable.
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SKIP!

cycles without controls

e |f the system graph contains a cycle without a control node,
the system cannot be stabilized.
e Waves that travel around in the cycle cannot be stabilized from the boundary
nodes!
See Stabilization of a cyclic network of strings by nodal control,
Journal of Evolution Equations 25, 2024.

delay

¢ Time-delay can destabilize systems that are stable in the absence of delay!
The influence of time delay is studied in
Boundary stabilization of quasilinear hyperbolic systems with varying time-delay,
SICON 63, 2025.
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SKIP!
Example: A system with constant time-delay 7 > 0 that is not stable for feedback

gains k. > 0 if L or M is sufficiently large.

Consider

() () 6) 6 G- () @

with the boundary conditions ¢, (t, 0) = §_(t, 0) and
o0 (t, L)=k 6. (t—r,L). (4)

Consider the initial data
0(t, 0) = exp(w M x) + (2w — 1) exp(—w M x), d_(t, 0) = 2w exp(w M X).
Then for all t > 0,
5. (t,x) = eMIEX) (20— 1) e MUEX 5 (1 x) = 2w e MEX)
satisfy (3) and the BC at x = 0. Condition (4) is equivalent to

1 1+ 2w—1)exp(—2w ML)
ke 2w exp(w M) '
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14+ (2w —1) exp(—2w ML)

2w exp(w M)

e For the right-hand side of (6) we have
14+ (2w —1) exp(—2w ML)

wll—>moo 2w exp(w MT) =0
Since
y 14+ (2w—1) exp(—2w ML) 1
e 2w exp(w M) - 2w exp(w MT)’
and

1
I = 00.
0+ 2 exp(w M 1) >

e This implies that for all k. > 0 there exist L > 0 and w > 0 such that (6) holds.

e Since lim;,, §_(t, x) = oo, this implies that the system is unstable.
The construction requires that L is chosen sufficiently large.

e Moreover, lim . . ”(ZZWQXE?Z%T“;ML) co. This implies that for all k. > 0

(for fixed L > 0) there ‘exist M > 0 and w > 0 such that (6) holds.
With this choice, the system is unstable.
The construction requires that M is chosen sufficiently large.
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Thank you for your attention!
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