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1D compressible Euler equations with friction TECHNISCHE
DARMSTADT

Find a density p: (0,T) x (0,¢) — R and velocity v: (0,T) x (0,¢) — R such that

Op+ Ox(pv) =0 in (0,T) x(0,0),
20V + 0(5VE+ P (p) = —Alvlv in (0,T) x (0,0),
for given
= friction parameter \ > 0,

m smooth, convex pressure potential P: R, — R,
m Mach number0 <e <« 1.

Limite = 0:

nonlinear parabolic equation for p.
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Goal: structure-preserving discretization

(i) high-order energy-consistent time-discretization Find (p, v) such that

(il) asymptotic-preserving error estimates (in ¢ > 0)
@p + 8X(pv) =0

Th 7h
o = 21|+ ellve = V2"l < e + ), O+ B2V 1 P(D) = — Ay

with ¢ depending on the regularity of u., but is
independent of .

Some schemes: (incomplete selection)
m Finite volume methods
o energy-consistent schemes [Tadmor 1987), [Tadmor 2016], [Gassner, Winters, and Kopriva 2016]
o asymptotic-preserving schemes [Jin 1999], [Redle and Herty 2025], [Busto and Dumbser 2022]
[Anandan, Arun, Krishnamurthy, and Luk&cova-Medvid'ova 2026]

m Finite element methods

o high-order energy-consistent schemes in time [Andrews and Farrell 2025]

[Giesselmann, Karsai, and Tscherpel 2025]

o first-order asymptotic-preserving error estimates [Egger, Giesselmann, Kunkel, and Philippi 2023]
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Energy inequality

4 TECHNISCHE
UNIVERSITAT
 DARMSTADT

Define the Hamiltonian as c—1
_ oy (5PN . (n
o) =" 1) and W)= (2P0 (1)),
Applying chain rule in time and testing with (1, m) yields
d [ f f-gdx
a/o H(p,v) = <3t (C) , 1 (p, V)> = <8t (C) ; (rTrI,>> .9 = f g
e 1 ‘
% 2 (2imim, m) - @m, ) + G0, )+
‘ > 2
>0 bd. term
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L3-function

Time semi-discrete spaces for s € {k — 1,k}. L1-function

LY(Z.;H*(Q)) = piecewise polynomials
of ordersin Z,
L3(ZrsHY(Q)) = C([0, THY(Q)) N LI(Zr H' Q)

Time-discrete cont. Petrov Galerkin (cPG) scheme  [Giesselmann, Karsai, and Tscherpel 2025]

Find p™,v™ € L/ (Z,;H*(Q)) such that

O™, G+ (Bx(m™, @) =0,
1
Eﬂ&wwﬁ—mﬂ8@%=mm—k<;ﬂﬁmmﬁmﬂg>

forallg, ge £  (Z,;H'(Q)).

m” = p’v’
z T
W= S+ P )

4
) ::/t"+1/ f . a dxdt
ti 0

11°m™ L%-projection of m™
onto £{_,(Z,;H*(Q))
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Time-discrete cont. Petrov Galerkin (cPG) scheme
Find p7,v™ € L/ (Z,;;H'(Q)) such that

[Giesselmann, Karsai, and Tscherpel 2025]

mT = o
(Gp", @) +(%(m7), q) =0, = (V) J;P’(pT)
{0V, g) = (", 5g) = B(g) — A <p—1T|HQmT|H3mT : g>, (f,a) = Lt"“/o f - a dxdt

forallg, ge £/ (Z,:H'()). 11%m™ L%-projection of m”

onto £ _,(Z,;H'(Q))
Discrete energy inequality

= () o) = (3 (0). () = (a (7))

with the temporal L2-projection I19: L2((0, T); H}(Q)) — £}_,(Z-; H'(2)) defined by

£
/ H(p™,vT) dx
0

(0, ¢y = (&, ¢) forall ¢ e Ly (T;H' ().
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Time-discrete cont. Petrov Galerkin (cPG) scheme  [Giesselmann, Karsai, and Tscherpel 2025]

Find p7,v™ € L/ (Z,;;H'(Q)) such that m’=p’v’
(@™, ) + (B(m™), q) =0, =5 () +€P’(/f)
207 9) ~ (7 0) = B@) ~A{ Htmr T g) . (.8)= [¢7 [ f-adxr
forallq, g€ £ (Z.:H (). mm" Lj-projectilon of m”
onto £ _,(Z;H (Q))

Discrete energy inequality

=)o) = (a (0): () = (3 (7))

1
= BIIIm™) + (om™ , 11Vn") — (n", &, I1Im7) =\ <|H2mT|H2mT , H2m7> :
pT

£
/ H(p™,vT) dx
0

-

=0
>0
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Time discretization Space discretization

m 7_time grid m 7, quasi-uniform space grid

mI12: L2((0,T)) — L] _,(Z,) atime L-proj. = II}: L2((0, ) — L}(Ts) a space L2-proj.
Fully-discrete scheme
Find p™ € L}(Z,; L (Tp)) andv™ € L}(Z,; £ (T5)) such that m™ = prhyTh

Th e? 1, 7h\2
(0™, q) + {ampmm™ g) = o, =g
+P'(p™")

1
(20w, g) = (0", 8g) = B(g) — A <FIH},H9mT" [mmm™, g> . Bi=bd term

forallge £) ,(Z;;L£/ (Tp)) andallg € L) (Z;; L (Th))-

v/ energy-consistency

Implementation: Add an auxiliary variable m™ = 11} T19m™"
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A priori error estimate TECHNISCHE

UNIVERSITAT
 DARMSTADT

Natural-distance: cf. [Liu and Barrett 1994]

T ot
~ 1 Al oA A A Aoy L
NWUWZHWPm—WPWWmﬂmmﬁWALAUWm—WWVWFmUQ

Theorem [T., Tscherpel in prep.]
Let = the flow regime be subsonic and the pressure potential P be strictly convex, smooth,

® (p,v) be smooth and p > p,

= (PN V) € LT L) (Th) % L] (Th)) with p7 > 2p.

m k=1and .
Then, (p,v) and (p™, v™") satisfy for all h, 7, ¢ sufficiently small uniformly in ¢ > 0.

llo = ™Itz + ellV = v7Pllioegs + A (v, LTI (57v™)) < c(r + ).

Asymptotic preservation: uniform control of density error and A/(-, -) fore — 0.
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A priori error estimate (proof) TECHNISCHE

UNIVERSITAT
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o = P lueets + eIV = V7Pllueeis + A (ov, TIOTI (™)) < (7 + ).

Ingredients of the proof
1. error splitting Crucial for optimal order in space

Density weighted interpolation

lp = p™"lorz < [lp = P |lLoer2+]1p™" — 7" | o2 r
operator for V.

2. choose discrete approx. ™" of p and v™" of v
3. stability via relative entropy method

4. estimate residual, e.g., o
10k [(pv) =TT, (A VT )]z < O(H)
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Numerical experiments
Asymptotic preserving property ine > 0

(=1

y=1

(0", V%) = (1,0)
smooth boundary
data

ideal gas law
P(p) = plog(p)

k=1r=2

£=0.1
—— £=0.01

N (pv, TIOITh (p7hv7h)

—— £=0.001
—— £=0.0

) over h

k=1r=2
Th+1 £=0.1
—— £=0.01

——

TECHNISCHE
UNIVERSITAT
DARMSTADT

£=0.001
£=0.0

llp — p™"[|Loe12 OVer T

3x107 4x1072

h

1072 2x102

6x102

102 2x1072

3x102 4x1072

T

6x1072
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Numerical experiments i TECHNISCHE

Higher order

order in space order in time
—— k=1 — k=2 —— k=3

mc=001 W e W e T

m /=1

—— r=1 —— r=2 —— r=3

If}/:l

UNIVERSITAT
DARMSTADT

= periodic bc.
m pressure law
plp) =p s

= manufactured
solution

102 2x10 3x107 4x107? 6x1077

107

h T
h' (as expected) 7~ (observed)
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Extension to Networks TECHNISCHE

. . UNIVERSITAT
Continuous setting DARMSTADT

= (V, £) nodes/edges

27
e =% + P’ (pe)
Me =peVe
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Extension to Networks [ TECHNISCHE

. . UNIVERSITAT
Continuous setting P~ DARMSTADT

= (V, £) nodes/edges
E2 2
Me =% + P/(Pe)

Me =peVe d Le
a Z/O H(pe7Ve) < Z NeMe

ect e=(v,u)€€

Goal: energy conservation
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Extension to Networks  TECHNISCHE
Continuous settmg 3 . 322//5\};-5'—231

= (V, £) nodes/edges
E2 2
e :42‘,9 + P’ (pe)
Le

Me =peVe dtz ’H pe,Ve Z bd. data + Z Z 776 me ) ( )

m )y leaf nodes g S
e
=V, = V\Vp inner nodes € veVo VeV e€E(v)

= £(v) edges adjacent to v

e life=(,v
mw) = {—1| ife :((u,)-)

Goal: energy conservation
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Extension to Networks [ TECHNISCHE
Continuous setting ~' g'/\ig/ﬂﬂél

= (V, £) nodes/edges
E2 2
e =% + P’ (pe)

=peVe fe
e c(litz/o Hpe,Ve) < > bd.data+ > > e

m V), leaf nodes - v >
e v ;
®m VY, = V\Vp inner nodes € €Ve ve V)

= £(v) edges adjacent to v

e life=(,v
n°(v) = {_1| ifee :((,,’).)

Goal: energy conservation

Coupling conditions: cf. [Egger and Giesselmann 2023]

m Mass conservation: > me()né(v) =0
ec&(v)

m Enthalpy continuity: 7.(v) = const. foralle € £(v)
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Extension to Networks

Discrete setting

A TECHNISCHE
UNIVERSITAT

DARMSTADT
£ d d .

S & Q)noh S Goal: energy conservation

,’,]‘rh _€ (Vg) +Pl(p‘rh)

e e

mg" =pg"v" Le I it fit1

H(pe'sVe < bd. data

= ), leaf nodes ez‘;/o (Pe ’re ) . — Ja VZV:

= VY, = V\ Vs inner nodes € €Vo

m E£(v) edges adjacent to v + Z Z n;—h(y) 11} gh A I/) dt
e life=(-,v) W
() {—1ife:(u,-)

Discrete coupling conditions:

= Mass conservation:

mZM(v)ne(v) =0
ec&(v)

= Enthalpy continuity: 77"(v) = const. foralle € £(v)
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Conclusion 5 TECHNISCHE
UNIVERSITAT
DARMSTADT

Summary
m Galerkin scheme is of high-order in space and time (in experiments)

m asymptotic-preserving a priori error estimates uniformine > 0
for k = 1 (time) and r > 2 (space)

m extension to networks = 80
4 75
Outlook N 4 .
= improvement of convergence rate of the density error in time ° “,E
m simulations on networks 0
m extension to mixture models 55
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Conclusion 5 TECHNISCHE
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Summary
m Galerkin scheme is of high-order in space and time (in experiments)

m asymptotic-preserving a priori error estimates uniformine > 0
for k = 1 (time) and r > 2 (space)

m extension to networks = 80

4 75
Outlook N 4 .
= improvement of convergence rate of the density error in time ° “,E

m simulations on networks P

m extension to mixture models 55

Thank you!
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