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Introduction

Introduction

The role of dimensionality in physics

Physics is qualitatively changed when dimension is reduced. Topology is not the same
as in 3D.
Examples include:
@ in 1D: absence of thermalisation of a 1D gas, ‘fermionization’ of an interacting
Bose gas, renormalization of the interactions, role of solitons...
@ in 2D: absence of long-range order, (fractional) quantum Hall effect,
Kosterlitz-Thouless transition, renormalization of the interactions, role of
vortices...
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Example in 2D: the Quantum Hall Effect
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Introduction

2D: A marginal dimension

Scaling symmetry, topology, quasi long-range order... and lots of logs

2D is a very special casel!
e Condensation and superfluidity

No BEC at T > 0 for the homogeneous ideal gas
BEC recovered in a trap

Interactions induce a quasi long-range order. ..
...and enable a transition to a superfluid state

o Topology

e Role of vortices in the superfluid transition
e Analogy with Quantum Hall effect for the rotating gas
o A KT(HNY) transition for the vortex lattice

@ Scaling invariance

o (almost) no length scale, dimensionless interaction strength
o Equation of states depending only on o = u/kg T
e Undamped monopole mode LPL
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Production of 2D gases

General idea

Experimental realization of 2D gases: strongly confine the transverse direction z

\\ / ke T < hw, p < hw,
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Introduction

Production of 2D gases

Optical lattices

Experimental realization of 2D gases: strongly confine the transverse direction
(kB T, JIR< hwz)
@ optical lattices along 1 axis

N e

s

|
series of parallel 2D gases

Bloch, Nat. Phys. 1, 23 (2005)
Ville et al., PRA 95, 013632 (2017)
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Introduction

Production of 2D gases

Optical lattices

Experimental realization of 2D gases: strongly confine the transverse direction
(kB T7 JURSS hwz)
© optical lattices along 1 axis

@ 2D optical surface traps / rf-dressed magnetic traps

2D Bose gases in adiabatic
potentials @ LPL

° 1 i(;.u’n:); Colombe et al., EPL 67, 593 (2004)
First 2D BEC in R. Grimm's group Merloti et al., NJP 15, 033007 (2013)
Rychtarik et al., PRL 92, 173003 (2004) See poster by Pedro Gaspar LPL
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Introduction
Outline of the lecture

© Introduction to 2D quantum gases

© Quasi long-range order in 2D
@ From 3D to 2D
@ Hydrodynamic formulation and superfluidity
@ Phase fluctuactions in the degenerate Bose gas

© The Berezinskii-Kosterlitz-Thouless mechanism
@ Vortex pairs from thermal fluctuations
@ A transition triggered by vortex pairs breaking
@ Experimental observations

@ Scaling symmetry in 2D: monopole mode and equation of state
@ Scaling symmetry
@ Scale invariance of the equation of states
@ Monopole mode LPL
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Remark: The lectures are based on a course given in S3o Paulo, see Lecture notes
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Olshanii, J. Phys IV 116 (2004)
Les Houches lectures by Shlyapnikov, Castin, Olshanii, Stringari, Cirac and
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@ Nobel lectures by J. Michael Kosterlitz and F. Duncan M. Haldane, Rev. Mod.
Phys. 89, 040501 & 040502 (2017)

.. and (many) references therein. LPL
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Introduction

1 Introduction to 2D quantum gases

1 A first glance at 2D quantum gases

1.1 Non-interacting 2D gas: BEC and log divergences
1.2 Contact interactions in 2D and scale invariance
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Introduction
1.1 Reminder on Bose-Einstein condensation

Bose-Einstein condensation is a saturation of the population in the excitated states.
Assume Eg = 0, use semi-classical approximation:

1 e ple) e (0)
Mo T) = 2 o —1 = [ttty g = T
>

= BEC occurs only if Nmax(T) is finite. IR behavior: ~ p(¢)/e.

10* . .
Saturation of excited states
thermal atoms

Example: ina 3D box L x L x L, Lo
e = p?/2M and p(c) x /2 = p(e)/e o e~ /2,
The integral converges = BEC occurs

condensed atoms

Hadzibabic group, 3D optical box potential
39K, tunable interactions.

-

0 ry s : total atom number (10%)

LPL
PRL 110, 200406 (2013) ===
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Introduction

1.1 2D gas in a box: Bose-Einstein condensation?

Bose-Einstein condensation is a saturation of the population in the excitated states.
Assume Eg = 0, use semi-classical approximation:

1 fee pe)  w<0 [T ple)
Nt TV =3 i1 = || O tert =1 < ) 9ot 23 = MwT)

j>0

= BEC occurs only if Nmax(T) is finite. IR behavior: ~ p(e)/e.
Ina 2D box L x L, p(c) = cst = p(e)/e x e~ Logarithmic divergence at low ¢

Nexc (1, T)A25 = Dexc(, T) = — In (1 . eﬂ“> :

@ As it — 07, Dexc ~ —In|Bu| diverges logarithmically = no BEC in a 2D box!

@ Slow divergence: in a finite size system, some coherence subsists at the edge
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1.1 2D gas in a harmonic trap: Bose-Einstein condensation?

In a 2D harmonic trap wo, p(c) = ¢/(hwo)? = p(e)/e = cst = integral converges

2 92 N
Nmax(T) = (ijj:) T = BEC occurs with | kg T, = %hwo

6
e Max density? Local chemical potential puoc(r) = — V/(r)

Nexc(p, T r)/\ﬁB = Dexc(it, T,r) = —In (1 — eﬁ“e’ﬂv(’)) .

@ At 4t =0, Dexe(pt =0, T,r) ~ —In|BV(r)| diverges logarithmically in the trap
center r =0
@ Interactions between particles will regularize this divergence.
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Introduction
1.2 Contact interactions in 2D and scale invariance

Contact interaction potential in dimension D:
Viue(r) = gpd 2 (r)
Vint has dimension of an energy, 5(D) of an inverse volume in dimension D.

4rh2a K2
2D: =g—
M 82D gM

3D: scattering length a. 2D: g dimensionless, no length!

3D: 83D =

Consequences: scaling symmetry (Ey;, and Ej,; scale alike)
@ Scale invariant equation of state (EOS):

N 1
D = f = —
(a, &), =T

with f a universal function.
e Undamped monopole/breathing mode, sensitive to the EOS u(n) at T =0 =
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Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

2 Quasi long-range order in 2D

2 Quasi long-range order in 2D

2.1 From 3D to 2D
2.2 Reminder: hydrodynamic formulation of t-GPE & superfluidity
2.3 Phase fluctuations in the degenerate Bose gas

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



Quasi LRO From 3D to 2D Hyd

2.1 Reduce the Gross-Pitaevskii equation to 2D

A Bose gas confined to the ground state x of a transverse harmonic trap.

[ —

p
T 3: = \/ Wi

1 h? 1 Tuw,
meffﬁa% normalized solution of ——Mdﬁer Mw?z%y = 5

Ground state: assume the presence of a condensate or a superfluid fraction = GPE
Ansatz for the 3D order parameter: V3p(r, z) = x(z2)Y(r). Inject into 3D GPE:

K2 1
HADXY = — 51X ubffd X¥ + V(r)xy + EMw§z2xw + g3p [ [*¥ x| x-

Average over Y, i.e. multiply by x* and integrate:

: A2
(a0 = 57 ) 0= =5y V20 VO + o [ (@)oo v

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases
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Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

2.1 Reduce the Gross-Pitaevskii equation to 2D
We get a 2D GPE:

h2
= =5 Vv + V(Y + gl Y[y,
with a 2D chemical potential:
hw,
H = H2D = H3D — 5
and a 2D interaction constant:
4rh?a 1 2,0 A4rh?a 1 B2
— d 4 _ dze—2? /az _ _ =
82D gso/ z|x(2)| M a2 / ze M Vara,  ME

with  |g = VBr—.
a,

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



Quasi LRO From 3D to 2D Hydrody cs Phase fluctuations

2.1 Conditions for the 2D regime

2D regime: all energies E < hw;.
@ Thermal energy: kg T < hw,
@ Interaction energy: %ggDn < hwg, or u < 2hw,, to prevent interactions to ‘inflate’
the gas transversally

h? 1
gﬁn < 2hw, = gna§ <2 or naay < E
Typical numbers: v, ~ 2kHz, a, ~250nm, a ~ 5nm = n < 330 um—2

@ A useful relation to compare ;1 and kg T:

I R _gnng

u_ gD
gn= = — ==
ke T  MkgT o ke T  2n

Typical numbers: g ~ 0.1 = g/27w ~ 1/60. Need very high D to have u > kg T

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



Quasi LRO » 2D Hydrodynamics Phase fluct

2.2 Reminder: hydrodynamic formulation of t-GPE & superfluidity

Beyond the ground state: time-dependent 2D Gross-Pitaevskii equation for the superfluid:

. h? 2 ~h2 2
ihde) = — V2 + V(r)y +gﬁlw| Y.

Equivalent formulation of GPE with hydrodynamics equations: t(r, t) = /n(r, t) e/?("t)

(1) on+V-(nv)=0 continuity equation V= %VG fluid velocity

h? V? 1 h?
W\(ﬁm + EMV2 + V(r)+ gﬁn Euler equation

(2) Matv = —V <_
e Vxv=0 irrotational flow
e $v-ds=gq,h/M, q, € Z quantized circulation
@ First signature of superfluidity: quantum vortices, charge g,

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases




Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

Homogeneous gas: the Bogolubov spectrum

V/(r) = 0. Small amplitude excitation spectrum around equilibrium vy (r, t) = \/ng
Write n(r, t) = ng + dn(r, t) and linearize for dn(r, t) and v(r, t)

(1) On+V - (nv) >~ 0ron+ ngV -v =0
R V2(yn) 1., K h? V2on b2

2) Mow=-V|—————~—>+_-M g—n|~-V|——-—+8-0
(2) MOgv V( TG +2 v+gMn V( M 20 +gM n)
Look for a plane wave solution dn(r, t) = dnge’d"—“t same for v:

(1) —wén+npq-v=0 X Mw

2,2 2
(2) —wMngv = —q <}Zl\il 5n+gn07/15n> -q
h2q4 h2q2 h2q2
2 ~ 2 4z
= |w” = 4M2+gno 2 :4/\/’2 (q +4gn0) LfL
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Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

Bogolubov spectrum

Sound and particles

Two relevant limits split by ¢71

W= Z\Z ¢ + 4gng = 1~ &: healing length
V2€no 0 <280 =¢1 w~cq

sound waves with the speed of sound

_ P e = 2 1
T mVEn Ty HT ey

_ h

0 g>¢ L hw ~ p+ S
particle-like excitations on top of
the condensate

Second signature of superfluidity: critical
speed c for excitations

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



Quasi LRO 7 ydrody s Phase fluctuations

2.3 Characterize phase fluctuations

2D uniform gas: no BEC, Hohenberg-Mermin-Wagner theorem prevents long-range order, but
how does the phase coherence decay for r — 007

e Evaluate 1-body (phase) correlation function | Gy(r,¥') = (1p(r)yT(r'))

e Uniform gas: Gy(r,¢') = Gi(r —¥').  Gy(r) is Fourier transform of N(p)

o Thermal gas, N(p) Gaussian = G; Gaussian: Gi(r) ~ e ™"/

o Degenerate ideal gas, N(p) ~ Lorentzian = G ~ exponential: Gi(r) ~ /¢/re~"/*
Fast decay, but ¢ = )\dBeD/z/m very large for D large

Gi(r) oce )\ /r Gi(r) oc e ™ /N

ideal gas ! - >~
} faster than exponential | Gaussian T
T=0 €:\’>%e73/2 D~1 {~ A\gB
LPL

What about the weakly interacting 2D Bose gas? el



Quasi LRO > 2 e s Phase fluctuations

G; for the weakly interacting Bose gas

@ At high/medium T, interactions play a minor role = same behaviour as ideal gas
@ At low T, density fluctuations dn are suppressed because of repulsive interaction
o Classical field approach: valid for large occupation n. > 1 of lower states

B 1 ks T
o eﬁ(ffﬂ)—l - E— U
Describe the superfluid fraction by a mean field 9 (r) = \/n(r)e™().

1) obeys GPE, ju = gnoh?/M. Excitation spectrum ¢ — y = Bogolubov modes
G; is dominated by phase fluctuations. n(r) ~ ng.

n. >1

Gi(r) = ({1 (0) = (e -00) = g &3 1D-0ON) — o 007/2

Evaluate A§? with the thermal population in the Bogolubov modes, up to some
cut-off energy E(q7) = kg T for the kinetic energy o h2V20/2M = h%q?/2M

. LPL
NB Low-q cut-off given by 1/r il
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Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

G; for the weakly interacting Bose gas
h?q? 2Mkg T  4r

@ Population nq of each phase mode: qum ~ kgT = nq ~ N2~ Ne?x2
dB

@ Total phase fluctuations

NP~ Y L / P~ 2 [%qdg_ 2 /“’T du
~ Ng >~ ——= ey e -
9,9<qr 14 1/r Nq2)‘c218 ”0)‘c218 1/r q Ds J1 u

2
Exact result (see lecture notes): AH? ~ Do In(rgr) forr — oo
S

o We finally get:

/ 1/D5
Gi(r) ~ ng (:) for r = oo br = q}l

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



Quasi LRO > 2 e s Phase fluctuations

Cut-off momentum from Bogolubov spectrum

E(q) = hw(q) = \/q + 4gng = pgé/ q%&% +

o Cut-off momentum hw(qr) = kg T

ks T 27 2
= |qr¢ qzr§2+2:‘37: —ar

@ kgT < por gD > 2xw: phonons

gr ~&/Ap < &1

@ kgT > por gD < 2m: free particles

qr ~ A\gg > &1

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases




Quasi LRO From 3D to 2D Hydrodynamics Phase fluctuations

Summary for the first order correlation function

. Gi(r) > e~/ \/r Gi(r) ox e ™/
ideal gas [ - , -
! faster than exponential ! Gaussian T
. . ! algebraic | exponential | Gaussian T
interacting gas :
o 1/Ds —rj EY
Gi(r) o< (7] Gi(r) x e Gi(r) xe dB

0= Xage"?/Var L1 ~min(§/A3g, Agg)

@ Which value of D splits the two degenerate regimes of the weakly interacting gas?

@ What is the nature of the transition?

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

3 The Berezinskii-Kosterlitz- Thouless mechanism

3 The Berezinskii-Kosterlitz- Thouless mechanism

3.1 Vortex pairs arising from thermal fluctuations
3.2 A transition triggered by vortex pairs breaking
3.3 Experimental observations

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

3.1 Vortex pairs from thermal fluctuations

A few facts on vortices

@ Superfluid to normal transition at some D =D, < 1
@ Gi(r) transitions from algebraic to exponential

@ Transition implies vortex pairs unbinding — but what is a vortex?

Reminder: quantization of circulation Velocity field for a single vortex
n(r)eie(r) 11 :
o't v(r)=v(r)e,
rc_fo v(r) rdp = 2mrv(r)
f Vo S () =g
h /\/Ir
ZM(Q,:—G)—%qu,qEZ V(fO)EC:ﬁM§?f0—|Q|\@§

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT

Vortex dipoles BKT mechanism Experiments
Single vortex: wave function, velocity field, energy

Wave function for a vortex of charge g: 9(

L (r, ) = /Mo Xq(r) €97

v(r) = gi-e, ' vortex lattice
72\
/ )
\u }

r/¢
Energy of a vortex of charge g in a disk of radius R is dominated by kinetic energy
R

1 R 252
Eq ~ no/ 2mr dr 5/\/Iv(r)2 =Tng dr 3 n

0

o

LPL
= multiply charged vortex is unstable and decays into a vortex lattice S

2
27Th no R 2
= In{ — | ~g°E
NB |qg| vortices of charge +1 have a lower energy |g|E1



BKT Vortex dipoles BKT mechanism Experiments

Two vortices: Coulomb-like interaction

Consider two vortices of charge g1 and go splitby r, nn < r < R:

mh?ng s, R r
Eqa(r) = M [(q1+q2) |n6—2q1qgln fo}

wh2n, R R
M 2 |:(q% + q%) |n 6 + 2q1q2 In r:| = qu + EQQ + Vint(r)

12

Coulomb-like interaction in 2D
® g1 = g2 = q: large energy ~ 4E,

ﬁno

® o = —q; = —q: vortex dipole: Ey = 2¢g°———
E4 independent of R, very small if r ~ rg ~ &

= It costs little energy to create a vortex dipole

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases
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Vortex dipoles BKT mechanism Experiments

Two vortices: Coulomb-like interaction

Consider two vortices of charge g1 and g, spl

itbyr,n<r<R:

qQ=q=q dipole g1 = —q» = g
/;)}/;;‘_ ‘ 3 — — /2
E“Z%F N =S "
/f// & 9 \ / fﬁ\\l | 1////"‘\?\ /\
12 4 )
&y @ N\
NS =N
\Q:\ /; g -~ ,///N\,\\\‘\E‘ 3 1 vortex vs dipole

o Far field: twice the velocity

@ The vortices rotate around each other

Héléne Perrin, LPL — Benasque Winter School 2026

o Far field: vanishing velocity

@ The two vortices drift along y

2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

3.1 Vortex pairs from thermal fluctuations

P(r) = R(r) + iZ(r) fluctuates at T >0

zero lines of R and Z move in the plane...

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

3.1 Vortex pairs from thermal fluctuations

P(r) = R(r) + iZ(r) fluctuates at T >0

zero lines of R and Z move in the plane... touch...

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

3.1 Vortex pairs from thermal fluctuations

P(r) = R(r) + iZ(r) fluctuates at T >0

zero lines of R and Z move in the plane... touch... yielding a dipole...

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT mechanism Experiments

3.2 A transition triggered by vortex pairs unbinding

P(r) = R(r) + iZ(r) fluctuates at T >0

zero lines of R and Z move in the plane... touch... yielding a dipole... that breaks!

Condition for pair breaking and proliferation
of free vortices?

Happens if free energy F=E - TS5 <0

7rh2n0 R
E = In —
M nro
R
S = kBInN5:2kBIn—
ro

\F<O<:>D5<4\

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



les BKT mechanism Experiments

Final summary for the first order correlation function

. Gi(r) o e /)T Gy(r) oc e/ N
ideal gas [ - v -
! faster than exponential } Gaussian T
T=0 D ~1In(C/g) D~1
} algebraic 1 exponential 1 Gaussian T

interacting gas

1/Ds
) / Gi(r) oc e="/* Gi(r) o e ™/ N

Gi(r) (%T

0= ggeP?/Var {1 ~min(¢/N\35, \ga)

C
Ds > 4 corresponds to [D > In — | with C ~ 380 [Prokof'ev & Svistunov, PRL 2001]
g

With g ~ 0.1, D, ~ 8. LPL
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BKT Vortex dipoles BKT mechanism Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

KT transition in the homogeneous two-dimensional Bose fluid

2D is a very special case! Logs and topological phase transitions

e 2D homogeneous case No long range order/BEC (Hohenberg—Mermin—-Wagner
theorem), but a Kosterlitz—Thouless transition to a superfluid state below Tgkr,
relying on vortex-antivortex pairing. Universal jump of the superfluid density.

? superfluid ;rc normal T 1ar .
> 1.2
I 1 > 3
no)\2 =4 §‘: .
26 .,
dissociation %5,
B e 2 —_—
Of Vortex o 95 100 105 Lo 175 120 125
T(K)
pairs Bishop and Reppy,

vortex-antivortex pairs proliferation of

free vortices

[ENS-CdF, NIST, Chicago, Seoul, Cambridge, Paris Nord, Oxford...]

PRL 40, 1727 (1978)

2016 Nobel prize in physics to Haldane, Kosterlitz and Thouless =it

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

The two-dimensional Bose gas

2D: A marginal dimension
e trapped gas V(r):
e BEC recovered in a harmonic trap (finite size helps)
e BKT still relevant within local density approximation (LDA).
replace BKT superfluid phase within LDA

1 by prioc(r) = po — V(r),
a = kBLT by a|oc(r) = Qg — V(I’)/kBT

0 rBY? 1

1/2
8 LPL
Holzmann & Krauth, PRL 100, 190402 (2008) ===

\
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BKT

The Berezinskii-Kosterlitz- Thouless mechanism

Vortex dipoles BKT mechanism Experiments

ENS experiment: observation of the transition and correlation function

ENS experiment: measure G;(x) decay by interferometry

/

- ——

o
o~
e — ;
\ - Pt
low T phase fluc. vortex
e correlation of the integrated contrast (1,(0)5(0)1%(x)p(x)) = | G1(x)|?
1 [L/2 1 exponential decay: o = 1
/ 1Gu(x) e ox o 2
L) 1) [20

algebraic decay: a = %
@ statistics on phase defects (free vortices)
Héléne Perrin, LPL — Benasque Winter School 2026
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BKT Vortex dipoles BKT mechanism Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

ENS experiment: observation of the transition and correlation function

Results: Hadzibabic et al., Nature 441, 1118 (2006)

Fraction of pictures with vortices

05 Foqo-fpocmmm e 04 |

AN

[ T i }f

0.2 ‘ ‘ . o . $ s s8%s
0 0.1 0.2 0.3 0 0.1 0.2 0.3
contraste ¢y

03 r

exposant a

contrast Cg

@ contrast ¢p is a measure of temperature

@ BKT transition evidenced by a step in exponent « and apparition of vortices LPL
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BKT Vortex dipoles BKT mechanism Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

Oxford experiment: decay of correlation function and vortices

Chris Foot's group, Sunami et al., PRL 128, 250402 (2022)

(a) (b) Lo 1D
0.8
0.8} &
0.6
* %
® Dk ®*
0.4 \6/
0.4 * ¥
0.2
T 0 0.2
B
: | ) I
5 10 15 0 5 10 15 20
xr (plxel) z 7 (1m)
e (a) prepare two parallel 2D quantum gases, release and select a slice around y =0
@ (a) recover the local phase at each x from the fringes observed in time-of-flight oL
@ (b) compute the (x, x") correlation, (c) plot as a function of distance [x — X/

Hélene Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

Oxford experiment: decay of correlation function and vortices

Chris Foot's group, Sunami et al., PRL 128, 250402 (2022)

vortex probability P,

@ fit C(x) o< 1/L27 (a)
Y. O 041 7T, exponent n
Rooe A 047 Ty (b)o 5[ ! ¢
A8A90 % 054 T, O & ,
081 % A Oo )
A QO 0.61 Ty 04l ©
VAN (0]6) . o
=06 ek B OOO 00 0 O
e 3 X K =03

[

\

\

\ \ S |
04 R “a"g 0.2 Q

f

|

AN
S (b)
* 0.15
*% & MC
1 * Qe
02 K 0.1 08O
o oe +E ,f.
0 0.4 0.5 0.6
0 0 10 20 30 T/T,
T (pm) 0

Recover the main features, more quantitative comparison to Monte-Carlo calculations.
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BKT Vortex dipoles c sm Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

Seoul experiment: pairing of vortices

Yong-il Shin’s group, Choi et al., PRL 110, 175302 (2013)

vortices pushed to the edges

pair correlation @ L2
5 1
3 e

S £ 09
e g g
-5 g 22
£ s 12
8 g =
8 3 oc

2

E1

distance between vortices o [y

100 200
Radial position (um)
Most probable distance between vortices depends on T/ Tpgkr. LPL

Héléne Perrin, LPL — Benasque Winter School 2026 2D Bose gases



BKT Vortex dipoles BKT mechanism Experiments

The Berezinskii-Kosterlitz- Thouless mechanism

Seoul experiment: pairing of vortices
Yong-il Shin’s group, Choi et al., PRL 110, 175302 (2013)

vortices pushed to the edges

—_ 19 -
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pair correlation ?’qg_ 0 b B 2
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=] 0 45 100 200
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3
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Lid 8
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: , * LPL
Most probable distance between vortices depends on T/ Tpgkr. =
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BKT Vortex dipoles BKT mechanism Experiments

KT transition in the homogeneous 2D Bose gas

The Cambridge experiment: superfluid jump observed from first and second sound

2D homogeneous ¥K gas, § = 0.64 Speed of sound

Spectroscopy of sound modes

Shake th | i d 5 1st sound -
ake the gas along y axis, recor 06F 0917_ 4 o +{—»¢—
center-of-mass motion P
a Foce == Density, n 03¢t \ 1 05 <
\\9 High ) \.v: %7 2nd sound
- A o
“ 0.0 keeZe” SSeoo o -~ 050 075 100 125 150
/ ) T
Time, t T T
g 06 1.167; Superfluid phase-space density
Centre of mass, d
12
‘ 03t y ] Pras
_ G , 8 ,/’4_
€ ‘*a&". Q e
R e e wi s T Vs aa N -
3 0.0 K — P ¢
0 1 2 <— superfluid jump
0 -O—Q0-
w/ws 05 10 15 20

t(ms)

DIDc

. . . LPL
Recover nsA\35 = 4 jump at the transition [Christodoulou et al., Nature 594, 191 (2021)]



chanism Experiments

Summary: BEC vs BKT in the two-dimensional Bose gas

BEC or BKT depends on trapping and interactions
Summary:

ideal interacting
homogeneous | no BEC, no SF BKT SF [ENS-CdF]

trapped BEC, no SF «BEC + BKT within LDA

*

BEC-BKT interplay in a harmonic trap
Fletcher et al., PRL 114, 255302 (2015)

TBKT
BEC
0L : : : : :

0.0 0.1 0.2 0.3 0.4 0.5
g
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Scaling Scaling symmetry

4 Scaling symmetry in 2D

[0)2
-0.5 00 05

4 Scaling symmetry in 2D

4.1 Scaling symmetry
4.2 Scale invariance of the equation of states
4.3 Monopole mode LPL
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Scaling Scaling symmetry EOS

4.1 Scaling symmetry

Consider a dilation of space by a factor \ and of time by a factor A2. The scaling
symmetry is verified if the energy scales as 1/\?:

r— Ar 1 2 L
F 02t }:>E—>)\2E, or E(Ar, A t):pE(r, t).
Examples:
@ Classical kinetic energy %Mvz, velocity v = g—g = ;;gt = %v

@ Quantum kinetic energy % [ dPr|V4|?, wavefunction Y(F) = ﬁ@!} (F/N)
e Interaction energy? Contact interactions Vi (r) = gd(P)(r)

= only true for D = 2!
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Scaling S

4.2 Scale invariance of the equation of states

Thermodynamic law for the occupation number of a configuration state (N, {r;, p;})
with N particles at positions and momenta {r;, p;}:

1

P(N,{rj,p;}) = eB[E(N,{rj,PJ})_“] -1

For a quantity F (N, {rj,p;}) defined for a given configuration (N, {r;, p;}), the
thermodynamic average reads:

N
FuT) =Y [ T[40 (V. {11 ,)F (V. r5.p)
N Y =1

N F (N, {r;,p;})
Flp, T)= XN:/J]:{ dDrdipj eﬁ[E(N,{rj,pj})*H] -1
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Scaling Scaling symmetry EOS N

4.2 Scale invariance of the equation of states

@ Assume scale invariance E (N, {¥;,p;}) = E (N, {\rj,p;j/\}) = % E (N,{rj,p})

@ Assume a scaling law for F:

F (N, {Arj,/l\pj}> = %F(Na {rj.p;})

@ Then for F we get

1 N, {¥;, 1
F </\2/L> > Z/HdD pj B[/\QE((N {j:j}i))J}M)] 1 = )\21/]'—('“7 T)

e Consequence:

FuT) = (e 7 (27)
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Scaling Scaling symmetry EOS Monopole

4.2 Scale invariance of the equation of states

@ Apply to density:

N N N
. 1
n(N,{fjvﬁj})(r) - Z 6 (r - Fj) = Z 5@ (r — Arj) = 2 Z 5@ (r — rj)
Jj=1 j=1 j=1

@ Density obeys a scaling law with v =1 (can still depend on &)

(N:Tg)—kBTf<k T,g>:kBTf((x,§), a=-——.

@ Result for 2D phase space density ”)‘585 )\33 x1/T

= [D(u, T,8) = 8(,8)]
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Scaling Scaling symmetry EOS Monopole

Scaling symmetry and universality

Measuring the Equation of state in a harmonic trap using LDA

Use local density approximation «(r) = ag — SV/(r) to measure the EOS in a trap

density n psd D

100 , . 60

. : . . 2
@ dimensionless interaction g = hmg

couples (o /kBT, T)
0.35 - 139nK *

e EOS depends only on oo = 11/ kg T:
D = ¢(«, &) [ENS,Chicago]

3

0.41 - 126K
0.49 - 100 nK
0.51 - 861K
0.58 - 620K
440K

2

coeenm

Densité dans I'espace des phases D
4

density in pm™2

@ g~ 0.1: critical psd for BKT D, ~ 8,
critical a. ~ 0.16 2

@ Low D, a <0 limit: D~ —In(1—e%) ‘ h

@ Hartree correction: u — u — 2gopn, o 0 n T o
o a—gD/r rin pgm a=u/ksT
Hich D 0 limit: D 2moy picture from T. Yefsah's PhD thesis

° Migh D, a >0 limit: &= — [Yefsah et al., PRL 107, 130401 (2011)]
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Scaling Scaling symmetry EOS Monopole

Scaling symmetry and universality

Measuring the Equation of state in a harmonic trap using LDA

. a— .
universal law near D.: D —D. = f <NC> a single parameter!
g

15 " ; 15 . . T
a 30 7
z |8 10+ P
% 10| d) Q15 ; 7
; 055 | 5k 0 J i
& Q 05 00 05 _
g sl Ot o T 9
(]
T
5L | _
00 05 0.0 05 10 -2 0 2
Scaled chemical potential (a _ ac)/g
[Chin group, Nature 470, 236 (2011) & PRL 110, 145302 (2013)] LPL
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Scaling Sc Y :try EOS Monopole

4.3 Monopole mode in 2D

@ Weakly interacting Bose gas in a harmonic trap at wg, Thomas-Fermi regime

@ Look for a scaling solution for the monopole mode

n(r, t) = )@tt)neq ()\(rt)> !
"\ e
@ Thomas-Fermi: neq(r) = ng ( — ';—22) with gopng = Mw§R2/2 N i
@ Inject n and velocity field v(r, t) = %r into Euler’s equation: !
At ol ()\ _ ;3) 0
@ Scaling solution at Qp; = 2w valid at any amplitude Amax:

1 1 1 1
A(t) = \/2 <>‘r2nax + )\2> 3 </\r2nax - )\2> cos 2wot. LPL

max max
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Scaling Scaling symmetry EOS Monopole

Scaling symmetry and monopole mode of the 2D Bose gas

Pitaevskii-Rosch monopole mode in an isotropic 2D harmonic trap

no damping, see also [Chevy et al., PRL 88, 250402 (2002)], in a cigar

strict 2D: p(n) = gopn = Qu = 2wy for all amplitudes, linked to scaling
symmetry

beyond scaling: small amplitude monopole probes the compressibility
= Qy is related to the 2D EOS p(n):

"
Qv = 2(2 + 6) wo with €= np (n)

very strong transverse confinement: Quantum anomaly: expected positive
shift of Qu at the 0.5% level [Olshanii et al., PRL 105, 095302 (2010)]

3D oblate: p(np) ”5/03 = Quy = \/§wo for small amplitudes
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Scaling Scz symmetry EOS Monopole

Scaling symmetry and monopole mode of the 2D Bose gas

Experiment: Karina Merloti (LPL) [thesis, NPJ 15, 033007 & PRA 88, 061603(R) (2013)]

no visible damping Frequency sensitive to the EOS.

T : ‘ ‘ 2057 ‘ ‘ ‘
3 ° .
P S I ] oo 2nomaly, 2D scaling _
ER i 1.95
F;: 34} 4 § 5
1.90f
3 32} .
2 sof ° o 1.85F 3D oblate
2 o« T I e 10
o 2 : : : 1.805 : : : 1\ 3
100 200 300 70,0 0.1 0.2 0.3 0.4
Holding time [ms] a = /2 hw,)

Observe a shift due to the interactions and progressive occupation of transverse modes
as y increases = cross-over from Qg = 2wy (2D) to Qp = ,/1—3%)0 (3D oblate).
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Scaling Scaling symmetry EOS Monopole

Quantum anomaly in the 2D Fermi gas

Related experiment with 2D Fermi gases: Selim Jochim (Heidelberg), Chris Vale
(Melbourne) [PRL 121, 120401 & 120402 (2018)]

Heidelberg data at small excitation:
2.05 —————————————

-o © 1
b e \gr--—-----------1

1.95 A B

31T 2D . 3D»]
37185} S~ 1 /10

180 Mn(ka,)=1.0

175 L| /1= 0.4+ 001

1.70 L L L L L L
00 02 04 06 08 10 12 14 16 18

Particle Number N/N,
Quantum anomaly visible deep in the 2D regime, then cross-over to 3D oblate. i
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